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A Novel Approach to the Initial Value Problem with a Complete
Validated Algorithm *

Bingwei Zhang®!' (Researcher), Chee Yap®* (Researcher)

“The Courant Institute of Mathematical Sciences, , New York, USA

ARTICLE INFO ABSTRACT

Keywords: We consider the first order autonomous differential equation (ODE) x’ = f(x) where f : R" —
initial value problem, IVP, reacha- R" is locally Lipschitz. For x, € R" and 4 > 0, the initial value problem (IVP) for (f, x, h) is
bility problem, end-enclosure prob- to determine if there is a unique solution, i.e., a function x : [0, 2] — R” that satisfies the ODE
lem, radical transform, validated al- with x(0) = x,. Write x = IVP f(xo, h) for this unique solution.

gorithms, interval methods, logarith- ‘We pose a corresponding computational problem, called the End Enclosure Problem: given
mic norm, matrix measure, contrac- (f. By, h, gg) where By C R" is abox and gy > 0, to compute a pair of non-empty boxes (B, B;)
tion maps such that By C By, width of B, is < ¢, and for all x, € B, x = IVP/(x,, h) exists and

x(h) € B;. We provide a algorithm for this problem. Under the assumption (promise) that for
all xq € By, IVP;(x, h) exists, we prove the halting of our algorithm. This is the first halting
algorithm for IVP problems in such a general setting.

We also introduce novel techniques for subroutines such as StepA and StepB, and a scaffold
datastructure to support our End Enclosure algorithm. Among the techniques are new ways refine
full- and end-enclosures based on a radical transform combined with logarithm norms. Our
preliminary implementation and experiments show considerable promise, and compare well with
current algorithms.

1. Introduction

We consider the following system of first order ordinary differential equations (ODEs)

x' = f(x) 9]

where x = [x,...,x,] € Cl([1, h] - R") are functions of time and x’ = [x’l, N x;] indicate differentiation with
respect to time, and f = [f{,..., f,] : R” — R". Since this is an autonomous ODE, we may assume the initial time
t = 0. Up to time scaling, we often assume that the end time is 4 = 1. This assumption is just for simplicity but our
results and implementation allow any value of 4 > 0.

Given py € R" and h > 0, the initial value problem (IVP) for (p,, i) is the mathematical problem of finding a
solution, i.e., a continuous function x : [0, 2] — R” that satisfies (1), subject to x(0) = p,. Let IVP f(po, h) denote
the set of all such solutions. Since f is usually fixed or understood, we normally omit f in our notations. We say
that (py, k) is valid if the solution exists and is unique, i.e., IVP(py, h) = {x,} is a singleton. In this case, we write
xy = IVP(py, h). It is convenient to write x(t; py) for x (). See Figure 1 for the solution to the Volterra system (Egl
in Table 1). The IVP problem has numerous applications such as modeling physical, chemical and biological systems,
and dynamical system.

The mathematical IVP gives rise to a variety of algorithmic problems since we generally cannot represent a solution
xo = IVP(py, h). We are interested in validated algorithms [1] meaning that all approximations must be explicitly
bounded (e.g., numbers are enclosed in intervals). In this setting, we introduce the simplest algorithmic IVP problem,
that of computing an enclosure for x(h; py). In real world applications, only approximate values of p, are truly
meaningful because of modeling uncertainties. So we replace p, by aregion B, C R": B, is a non-empty set like a box

*This document contain the results of the research funded by NSF Grant #CCF-2212462.
This work demonstrates a;, the formation Y_1 of a complete validated algorithm for solving initial value problems through novel computational
approaches.
*Corresponding author
2 bz2517@nyu.edu (B. Zhang); yap@cs .nyu.edu (C. Yap)
ORCID(s): 0009-0002-2619-9807 (B. Zhang); 0000-0003-2952-3545 (C. Yap)
Both authors contributed equally to this research
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A Novel Approach to Initial Value Problems

Figure 1: Volterra system (Egl). The negative zone of the system is the region above the green parabola.

or ball. Let IVP(By, h) := | peB, IVP(pg, h). Call B; C R" an end-enclosure for IVP(B, h) if we have the inclusion
{x(h) : x € IVP(B,, h)} C B,. So our formal algorithmic problem is the following End Enclosure Problem:

EndEncl_IVP ;(By,€) —(B,.B))
INPUT: € > 0, By C R” is a non-empty box,
such that IVP ¢(By, 1) is valid.
OUTPUT: non-empty boxes B, El in R"
with B, C By, Wia(B)) < €
and Bj is an end-enclosure of IVP (B, D).

@

This is called the Reachability Problem in the non-linear control systems and verification literature (e.g., [2]).
Note that we allow B to be shrunk to some B, in order to satisfy the user-specified bound of . If it is promised that
B, = B has solution, we can also turn off shrinking. This is a novel feature that will prove very useful in practice.
The usual formulation of the IVP problem assumes that B is a singleton { po}. In this case, our algorithm will output
B, = B,.

1.1. What is Achieved

Our formulation of the end-enclosure problem (2) is new. We will present an algorithm for this problem. Our
algorithm is complete in that sense that if the input is valid, then [CO] the algorithm halts, and [C1] if the algorithm
halts, the output (EO,El) is correct. Algorithms that only satisfy [C1] are said” to be partially correct. To our
knowledge, current validated IVP algorithms are only partially correct since halting is not proved.

