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A. Structural Risk Minimization

As discussed in class, the Structural Risk Minimization (SRM) technique
is based on a hypothesis set H defined as a countable union of hypothesis
sets H,, with finite VC-dimension or favorable Rademacher complexity. In
this problem, we study several questions related to such countable union
hypothesis sets.

1. Let 3 = U= {hs} be a countable hypothesis set and assume that
the target labeling fucntion is in . In the standard statistical learn-
ing scenario, the learner receives an i.i.d. sample that he uses to train
an algorithm and return a predictor. Here, suppose instead that the
learner can request more labeled samples drawn i.i.d., as needed. Con-
sider the following algorithm: starting from ¢t = 1, at each round ¢,
sample m; = %log 5% labeled points; if h; is consistent with m;, return
h; and stop.

(a)

Prove that the algorithm terminates.

Solution: Since the Bayes classifier f* is in H, there exists t
such that f* = h;, thus the algorithm terminates at most after ¢
rounds.

Fix €,6 > 0 and choose §; = %. Show that with probability
1 — 6, the algorithm returns a hypothesis with error at most e.
Suppose we use the samples obtained from previous rounds to
test consistency, then, what is the maximum number of samples
needed by the algorithm?

Solution: The probability that the algorithm stops at round ¢
while h; has error € is P[h; consistent|R(ht) > €] < (1 —¢)™ <
e~ ™ = §;. Thus, by the union bound,
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Let t* be the time at which the algorithm terminates. t* is upper

bounded by the index t such that h; = f*. If we reuse samples,
*2

at most élog QtT points are needed overall.

Can you generalize these results to the case where H = U:{g Hy,
with VCdim(H,,) = d,, < +00?

Solution: Same algorithm, except at round ¢ a consistent hypoth-
esis in H; is sought. Assume that the ordering of I, is such that
H,, C Hyp41. At each round t, select a sample S,,, of size m; and
return h; € H; if it is consistent with S,,,. To derive the error

bound, let §; = % and let m; = O(% log i) and observe that:

P (Ro(he) > €) <P (U2, {3h € H; : Rg,, (h) =0, Rp(h) > 0})

2. Suppose S is an infinite set that can be fully shattered by H. We wish
to show that H cannot be written as a countable union H = :{3 H,,
with VCdim(H,,) = d,, < 400.

(a)

Show that we can define a family of subsets (X,)n>1 such that
| Xnl =dn+1and X, €S —Ujcpepn1 Xk

Solution: This is straightforward since S is an infinite sample and
since d,, is finite for any n > 1.

Show that for any n > 1, there exists a labeling X!, that cannot
be obtained using H.,,.

Solution: This follows directly the definition of the VC-dimension:
no set of size d, + 1 can be fully shattered by J(,.

Consider the labeling X! of X = :{3 X, obtained using all the
X!s. Show that no labeling of S using H can be consistent with

X!, Conclude that that H cannot be written as a countable union
H = U2 H,, with VCdim(H,,) = d,, < +oc.



Solution: Note that, by definition, all X,,s are disjoint. Thus, the
labeling X! obtained from all X!s is well defined. Let Y be a
labeling of T consistent with X!. Then, for any n > 1, Yix, is
a labeling of X,, matching X! and thus Y is not in J(,. Since
Y is not in H,, for any n > 1, it is not in H. This shows that
the assumption that J cannot be written as a countable union

H= :3 H,, with VCdim(H,,) = d,, < +o0c does not hold.

. Suppose you only know an upper bound «, on VCdim(H,) = d, <
+o0o with Z:ﬁ e” " < 4o0. Give a generalization bound for the

SRM-type algorithm defined by
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for a sample S of size m.

Solution: Let Fy(h) = Rg + 1/ %g(em). Then using K = [J; 25 Hy

P <sup R(h) — Fypny(h) — \/

heH m

can be bounded as follows:
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Applying similar steps and recalling that f* is the minimizer of }A%g +
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o , we can show that
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Combining the results above and the union bound provides the gener-

—me?
alization bound with § = (1 + C)e
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B. Learning kernels
Let KC be the family of all Gaussian kernels defined over R¥:

K= {KV: K, (x,x) = 6_7”x_x/H2,VX,X/ eRY, v > O}.

Consider the hypothesis set defined via the reproducing kernel Hilbert space
of the kernels in :

3 = {h: helg, K €K, ||hllu, < 1}.

1. Let S = (x1,...,Xm,m) be a sample of size m. Show that 97{5(9-() =

% Es [\/ SUP~ > O'TKA,O'J , where K, is the Gram matrix of kernel K,

for the sample S.
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Solution:
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2. Suppose ||x; — x| =1 for i # j. Compute exactly i/)\%g(ﬂ-f).
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Solution: Given that ||x; — x;|| = 1 for i # j, the diagonal terms of

the kernel matrix are K%’ =1 for i = j and the off-diagonal terms are
K5 =e 7 for i # j.

sup [O’TKWO'] = sup Z aiaijy’j]
7’7.]

>0 >0 L5

=sup [m+e "’ Z aia]}
oL i)

= sup E O'Z'O'jK,ly’]:|
>0 L

=m+supe E 0i0;

O i
=m—+ E UZ‘Ujlzi#j 0i0;>0-
i#]



Observe that:

2
m+ ZU’LUJ Z 00 = oc'117o = T1)2 = [i O'Z'] .
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It is also known that:

] | 5| (&) <Vm.  (Jensen’s ineq.)

Thus, we have:

>ty ol if Zz’;éj 0i0j > 0;
Sli% [O'TK'YO'] =qym if >,.50i05 <0;
! Jm if 3,4 0905 =0.

When m is odd, the event Z ;0i0j = 0 cannot occur and the other
two events are symmetric, each Wlth probability 1/2. Thus, we have:

~ 1 m+1 11
%s(%)_zm o <m+1>+2ﬁ'

When m is even, the event Zi# o;0; = 0 occurs with probability
2},1 (g) and the other two events with equal probability p = 1 —
2

2
27nl+1 (%”) Thus, we have:

R5(00) = 5= g () |7 () * |3+ 557 ()| T

We can express the solution in terms of By ~ /2, where = E[|>"1" | 05[] =

\ﬁ’ as follows:

if m even

1
=
[Bo + ]\/% + %[50 - BO] % otherwise.
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