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Abstract

Many problemsin informationprocessinginvolvesomeform of dimension-
ality reduction.Herewe describelocally linearembedding(LLE), anunsu-
pervisedlearningalgorithmthat computeslow dimensional,neighborhood
preservingembeddingsof high dimensionaldata.LLE attemptsto discover
nonlinearstructurein high dimensionaldataby exploiting thelocal symme-
tries of linear reconstructions.Notably, LLE mapsits inputs into a single
global coordinatesystemof lower dimensionality, and its optimizations—
thoughcapableof generatinghighly nonlinearembeddings—donot involve
localminima.We illustratethemethodon imagesof lips usedin audiovisual
speechsynthesis.

1 Introduction

Many problemsin statisticalpatternrecognitionbegin with the preprocessingof
multidimensionalsignals, such as imagesof facesor spectrogramsof speech.
Often, thegoalof preprocessingis someform of dimensionalityreduction:to com-
pressthesignalsin sizeandto discovercompactrepresentationsof theirvariability.

Two popularformsof dimensionalityreductionarethemethodsof principalcom-
ponentanalysis(PCA)[1] andmultidimensionalscaling(MDS) [2]. BothPCAand
MDS areeigenvectormethodsdesignedto modellinearvariabilitiesin highdimen-
sionaldata.In PCA,onecomputesthelinearprojectionsof greatestvariancefrom
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the top eigenvectorsof thedatacovariancematrix. In classical(or metric)MDS,
one computesthe low dimensionalembeddingthat bestpreserves pairwisedis-
tancesbetweendatapoints. If thesedistancescorrespondto Euclideandistances,
the resultsof metric MDS are equivalent to PCA. Both methodsare simple to
implement,andtheir optimizationsdo not involve localminima.Thesevirtuesac-
countfor thewidespreaduseof PCA andMDS, despitetheir inherentlimitations
aslinearmethods.

Recently, we introducedaneigenvectormethod—calledlocally linearembedding
(LLE)—for the problemof nonlineardimensionalityreduction[4]. This problem
is illustratedby the nonlinearmanifold in Figure1. In this example,the dimen-
sionalityreductionby LLE succeedsin identifying theunderlyingstructureof the
manifold,while projectionsof thedataby PCA or metricMDS mapfaraway data
pointsto nearbypointsin the plane. Like PCA andMDS, our algorithmis sim-
ple to implement,andits optimizationsdo not involve local minima. At thesame
time, however, it is capableof generatinghighly nonlinearembeddings.Notethat
mixturemodelsfor localdimensionalityreduction[5, 6], whichclusterthedataand
performPCA within eachcluster, do not addressthe problemconsideredhere—
namely, how to maphigh dimensionaldatainto a singleglobalcoordinatesystem
of lowerdimensionality.

In this paper, we review theLLE algorithmin its mostbasicform andillustratea
potentialapplicationto audiovisualspeechsynthesis[3].
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Figure 1: The problemof nonlineardimensionalityreduction,as illustratedfor
threedimensionaldata(B) sampledfrom a two dimensionalmanifold(A). An un-
supervisedlearningalgorithmmustdiscover theglobal internalcoordinatesof the
manifold without signalsthat explicitly indicatehow the datashouldbe embed-
dedin two dimensions.Theshadingin (C) illustratestheneighborhood-preserving
mappingdiscoveredby LLE.
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2 Algorithm

TheLLE algorithm,summarizedin Fig. 2, is basedonsimplegeometricintuitions.
Supposethedataconsistof

�
real-valuedvectors

����
, eachof dimensionality� ,

sampledfrom somesmoothunderlyingmanifold. Providedthereis sufficient data
(suchthatthemanifoldis well-sampled),we expecteachdatapoint andits neigh-
borsto lie onor closeto a locally linearpatchof themanifold.