The input to EndEncl_IVP ;(B, ¢) assumes the validity of (B, 1). All algorithms have requirements on their
inputs, but they are typically syntax requirements which are easily checked. But validity of (B, 1) is a semantic
requirement which is non-trivial to check. Problems with semantic conditions on the input are called promise problems
[3]). Many numerical algorithms are actually solutions of promise problems. Checking if the promise holds is a separate
decision problem. To our knowledge, deciding validity of (B, 1) is an open problem although some version of this
question is undecidable in the analytic complexity framework [4, 5].

Hans Stetter [6] summarized the state-of-the-art over 30 years ago as follows: To date, no programs that could be
truly called ‘scientific software’ have been produced. AWA is state-of-art, and can be used by a sufficiently expert user
— it requires selection of step-size, order and suitable choice of inclusion set represention. Corliss [7, Section 10] made
similar remarks. We believe our algorithm meets Stetter’s and Corliss’ criteria. The extraneous inputs such as step-size,

2Completeness and partial correctness are standard terms in theoretical computer science.
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A Novel Approach to Initial Value Problems

order, etc, noted by Stetter are usually called hyperparameters. Our algorithm? does not require any hyperparamters.
Our preliminary implementation shows the viability of our algorithm, and its ability to do certain computations where
current IVP software fails.

1.2. In the Shadow of Lohner’s AWA
In their comprehensive 1999 review, Nedialkov et al. [8] surveyed a family of validated IVP algorithms that may
be* called A/B-algorithms because each computation amounts to a sequence of steps of the form ABAB --- AB

2m

= (AB)™ for some m > 1, where A and B refer to two subroutines which® we call StepA and StepB. It appears
that all validated algorithms follow this motif, including Berz and Makino [10] who emphasized their StepB based on
Taylor models. Ever since Moore [11] pointed out the wrapping effect, experts have regarded the mitigation of this
effect as essential. The solution based on iterated QR transformation by Lohner [12] is regarded as the best technique to
do this. It was implemented in the software called AWA® and recently updated by Bunger [13] in a INTLAB/MATLAB
implementation. The complexity and numerical issues of such iterated transformations have not studied but appears
formidable. See Revol [14] for an analysis of the special case of iterating a fixed linear transformation. In principle,
Lohner’s transformation could be incorporated into our algorithm. By not doing this, we illustrate the extend to which
other techniques could be used to produce viable validated algorithms.

In this paper, we introduce [N1] new methods to achieve variants of StepA and StepB, and [N2] data structures
and subroutines to support more complex motifs than (A B)" above. Our algorithm is a synthesis of [N1]+[N2]. The
methods under [N1] will refine full- and end-enclosures by exploiting logNorm and radical tranforms (see next). Under
[N2], we design subroutines and the scaffold data-structure to support new algorithmic motifs such as (AB*)™, i.e.,
A followed by one or more B’s. Moreover, B* is periodically replaced by calling a special “EulerTube” to achieve
end-enclosures satisfying an priori 6-bound. This will be a key to our termination proof.

1.3. How we exploit Logarithmic Norm and Radical Transform
A logNorm bound of B; € R" is any upper bound on

#r(J ;(B)) := sup {uy(J;(p)) : p € By} G

Unlike standard operator norms, logNorms can be negative. We call B; a contraction zone if it has a negative logNorm
bound. Here, J £ is the Jacobian of f and p, is the logNorm function (Subsection 2.5). We exploit the fact that

x(; po) — x(t; pOIl < Py — P lle™

(Theorem 3 in Subsection 2.5). In the Volterra example in Figure 1, it can be shown that the exact contraction zone
is the region above the green parabola. In tracing a solution x(; py) for ¢ € [0, A] through a contraction zone, we can
compute a end-enclosure B for IVP(By, i, B|) with w,,(B) < wy,,(By) (i.e., the end-enclosure is “shrinking”).
Previous authors have exploited logNorms in the IVP problem (e.g., Zgliczynski [15], Neumaier [ 16]). We will exploit
it in new way via a transform: for any box B; C R”, we introduce a “radical map” = : R” — R” (Section 5) with
y = 7n(x). Essentially, this transform is

y=06" ™ (forsomed, ... d, #0) 4)
where x = (xy,...,x,). The system x’ = f(x) transforms to another system y’ = g(y) in which the logNorm of
#(B)) has certain properties (e.g., #(B;) is a contraction zone in the (y, g)-space). By computing end-endclosures in
the (y, g)-space, we infer a corresponding end-enclosure in the (x, f)-space. Our analysis of the 1-dimensional case
(Subsection 5.2), suggests that the best bounds are obtained when the logNorm of #(B)) is close to 0. In our current
code, computing 7 (B ) is expensive, and so we avoid doing a transform if y,(J¢(By)) is already negative.

3Hyperparameters are useful when used correctly. Thus, our implementation has some hyperparameters that may be used to improve
performance, but they are optional and have no effect on completeness.

4This (AB)* motif is shared with homotopy path algorithms where A and B are usually called predictor and corrector (e.g., [9]).

SNedialkov et al. called them Algorithms I and II.

6“Anfangswertaufgabe”, the German term for IVP.
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1.4. Brief Literature Review

The validated IVP literature appeared almost from the start of interval analysis, pioneered by Moore, Eijgenraam,
Rihm and others [17, 18, 19, 1, 20]. Corliss [7] surveys this early period. Approaches based on Taylor expansion
is dominant as they benefit from techniques such automatic differentiation and data structures such as the Taylor
model. The latter, developed and popularized by Makino and Berz [13, 21, 10], has proven to be very effective. A
major activity is the development of techniques to control the “wrapping effect”’. Here Lohner’s approach [22, 12] has
been most influential. Another advancement is the C"-Lohner method developed by Zgliczynski et al. [15, 23]. This
approach involves solving auxiliary IVP systems to estimate higher order terms in the Taylor expansion. The field of
validated methods, including IVP, underwent great development in the decades of 1980-2000. Nedialkov et al provide
an excellent survey of the various subroutines of validated IVP [24, 25, 26, 8].

In Nonlinear Control Theory (e.g., [27, 28]), the End-Enclosure Problem is studied under various Reachability
problems. In complexity theory, Ker-i Ko [5] has shown that IVP is PSPACE-complete. This result makes the very
strong assumption that the search space is the unit square (n = 1). Bournez et al [29] avoided this restriction by
assuming that f has analytic extension to C¢.

The concept of logarithmic norm’ (or logNorm for short) was independently introduced by Germund Dahlquist
and Sergei M. Lozinskii in 1958 [30]. The key motivation was to improve bound errors in IVP. Neumaier [31] is one of
the first to use logNorms in validated IVP. The earliest survey is T. Strom (1975) [32]. The survey of Gustaf Soderlind
[30] extends the classical theory of logNorms to the general setting of functional analytic via Banach spaces.

One of the barriers to the validated IVP literature is cumbersome notations and lack of precise input/output criteria
for algorithms. For instance, in the A/ B algorithms, it is not stated if a target time 2 > 0 is given (if given, how it is
used other than to terminate). Algorithm 5.3.1 in [8] is a form of StepA has a € > 0 argument but how it constraints
the output is unclear, nor is it clear how to use this argument in the A/B algorithm. We provide a streamlined notation,
largely by focusing on autonomous ODEs, and by introducing high-level data structures such as the scaffold. Besides
non-halting and lack of input/output specification, another issue is the use of an indeterminate “failure mode” (e.g.,
[26, p.458, Figure 1])

1.5. Paper Overview

The remainder of the paper is organized as follows: Section 2 introduces some key concepts and computational
tools. Section 3 gives an overview of our algorithm. Section 4 describes our StepA and StepB subroutines. Section 5
describes our transform approach to obtain tighter enclosures. Section 6 describes the Extend and Ref ine subroutines.
Section 7 presents our main algorithm and some global experiments. We conclude in Section 8. Appendix A gives
all the proofs. Appendix B provide details of the affine transform 7.

2. Basic Tools

2.1. Notations and Key Concepts

We use bold fonts such as x for vectors. A point p € R”" is viewed as a column vector p = [py, ..., p,], with
transpose the row vector p' = (py,...,p,). Also vector-matrix or matrix-matrix products are indicated by » (e.g.,
A« p). Let JR" denote the set of n-dimensional boxes in R” where a box B is viewed as a subset of R”. The width and
midpoint of an interval I = [a, b] are w(I) :=b — a and m(I) :=(a + b)/2, respectively. If B = H;q:] 1;, its width

and midpoint are w(B) := (w(ly), ..., w(l,)) and m(B) :=(m(l,), ..., m(I,)). Also, maximum width and minimum
width are wy,,,(B) := max]_, w(l;) and wy,;,(B) := min_, w(l;). We assume wy,;,(B) > 0 for boxes.
We use the Euclidean norm on R”, writing ||p|| = ||pl|,. For any function f : X — Y, we re-use ‘f’ to denote its

natural set extension, f : 2% — 2¥ where 2% is the power set of X and f(S) = { f(x) : x € S} forall S C X.
The image of a function f : A — B is image(f):= {f(a) : a € A}. The image of IVP(B,, h) is the union
U xeIVP(By.h) image(x). A full-enclosure of IVP(B, h) is a set B; C R” that contains
image(IVP(By, h)). If, in addition, (By, h) is valid, then call (B, i, B;) an admissible triple, equivalently, (h, B;) is
an admissible pair for B,. We then write IVP(B,), h, By) instead of IVP(By, h). Finally, B L € By is an end-enclosure
for IVP(By, h, B) if for all solution x € IVP(By, h, B;), we have x(h) € B,. Call (By, h, B;, B,) an admissible
quadruple (or quad).
If IVP(B,), h) is valid, then under the assumption f # 0, we have the following: for any x, € By, if x(7) is a solution
with x(0) = x, then for all # € [0, h), it holds that f(x(¢)) # 0.

TThis concept goes by other names, including logarithmic derivative, matrix measure and Lozinskii measure.
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2.2. Implicit use of Interval Computation

For any g : R” — R, a box form of g is any function G : [OR” — [R which is (1) conservative, and (2)
convergent. This means (1) g(B) € G(B) for all B € [R", and (2) g(p) = lim,;_,, G(B,) for any infinite sequence
By, B,, Bs, ... that converges to a point p € R”. In some proofs, it may appear that we need the additional condition,
(3) that G is isotone. This means B C B’ implies G(B) C G(B'). In practice, isotony can often be avoided. E.g., in
our termination proof below, we will indicate how to avoid isotony.