We cancharacterizethelocal geometryof thesepatchesby linearcoefficientsthat
reconstructeachdatapoint from its neighbors.In thesimplestformulationof LLE,
oneidentifies � nearestneighborsperdatapoint, asmeasuredby Euclideandis-
tance. (Alternatively, onecanidentify neighborsby choosingall pointswithin a
ball of fixedradius,or by usingmoresophisticatedrulesbasedon local metrics.)
Reconstructionerrorsarethenmeasuredby thecostfunction:�	��

����� � ���� �� ��� ����
 � � �� � ���� ��� (1)

which addsup the squareddistancesbetweenall thedatapointsandtheir recon-
structions. The weights


 � �
summarizethe contribution of the � th datapoint to

the � th reconstruction.To computethe weights

 � �

, we minimize the costfunc-
tion subjectto two constraints:first, thateachdatapoint

�� �
is reconstructedonly

from its neighbors,enforcing

 � � ���

if
�� �

doesnot belongto this set;second,
that the rows of the weight matrix sumto one: � � 
 � � �
 . The reasonfor the
sum-to-oneconstraintwill becomeclearshortly. Theoptimalweights


 � �
subject

to theseconstraintsarefoundby solvinga leastsquaresproblem,asdiscussedin
AppendixA.

Notethattheconstrainedweightsthatminimizethesereconstructionerrorsobey an
importantsymmetry:for any particulardatapoint, they areinvariantto rotations,
rescalings,andtranslationsof thatdatapoint andits neighbors.Theinvarianceto
rotationsandrescalingsfollows immediatelyfrom theform of eq.(1); the invari-
anceto translationsis enforcedby the sum-to-oneconstrainton the rows of the
weightmatrix. A consequenceof this symmetryis that thereconstructionweights
characterizeintrinsic geometricpropertiesof eachneighborhood,as opposedto
propertiesthatdependon aparticularframeof reference.

Supposethe datalie on or neara smoothnonlinearmanifold of dimensionality!#" � . To a goodapproximation,then,thereexistsa linearmapping—consisting
of a translation,rotation,andrescaling—thatmapsthe high dimensionalcoordi-
natesof eachneighborhoodto global internal coordinateson the manifold. By
design,thereconstructionweights


 � �
reflectintrinsicgeometricpropertiesof the
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datathat areinvariant to exactly suchtransformations.We thereforeexpecttheir
characterizationof localgeometryin theoriginaldataspaceto beequallyvalid for
local patcheson themanifold. In particular, thesameweights


 � �
thatreconstruct

the � th datapoint in � dimensionsshouldalsoreconstructits embeddedmanifold
coordinatesin

!
dimensions.

(Informally, imaginetaking a pair of scissors,cutting out locally linear patches
of the underlyingmanifold,andplacingthemin the low dimensionalembedding
space.Assumefurtherthatthisoperationis donein awaythatpreservestheangles
formedby eachdatapoint to its nearestneighbors.In thiscase,thetransplantation
of eachpatchinvolves no more than a translation,rotation, and rescalingof its
data,exactly the operationsto which the weightsare invariant. Thus,when the
patcharrives at its low dimensionaldestination,we expect the sameweightsto
reconstructeachdatapoint from its neighbors.)

LLE constructsaneighborhoodpreservingmappingbasedontheaboveidea.In the
final stepof thealgorithm,eachhigh dimensionalobservation

����
is mappedto a

low dimensionalvector
�$ �

representingglobalinternalcoordinatesonthemanifold.
This is doneby choosing

!
-dimensionalcoordinates

�$ �
to minimizetheembedding

costfunction: % � $ �&��� � ���� �$ �'� � � 
 � � �$ � ���� �)( (2)

Thiscostfunction—like thepreviousone—isbasedonlocally linearreconstruction
errors,but herewe fix theweights


 � �
while optimizing thecoordinates

�$ �
. The

embeddingcost in Eq. (2) definesa quadraticform in the vectors
�$ �

. Subjectto
constraintsthat make the problemwell-posed,it canbe minimizedby solving a
sparse

�+*,�
eigenvectorproblem,whosebottom

!
non-zeroeigenvectorsprovide

an orderedset of orthogonalcoordinatescenteredon the origin. Detailsof this
eigenvectorproblemarediscussedin AppendixB.