We normally denote a box form G of g by g (if necessary, adding subscripts or superscripts to distinguish various
box forms of g). See [33, 34]. In this paper, we will often “compute” exact bounds such as “f(E,)” (e.g., in StepA,
Subsection 4.1). But in implementation, we really compute a box form [J f(E). In the interest of clarity, we do not

explicitly write [ f since the mathematical function f(E,) is clearer.

2.3. Normalized Taylor Coefficients
For any solution x to the ODE (1), its ith normalized Taylor coefficient is recursively defined as follows:

0l x ifi=0,
FROO= Mmoo iz ®
where J, denotes the Jacobian of any function g = g(x) € C I(R" - R") in the variable x = (xy,...,x,). For instance,

M= £ and fP(x) = l(J - f)(x). It follows that the order k > 1 Taylor expansion of x at the point ¢ = ¢, is
WUy y p p 0

k-1
xttg + ) = { Y ) b+ 1S x(@)
i=0

where 0 < & — 1y < h. If x(£) lies in a box B € [IR”, then interval form is

k-1
x(tg+h) € { X 1 ko) b+ 1 M) ©)
i=0

These Taylor coefficients can be automatically generated, and they can be evaluated at interval values using automatic
differentiation.

2.4. Banach Space X

If X,Y are topological spaces, let CK(X — Y) (k > 0) denote the set of C*-continuous functions from X
to Y. We fix f € CKR" — R") throughout the paper, and thus k > 1 is a global constant. Tt follows that
IVP (B, h) C CX([0, ] — R"). Let X :=C¥([0, ] - R™). Then X is a real linear space where ¢ € Rand x,y € X
implies cy € X and x+y € X.Let 0 € X denote the additive identity in X: x+0 = x. X is also a normed space with
norm |[x|| = [|x||yax 1= Max,gpop; 1@, where || - ||, is the 2-norm. For simplicity, write ||x|| for [|x|[ .- If S € X,
we let ||.S]| := sup,cg |lx]|. We turn X into a complete metric space (X, d) with metric d(x, y) = ||x — y||. To prove
existence and uniqueness of solutions, we need to consider a compact subset Y C X. E.g.,letY = Ck([0,h] —» B)
where B C R" is a box or ball. Then Y is also a complete metric space induced by X.

Using this theory, we prove the following fundamenal result:

LEMMA 1 (Admissible Triple).
Forall k > 1, if Ey, F| C R" are closed convex sets, and h > 0 satisfy the inclusion

k—1

D10, a1 fUNE) + 10, 1* FMI(Fy) € F, @)
i=0

then (Ey, h, I\) is an admissible triple.

Note that this is very similar to [26, Theorem 4.1] which requires that E lies in the interior of F;. Our result does not
need this additional condition.
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ws  2.5. Logarithmic norms
179 Let ||All, be the induced p-norm of a n X n matrix A with complex entries. Then the logarithmic p-norm of A is
10 defined as

I+ hAJl, - 1

A):= 1
ﬂp( ) hiI(I)l+ h

1w We shall focus on p = 2, and call y, the logNorm. If n = 1, then A = a € C and p,(A) = Re(a). We have these bounds
12 for logNorm:

183 LEMMA 2.

i (a) p,(A+ B) < p,(A)+ p,(B)

s (b) uy(A) < NIAll,

1i

=)

16 (c) Up(A) = max;_ k(%(ﬂj(A + AT))) where A(A), ..., 4 (A) is the set of eigenvalues of A.

w7 (d) Let A be an n X n matrix and let maxl’.'= 1(Re(/1,~)) where /l; s are the eigenvalues of A. Then

188 ° maxlf’zl(Re(/Ii)) < u(A) holds for any logNorm.

189 e For any € > 0, there exists an invertible matrix P such that

max(Re(4))) < p p(A) < max(Re(4) + &.

190 where py p(A) 1= ,uz(P_lAP).

11 For parts(a-c) see [35], and part(d), see Pao [36]. In our estimates, we cite these standard bounds:

1All, = maxi(\/zxA*A))} ®
14BIl, < llAlLIBI,

102 We have the following result from Neumaier [16, Corollary 4.5] (also [37, Theorem 1.10.6]:

103 THEOREM 3 (Neumaier).
104 Letx € IVPf(pO, h) and &(t) € CY([0, h] — R™) be any “approximate solution”.
195 Let® P be an invertible matrix. Assume the constants €, 8, i satisfy

196 ] & Z ”I)_1 b (f/(t) - f(é(t)))HZfOr Clllt € [O’ h]
107 2.6 2P+ (&) = po)ll
105 3 u> #2(1)—1 o Jp(sx(t) + (1 = $)&(1)) » P) forall s € [0,1] and t € [0, h]

w9 Then forall t € [0, h],

selltl 4 Lkl — 1), T #0,
I[Pt e -2, < Z _ ©)
o+ et, u=0.
20 COROLLARY 4.
201 Let x|, x, € IVP(B|, h, Ball(py,r)) and u > Hy(J ¢ (Ball(py, r))). Then for all t € [0, h]
1,0 = %20l < [1%1(0) = x(0) ][ . (10)

Zhang and Yap: Preprint submitted to Elsevier Page 6 of 36
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I(h)
x(h)

Figure 2: The dashed lines in the figure form a 6-tube around the red solid curve representing x(¢). The segment I(?) is a
line segment inside this §-tube.