Notethatwhile thereconstructionweightsfor eachdatapoint arecomputedfrom
its localneighborhood—independent of theweightsfor otherdatapoints—theem-
beddingcoordinatesarecomputedby an

�-*.�
eigensolver, aglobaloperationthat

couplesall datapointsin connectedcomponentsof thegraphdefinedby theweight
matrix. Thedifferentdimensionsin theembeddingspacecanbecomputedsucces-
sively; this is donesimply by computingthebottomeigenvectorsfrom eq.(2) one
at a time. But thecomputationis alwayscoupledacrossdatapoints. This is how
thealgorithmleveragesoverlappinglocal informationto discover globalstructure.

Implementationof thealgorithmis fairly straightforward,asthealgorithmhasonly
onefree parameter:the numberof neighborsperdatapoint, � . Onceneighbors
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LLE ALGORITHM

1. Computetheneighborsof eachdatapoint,
�� �

.

2. Computetheweights

 � �

thatbestreconstructeachdatapoint
�� �

from
its neighbors,minimizing thecostin eq.(1) by constrainedlinearfits.

3. Computethevectors
�$/�

bestreconstructedby theweights

 � �

, minimizing
thequadraticform in eq.(2) by its bottomnonzeroeigenvectors.

Figure2: Summaryof theLLE algorithm,mappinghigh dimensionaldatapoints,����
, to low dimensionalembeddingvectors,

�$0�
.

arechosen,theoptimalweights

 � �

andcoordinates
$ �

arecomputedby standard
methodsin linearalgebra.Thealgorithminvolvesa singlepassthroughthethree
stepsin Fig. 2 andfindsglobalminimaof thereconstructionandembeddingcosts
in Eqs.(1) and(2). As discussedin AppendixA, in the unusualcasewherethe
neighborsoutnumbertheinputdimensionality

� �213� � , theleastsquaresproblem
for findingtheweightsdoesnothaveauniquesolution,andaregularizationterm—
for example,onethatpenalizesthesquaredmagnitudesof the weights—mustbe
addedto thereconstructioncost.

Thealgorithm,asdescribedin Fig. 2, takesasinput the
�

high dimensionalvec-
tors,

�� �
. In many settings,however, theusermay not have accessto dataof this

form, but only to measurementsof dissimilarityor pairwisedistancebetweendif-
ferentdatapoints. A simplevariationof LLE, describedin AppendixC, canbe
appliedto input of this form. In this way, matricesof pairwisedistancescanbe
analyzedby LLE just aseasilyasMDS[2]; in factonly a smallfractionof all pos-
sible pairwisedistances(representingdistancesbetweenneighboringpoints and
their respective neighbors)arerequiredfor runningLLE.

3 Examples

The embeddingsdiscoveredby LLE areeasiestto visualizefor intrinsically two
dimensionalmanifolds.In Fig.1, for example,theinputtoLLE consisted

� �546�7�
datapointssampledoff the S-shapedmanifold. The resultingembeddingshows
how thealgorithm,using � �8 :9

neighborsperdatapoint,successfullyunraveled
theunderlyingtwo dimensionalstructure.
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Fig. 3 shows anothertwo dimensionalmanifold, this oneliving in a muchhigher
dimensionalspace.Here,we generatedexamples—shown in themiddlepanelof
the figure—bytranslatingthe imageof a single faceacrossa larger background
of randomnoise.Thenoisewasuncorrelatedfrom oneexampleto thenext. The
only consistentstructurein theresultingimagesthusdescribeda two-dimensional
manifoldparameterizedby theface’s centerof mass.The input to LLE consisted
of
� �<;74= 

grayscaleimages,with eachimagecontaininga
97> * 96�

facesu-
perimposedon a ? ; * ?  backgroundof noise. Note that while simple to visu-
alize, themanifoldof translatedfacesis highly nonlinearin thehigh dimensional
( � ��@6�7�A;

) vectorspaceof pixel coordinates.Thebottomportionof Fig. 3 shows
thefirst two componentsdiscoveredby LLE, with � �CB

neighborsperdatapoint.
By contrast,thetopportionshows thefirst two componentsdiscoveredby PCA.It
is clearthatthemanifoldstructurein thisexampleis muchbettermodeledby LLE.

Finally, in additionto theseexamples,for which the true manifold structurewas
known, we alsoappliedLLE to imagesof lips usedin the animationof talking
heads[3]. Our databasecontained

� �D> ? >7> color (RGB) imagesof lips at
 E�A> *>FB

resolution.Dimensionalityreductionof theseimages( � �59AG69= :4
) is usefulfor

fasterandmoreefficient animation.Thetop andbottompanelsof Fig. 4 show the
first two componentsdiscovered,respectively, by PCA andLLE (with � �H :4

).
If the lip imagesdescribeda nearly linear manifold, thesetwo methodswould
yield similar results;thus,the significantdifferencesin theseembeddingsreveal
thepresenceof nonlinearstructure.Note thatwhile the linearprojectionby PCA
hasa somewhatuniform distribution aboutits mean,thelocally linearembedding
hasadistinctlyspiny structure,with thetipsof thespinescorrespondingtoextremal
configurationsof thelips.

4 Discussion

It is worth notingthatmany popularlearningalgorithmsfor nonlineardimension-
ality reductiondonotsharethefavorablepropertiesof LLE. Iterativehill-climbing
methodsfor autoencoderneuralnetworks[7, 8], self-organizingmaps[9], andlatent
variablemodels[10] do not have thesameguaranteesof globaloptimality or con-
vergence;they alsotendto involve many morefree parameters,suchaslearning
rates,convergencecriteria,andarchitecturalspecifications.

Thedifferentstepsof LLE have thefollowing complexities. In Step1, computing
nearestneighborsscales(in the worst case)as I � � � � � , or linearly in the input
dimensionality, � , andquadraticallyin the numberof datapoints,

�
. For many
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Figure3: Theresultsof PCA(top)andLLE (bottom),appliedto imagesof asingle
face translatedacrossa two-dimensionalbackgroundof noise. Note how LLE
mapstheimageswith cornerfacesto thecornersof its twodimensionalembedding,
while PCA fails to preserve theneighborhoodstructureof nearbyimages.
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Figure4: Imagesof lips mappedinto theembeddingspacedescribedby thefirst
two coordinatesof PCA (top) andLLE (bottom). Representative lips areshown
next to circledpointsin differentpartsof eachspace.Thedifferencesbetweenthe
two embeddingsindicatethepresenceof nonlinearstructurein thedata.
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datadistributions,however – andespeciallyfor datadistributedon a thin subman-
ifold of the observation space– constructionssuchasK-D treescanbe usedto
computetheneighborsin I � �8JLK7M	� � time[13]. In Step2, computingthe recon-
structionweightsscalesas I � � � �ON � ; this is thenumberof operationsrequired
to solve a � * � setof linearequationsfor eachdatapoint. In Step3, computing
the bottomeigenvectorsscalesas I � ! � � � , linearly in the numberof embedding
dimensions,

!
, andquadraticallyin the numberof datapoints,

�
. Methodsfor

sparseeigenproblems[14], however, canbeusedto reducethecomplexity to sub-
quadraticin

�
. Notethatasmoredimensionsareaddedto theembeddingspace,

theexistingonesdo not change,sothatLLE doesnothave to bererunto compute
higherdimensionalembeddings.Thestoragerequirementsof LLE arelimited by
theweightmatrixwhich is sizeN by K.