Euler-tube Method: For any x € IVP(E, h) and 6 > 0, the 5-tube of x is the set
Tubes(x) := {(t,p) : Ip—x(Dll, <8,0<r<h} (C[0,h]xR")

22 We say that a function ¢ : [0, ] — R” belongs to the 6-tube of x is for all t € [0, A], (¢, £(¢)) € Tubes(x),see graph 2
203 for illustration.

204  LEMMA 5 (Euler Tube Method). .
205 Let (By, H, B)) be admissible triple, i > py(J ;(B))) and M > || f*/(B))||.
206 For any 6 > 0 and hy > 0 given by

. 2us } L —
_ mln{ y ——— (f/xl ZO

h] - heuler(H’M,ﬁ’ 8) = . M-(el”‘zlﬁ—él) L
min{ H, o=} 7 <0

Y

a7 Consider the path Qp = (40,41, ---4q,,) from the Euler method with uniform step-size hy. If each q; € B,
208 (i =0,...,m)then forallt € [0, H], we have

1O, (1) = x(1; gl < 6. (12)
w00 Le., th (t) lies inside the 6-tube of x(t; qg).

210 This lemma allows us to refine end- and full-enclosures (see Lemma 7 below).

a1 3. Overview of our Algorithm

212 We will develop an algorithm for the End-Enclosure Problem (2), by elaborating on the classic Euler method or
a3 corrector-predictor framework for homotopy path (e.g., [38, 9]). The basic motif is to repeatedly call two subroutines’
a4 which we call StepA and StepB, respectively:

StepA(E,) — (h, F):
INPUT: E, € IR"
OUTPUT: an admissible pair (4, F;) for E,

13)

215

StepB(Ey, h, I'}) = (E)):
INPUT: (Ey, h, F}) is an admissible triple
OUTPUT: an end-enclosure E; for IVP(E,, h)

(14)

8For our purposes, matrix P in this theorem can be the identity matrix.
Nediakov et al. [8] call them Algorithms I and IL
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216 Thus we see this progression

StepA StepB
217 where StepA and StepB successively transforms E to an admissible triple and quad. By iterating (15) with E; we
218 can get to the next quad (Ey, hy, F,, E,), and so on. This is the basis of most validated IVP algorithms. We encode this
219 aS:

standard_IVP(E,) — B,
INPUT: E, C R" where IVP(E, 1) is valid.
OUTPUT: an end-enclosure of IVP(E, 1).

<0

Fy < E

While (7, < 1)
(h, Fy) < StepA(E))
h < min(h, 1 —1)

ty—t +h
E\ < StepB(Ey, h, F})
Return E, (16)
220 Note that the iteration of (15) above is not guaranteed to halt (i.e., to reach ¢t = 1). Moreover, we have no control

21 over the length of the end-enclosure. To address this, define an e-admissible triple to be an admissible (Ey, A, F})
2 with h¥ f [k](Fl) C [—¢&,€]". See Lemma 1 for the context of this definition. We now extend StepA to:

StepA(Ey, &, H) — (h, F):
INPUT:Ej € IR",0<H<1lande>0
OUTPUT: an ¢-admissible pair (h, F;) for E
such that h < H.

a7

2 3.1. Scaffold Framework
24 We introduce a data structure called a “scaffold” to encode the intermediate information needed for this
25 computation. Figure 3 shows such a scaffold.

Po

tO == 0 t1 tz t3 t4_ t5 t7 t

Figure 3: A 7-step scaffold. The horizontal axis represents time, and the vertical axis represents R". The red curve
corresponds to x(7), the blue line segments represent end-enclosures, and the green boxes, represent full-enclosures.

226 By a scaffold we mean aquad S = (¢, E, F,G) where t = (0 <ty < t; < -+ <1,
w F=(F,...,F,)and G = (G, ..., G,,) such that the following holds forall i =0, 1, ..., m:

<1, E=(E,...E,),

Zhang and Yap: Preprint submitted to Elsevier Page 8 of 36



228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

A Novel Approach to Initial Value Problems

1. E;is an end enclosure of IVP(E,;_;,t; —t;_;) fori > 1.
2. (E;_;,At;, F;, E;) is an admissible quadruple.
3. Gy, called the refinement structure, is used to store other information about the ith stage (see Section 6).

Fori=1,...,m,let At; :=t; —t,_; denote the ith step size. Call S an m-stage scaffold where the ith stage of S
includes the admissible quadruple (E;_;, At;, F;, E;).

Fori =0, ..., m, the ith stage of S is S[i] = (t;, E;, F;, G;). Thus, the initial and final stages are S[0] and S[m],
respectively. The end- and full-enclosure of S is E,, and F,, (respectively). The time-span of S is the interval [#(, 7,1,
and ¢, is the end-time of S.

A stage (', E', F',G") is called a refinement of (¢, E, F,G) ift = ¢ and E' C E and F’ C F. A m’-stage scaffold
S’ is called a refinement of S if m’ = mand foralli =0, ...,m, S’[i] is a refinement of S[i]. A scaffold S’ is called
a extension of S if S is a prefix of S’. For any é > 0, the i-th stage is 5-bounded if

ro < r et UrEDGoD) s (18)

where Ball, (r;) is the circumscribing ball of E;. The refinement structure G; contains a value 6; > 0, and during the
computation, the ith stage is periodically made ¢;-bounded.

Next, we introduce the algorithm Extend(S, e, H) which calls StepA to add a new stage to S. We view S is an
object in the sense of OOPL, and write S.Extend(:--) to self-modify.

S.Extend(gg, H)
INPUT: m-stage scaffold S, g, > 0, H > 0.
OUTPUT: S’ is a m + 1-stage extension S such that
At 1(S") < H, and (At,,1(S"), E,,1(S") is an £j-admissible pair for E,(S).

(19)

To bound the length of the end enclosure, we refine S whenever w,,,(E,) > &;. The interface for this Refine
algorithm is as follows:

S.Refine(g)
INPUT: m-stage scaffold S, g; > 0.
OUTPUT: S’ is a m-stage refinement of
S satisfies wp, (E,) < €.

(20)

Within the Refine procedure, when processing a stage over the interval [t;_;,#;], we apply a "light-weight"
refinement strategy to improve the full- and end-enclosures. Specifically, the interval is uniformly subdivided into
mini-steps of size h;, and refinement is performed on these finer subintervals. This local subdivision helps control
the enclosure width without globally modifying the scaffold structure, allowing more efficient and targeted refinement
where needed.

3.2. Logarithmic Norm and Radical Transformation method

‘We now introduce a new technique to compute enclosures more efficiently. It does not depend on Taylor expansions,
but is based on logNorm estimates via Theorem 3.

Consider an admissible triple (E, h;, F;). We compute u, a logarithmic norm bound for (f, F}) (see (3)). When
the step size h; < hevler fp ,ﬁ, U, 6) (see Lemma 5), we can invoke Corollary 4 to derive improved full- and end-
enclosures. Moreover, the end-enclosure will be 6-bounded. The 6-bounded condition cannot be obtained from Taylor
methods.

We also introduce another technique for estimation based on radical transformation of the original system to
reduce the logarithmic norm. We distinguish two cases:

Easy Case: i < 0. In this case, F] is a contraction zone. By Theorem 3, we have w,,,(E|) < Wy, (Ey). Therefore,
we directly estimate the full- and end-enclosures using the logarithmic norm without further transformation.
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Hard Case: u > 0. The key idea here is to construct an invertible transformation # : R" — R”. Let
y = y,-..,¥,) :=x(x) and consider the transformed differential system:
y =g, g i=J,x" () - fx ). 2D

This is considered with the admissible triple (z(E), h, #(F))).
We define the transformation as a composition:

T = 7or, (22)
where 7 is an affine map (see Appendix B), and 7(x) = (xl_dl, e x;d”) for some exponent vectord = (dy, ..., d,) to
be determined. The map 7 is invertible provided d; # 0 for all i. Due to the component-wise inversion, we refer to
as the radical transform.

Assuming IVP(By, h, By) is valid (Section 2.1), and that B; is sufficiently small, we can show that 7(B;) is a
contraction zone for (7#(B;), g). This brings the problem back to the easy case. After computing a shrunken enclosures

in the transformed space, we pull it back to obtain an enclosures for the original IVP. For consistency, in the easy case,
we define (z, g) as (Id, f).

4. Steps A and B

Nedialkov et al [26, 8] provide a careful study of various algorithms for StepA and StepB. In the following, we
provide new forms of StepA and StepB.

4.1. Step A

We now provide the subroutine StepA(E, H, €). Its input/output specification has been given in (17). Basically,
we can regard its main goal as computing the largest possible 2 > 0 (h < H) such that (E, h, F;) is e-admissible for
some F|. When calling StepA, we are at some time t; € [0, 1), and so the largest 2 needed is H = 1 —¢;. We therefore
pass this value H to our subroutine. In contrast, [26, p.458, Figure 1], uses a complicated formula for H based the
previous step.

LEMMA 6.
LetH >0, e=(gq,...,€,), and Ey CR". If

k—1
B:= Y[0, HI fUN(Ey) + Box(—£,6) and M := sup | fX(p)ll,,
i=0 peE

then an g-admissible pair for E is given by (h, F|) where

. no Nk =P
h_mm{H,rgP(E) } and Fl_g[o,h]f (Ep) + Box(—¢, ). 23)

Using Lemma 6, we can define StepA(E, H, €) as computing (h, F;) as given by (23). Call this the non-adaptive
StepA, denoted StepA,. The non-adaptive 4 may be too pessimistic. Instead, we propose to compute / adaptively:
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StepA(Ey, H, €)= (h, Fy)
INPUT: Ey € IR", H > 0,€ = (gq, ..., &,)
OUTPUT: 0 < h £ H, F; € [UR" such that (E,, h, F) is e-admissible.

h<0

While (H > 2h)
B « Box( X710, HY fU(Ey)) + Box(—¢,€)
M — w(Box(f™(B)))

N\ 1/k
hemin’, (&) (where M = (M, ..., M,))
H <« H/2
Fl < B.

Return (A, F})

In the while-loop of StepA, when H > 2h, we reduce H to compute a larger value of A. This is an adaptive step
size search that adjusts H in order to maximize A under the constraint of satisfying Lemma 6. The resulting value of h

is theoretically a factor of 2 from the optimal. The summation 25:01 in StepA should be evaluated with Horner’s rule
(see [26, p. 458]).