LLE illustratesageneralprincipleof manifoldlearning,elucidatedby Tenenbaum
et al[11], that overlappinglocal neighborhoods—collectively analyzed—canpro-
vide informationaboutglobal geometry. Many virtuesof LLE aresharedby the
Isomapalgorithm[11], which hasbeensuccessfullyappliedto similar problems
in nonlineardimensionalityreduction. Isomapis an extensionof MDS in which
embeddingsareoptimizedto preserve “geodesic”distancesbetweenpairsof data
points; thesedistancesare estimatedby computingshortestpathsthroughlarge
sublatticesof data. A virtue of LLE is that it avoids the needto solve large dy-
namicprogrammingproblems.LLE alsotendsto accumulateverysparsematrices,
whosestructurecanbeexploitedfor savingsin timeandspace.

LLE is likely to be even moreuseful in combinationwith othermethodsin data
analysisandstatisticallearning. An interestingandimportantquestionis how to
learnaparametricmappingbetweentheobservationandembeddingspaces,given
the resultsof LLE. Onepossibleapproachis to use P �� � � �$ �RQ pairsaslabeledex-
amplesfor statisticalmodelsof supervisedlearning.Theability to learnsuchmap-
pingsshouldmake LLE broadlyusefulin many areasof informationprocessing.

A Constrained Least Squares Problem

The constrainedweightsthat bestreconstructeachdatapoint from its neighbors
canbecomputedin closedform. Consideraparticulardatapoint

�S with � nearest
neighbors

�T � and reconstructionweights U � that sumto one. We canwrite the
reconstructionerroras:V � ��� �S � � � U � �T � ��� � � ���W� � U � � �S � �T � � ��� � � � �YX U � U X7Z)�YX � (3)
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wherein thefirst identity, we have exploitedthefact that theweightssumto one,
andin thesecondidentity, we have introducedthelocal covariancematrix,Z)�YX �+� �S � �T � ��[\� �S � �T X � ( (4)

Thiserrorcanbeminimizedin closedform, usingaLagrangemultiplier to enforce
theconstraintthat � � U � �] . In termsof theinverselocal covariancematrix, the
optimalweightsaregivenby: U � � � X Z#^`_�aX�cbed Z ^`_bfd ( (5)

The solution,aswritten in eq. (5), appearsto requirean explicit inversionof the
local covariancematrix. In practice,a moreefficient way to minimizetheerror is
simply to solve thelinearsystemof equations,� � Z)�aX U X �
 , andthento rescale
theweightssothatthey sumto one(whichyieldsthesameresult).By construction,
the local covariancematrix in eq. (4) is symmetricandsemipositive definite. If
thecovariancematrix is singularor nearlysingular—asarises,for example,when
therearemoreneighborsthaninput dimensions( �21g� ), or whenthedatapoints
arenot in generalposition—it canbeconditioned(beforesolving thesystem)by
addinga smallmultiple of theidentity matrix,Z)�aX,hiZ)�aXkjml)n ��porq �YX � (6)

where n � is small comparedto the traceof
Z

. This amountsto penalizinglarge
weightsthat exploit correlationsbeyond somelevel of precisionin the datasam-
pling process.

B Eigenvector Problem

Theembeddingvectors
�$0�

arefoundby minimizing thecostfunction,eq.(2), for
fixedweights


 � �
: sutwvx % � $ �y� � � ���� �$ �/� �2�F
 � � �$ � ���� �)( (7)

Notethatthecostdefinesaquadraticform,% � $ ��� � � �{z � � � �$ � [ �$ � � �
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involving innerproductsof theembeddingvectorsandthe
��*|�

matrix z :z � � � q � � � 
 � � � 
 � � j � X 
 X � 
 X}� � (8)

where q � � is 1 if � � � and0 otherwise.