4.2. Step B
For Step B, there are several methods such as the “Direct Method” [25, 8], Lohner’s method [12], and C I_Lohner
method [39]. The Direct Method, on input (E, &, F;) returns the following end-enclosure

k—1 k-1
Ey = ) (W fUm(Eg) + h* fRF) + (O T (Ep)) « (Ey — m(Ey)) (24)
i=0 i=0
Pa;t?m) Pa;tr(r)

where Part(m) tracks the midpoint m(E) and Part(r) is the correction factor for Part(m). Let us define StepB(Ey, A, F})
as return the value E; in (24). We may also call StepB, the direct method.

Both the Lohner and the C'-Lohner methods are refinements of the Direct method. The Lohner method aims to
reduce the wrapping effect introduced in Part(r). The C!-Lohner method goes further by considering the limit when

k — oo:thenV := (Z;’io hiJf[i]> satisfies another ODE: V' = Jf - V. By solving this ODE, the method effectively

reduces the overall error. We will also use the logarithmic norm to estimate the range by Corollary 4, and combine it
with the Direct Method in StepB:

StepB((Ey, h, Fi, p)) = E;
INPUT: A admissible triple (E, A, F}) and
the logNormy = s (J ¢ (FY)).
OUTPUT: E, is an end-enclosure for (E, A, F}).

p < Y fn(Ey)) + h* fH(F).
1
rg < Ewmax(EO)'
Ey < p+(Zi5) R ju(Ep)) « (Eg — m(Ep)) N Box(roet™).

Return E;.

We can also use the range estimation provided by Corollary 4 , in combination with Lohner-type methods.

4.3. Refinement Technique for Full and End Enclosures of a Stage
Let (E;_;, At;, F;, E;) be an admissible quad for the ith stage. We now introduce a “light weight” technique to refine
F;, E; using Euler’s method.
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Eg* ‘ Name ‘ fx) ‘ Parameters ‘ Box B ‘ Reference
ax(1=) N2

Egl Volterra ( by(l — A)> (b) = (1) Box(y 3)(0.1) [40], [13, p.13]

Eg2 | Van der Pol (ﬂ(l xz)y X) e=1 Box(_3 3)(0.1) [13, p.2]

Eg3 | Asymptote < 2 +7¥> N/A Box(_ 5.8.5)(0.01) N/A
o(y—x) o 10

Egd | Lorenz Xp-2-y ol=|28 Box(15,15,36)0.001) | [13, p11]
xy—pz p 8/3

Table 1
List of IVP Problems

LEMMA 7 (Euler Enclosures with logNorm).
Consider an admissible triple (Ey, H, F|) where Ey := Ball(py, ry).
Let qy = py + hlf(po) be obtained from py by an Euler step of of size h;.
Ifhy < BT (H, M0, 6) (cf- (11)), where i = uy(J (F))), M = || fPN(F)II, and 6 > 0, then:

(a) The linear function £(t) :=(1 —t/h|)py + (t/h,)qq lies in the 6-tube of xq = IVP(py, H).
(b) An end-enclosure for IVP(E,, hy) is given by Ball(qy, roe’_‘h' +6).
(c) A full-enclosure for IVP(E, h,) is given by CHull(Ball(py, '), Ball(qq, ")) where ' = & + max(roe’_‘h1 ,T0)-

Key idea of the refinement strategy for a stage: suppose stage S[i] is represented by the admissible triple
(Ey, H, F}), and we have a given target 6; > 0. The goal is to compute a §;-bounded end-enclosure for this stage.
Using the above lemma, we can compute a h; = hevler(... 6;) (see (11)) such that an Euler path with uniform step size
h; will produce §;-bounded end-enclosure for stage i. Call this the EulerTube Subroutine. Unfortunately, this is too

inefficient when M, U is large. We therefore introduce an adaptive method called Bisection to reduce M, U

e Bisection Method: we subdivide the interval [0, H] into 27 mini-steps of size h, := H / 2¢ (for = 1,2, ...). At
each level #, we can compute full- and end-enclosures (F;[j], E;[j]) of the jth mini-step (j = 1, ... ,29) using
the following formula:

k—1
Filj] < Y10, h Y fPUE [ — 11+ 10, h 1 fRICF), (25)
p=0
and
E,[j] < StepB(E,[j — 11, hy, F,Lj1, ty(J ;(F,[jD)). (26)

e When 7 is sufficiently large, i.e., i, < h;, then we can call the EulerTube subroutine above. Our experiments
show, this subroutine is more accurate.

4.4. List of Problems and Local Experiments on Steps A and B

Table 1 is a list of problems used throughout this paper for our experiments. Here we will give “local” (single-step)
experiments on the effectiveness our Steps A and B. Later in Section 7, we will do “global” experiments based on our
overall algorithm. We measure each technique by ratios denoted by o, such that ¢ > 1 shows the effectiveness of the
technique. Note that the gains for local experiments may appear small (e.g., 1.0001). But in global m-step experiment,
this translates to (1.0001)” which can be significant.

First, in Table 2, we compare our StepA with the non-adaptive StepA,,. This non-adaptive StepA is basically the
algorithm!'? in [26, p.458, Figure 1].