This optimizationis performedsubjectto constraintsthatmake theproblemwell
posed.It is clearthat thecoordinates

�$ �
canbe translatedby a constantdisplace-

ment without affecting the cost,

% � $ �
. We remove this degreeof freedomby

requiringthecoordinatesto becenteredon theorigin:� � �$ � � �� (
(9)

Also, to avoid degeneratesolutions,we constrainthe embeddingvectorsto have
unit covariance,with outerproductsthatsatisfy � � � �$ � �$#~� ��� �

(10)

where
�

is the
! * !

identity matrix. Note that thereis no loss in generalityin
constrainingthecovarianceof

�$
to bediagonalandof orderunity, sincethecost

functionin eq.(2) is invariantto rotationsandhomogeneousrescalings.Thefurther
constraintthat thecovarianceis equalto theidentity matrix expressesanassump-
tion that reconstructionerrorsfor different coordinatesin the embeddingspace
shouldbemeasuredon thesamescale.

Theoptimalembedding—upto aglobalrotationof theembeddingspace—isfound
by computingthebottom

! j  
eigenvectorsof thematrix, z ; this is a versionof

the Rayleitz-Ritztheorem[12]. The bottomeigenvectorof this matrix, which we
discard,is theunit vectorwith all equalcomponents;it representsafreetranslation
modeof eigenvaluezero. Discardingthis eigenvectorenforcestheconstraintthat
theembeddingshave zeromean,sincethecomponentsof othereigenvectorsmust
sumto zero,by virtue of orthogonality. The remaining

!
eigenvectorsform the!

embeddingcoordinatesfoundby LLE.

Notethatthebottom
! j  

eigenvectorsof thematrix z (thatis, thosecorrespond-
ing to its smallest

! j  
eigenvalues)canbefoundwithoutperformingafull matrix

diagonalization[14]. Moreover, thematrix z canbestoredandmanipulatedasthe
sparsesymmetricmatrix z �+��� � 
8���	��� � 

� �

(11)
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giving substantialcomputationalsavings for large valuesof
�

. In particular, left
multiplicationby z (thesubroutinerequiredby mostsparseeigensolvers)canbe
performedas z-� ��� � � 
 � � � 
 ~ � � � 
 � � � (12)

requiring just one multiplication by



and one multiplication by

 ~

, both of
which areextremelysparse.Thus,thematrix z never needsto beexplicitly cre-
atedor stored;it is sufficient to storeandmultiply thematrix



.

C LLE from Pairwise Distances

LLE canbe appliedto userinput in the form of pairwisedistances.In this case,
nearestneighborsareidentifiedby thesmallestnon-zeroelementsof eachrow in
thedistancematrix. To derive the reconstructionweightsfor eachdatapoint, we
needto computethe local covariancematrix

Z)�aX
betweenits nearestneighbors,

as definedby eq. (4) in appendixA. This can be doneby exploiting the usual
relationbetweenpairwisedistancesanddotproductsthatformsthebasisof metric
MDS[2]. Thus,for aparticulardatapoint,we set:Z)�aX �  9 � � � j � X � � �aX � ��� � � (13)

where � �aX denotesthe squareddistancebetweenthe � th and � th neighbors,��� � ���`��� � and � � � � �aX � �aX . In termsof this local covariancematrix, the
reconstructionweightsfor eachdatapoint aregiven by eq. (5). The restof the
algorithmproceedsasusual.

Note that this variantof LLE requiressignificantly lessuserinput thanthe com-
plete matrix of pairwisedistances. Instead,for eachdatapoint, the userneeds
only to specifyits nearestneighborsandthe submatrixof pairwisedistancesbe-
tweenthoseneighbors.Is it possibleto recover manifoldstructurefrom even less
userinput—say, just thepairwisedistancesbetweeneachdatapoint andits near-
estneighbors?A simplecounterexampleshows that this is not possible.Consider
thesquarelatticeof threedimensionaldatapointswhoseintegercoordinatessumto
zero.Imaginethatpointswith even S -coordinatesarecoloredblack,andthatpoints
with odd S -coordinatesarecoloredred. The“two point” embeddingthatmapsall
blackpointsto theorigin andall redpointsto oneunit awaypreservesthedistance
betweeneachpoint andits four nearestneighbors.Nevertheless,this embedding
completelyfails to preserve theunderlyingstructureof theoriginalmanifold.
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