10We replace their /1, by H, and 2th ST Dby e.
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Eg Ey £ H o T P
o1 1.0 385 [BE 3.05
. 0
[09,1.1],[2.9,3.1] 10 222x 10° 1.06 3.84
0.0001 10 56.8 T2 56
Egl ) 10 217 x 10° 127 3.62
o1 1.0 3.89 x 107 1.03 241
[2.41.13.5] 10 1.89 x 10 118 3.17
0.0001 1.0 497 103 101 152
’ 10 2.65x 108 1.45 1.72
o1 1.0 5.12x 10 14.6 8.49
. 12
[=3.1,-29].[29.3.1] 10 350 x 10 10.2 13.1
0.0001 1.0 558 % 10° 1.00 8.49
Eg2 ’ 10 4.24% 1012 735 10.4
o1 1.0 3.69 % 10° 1.08 521
. TF
(=4 ~21,3,5] 10 1.90 x 10 119 741
0.0001 1.0 4.56 x 10° 1.0 2.58
i 10 2,60 x 1014 1.49 3.16
ol 1.0 241 x 107 1.83 65.2
. ¥ g
(=151, ~1.49], [8.49,8.51] 10 224x 10 1.49 305
0.0001 1.0 323 % 107 1.005 129
Eg3 ) 10 228 % 107 1.81 161
o1 1.0 4.30 x 10% 1.36 21.1
. o
[=3.5.-3.4]. [8.4.8.5] 10 3.00 % 10 L1 26.2
0.0001 1.0 4.36 107 1.20 312
i 10 3.05x 107 1.20 387
o1 1.0 298 % 10 1.00 59.9
[14.999, 15.001]. [14.999, 15.001]. [35.999.36.001] 10 181X 107 1.04 80.5
0.0001 1.0 3.83 % 10° 101 2050.88
Eg4 ’ 10 284 10 1.03 1356.44
o1 1.0 1.63 % 107 1.04 4.05
[12,151,[13, 15], [34, 36] 10 8.70 x 10 1.08 5.52
0.0001 1.0 1.95% 107 1.05 2.05
’ 10 1.09 % 107 1.07 251

Table 2

Comparison of StepA with StepA,. Each row of the table is an experiment with one of our examples (Egl, Eq2, etc), with
the indicated values of (E,, H, ). The key column is labeled o = h/h,, giving the ratio of the adaptive step size over the
non-adaptive size.

Let (hg, Fy) and t, be the admissible pair and computing time for StepAy(E,, H,¢). Let (h, F),t be the
corresponding values for StepA(E,,, H, €). The performance of these 2 algorithms can be measured by three ratios:

wmax(F) . h t

= = — T .= —

Wmax (FO) ' ‘ hO Iy

The most important ratio is o, which we want to be as large as possible and > 1. A large o will make p and 7 to be > 1,
which is not good when viewed in isolation. But such increases in p and 7, in moderation, is a good overall tradeoff.
Table 2 shows that StepA can dramatically increase the step size 4 without incurring a significant increase in
computation time. So the adaptive version is highly effective and meaningful.
The Table 3, we combine two comparisons:
Wnax (E1)
Lor = E
method based on Corollary 4 , where E, = E; N B p(roe”T), rq is the radius of the initial enclosure, and p is the
traced point(Part(m) of (24).

compares the maximum width from the C”-Lohner algorithm (E;) with that of the combined

— wmax(DBl)

2. 0-2 wmax(Bl)

compares the maximum width from the Direct method (D B;) with that from StepB (B)).
For each example, we provide an admissible triple and compute the logarithmic norm y > p,(J ¢ (F)).

The data in the Table 3 show that intersecting either the C"-Lohner method or the Direct method with the estimate
from Corollary 4 leads to tighter enclosures, with the improvement being especially pronounced for the Direct method.
This effect becomes more noticeable as the step size increases.

The Table 4 compares various examples under a given (E,, H, F;), showing the values of 2| = he“ler(H R H, u,6)
computed for different choices of 6 (see (11)). It also reports the ratio of the maximum widths of the full enclosures
obtained using Lemma 7 and (25), respectively.

The data in Table 4 demonstrate that our method described in Lemma 7 yields a better full enclosure than the one
obtained from (25). It is worth emphasizing that updating the full enclosure is important, as it allows us to reduce the
value of logNorm, which in turn enables further tightening of the end enclosure during subsequent refinement steps.
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Eg* Eq F| n “ o] o)
(0.58.,1.17) + (0.03,0.04) 0.10 -0.23 1.10 1.13
B”X(O.G, 1 _2)(0,0 1 (0.575, 1.135) + (0.065, 0.075) 0.22 -0.03 1.16 1.41
Eel (0.57,1.105) + (0.16,0.135) 0.34 0.28 1.11 2.88
€ (0.585, 1.175) + (0.015,0.025) 0.10 -0.27 1.10 1.10
Box(g 6,1.2)(107%) (057, 1.115) % (0.08, 0.095) 033 0.09 115 510
(0.57,1.105) + (0.14,0.125) 0.37 0.26 1.11 16.09
(—3.00,2.96) + (0.105,0.14) 0.003 7.18 1.01 1.00
Box(_3'3)(0, 1) (—2.92,2.47) +(0.22,1.13) 0.05 10.67 1.00 1.02
Eg2 (—2.895,2.265) + (0.295,2.005) 0.08 14.33 1.00 1.07
& (—2.985,2.925) + (0.015,0.075) 0.006 6.03 1.01 1.03
Bax(_3y3)(10_4) (—2.895,2.35) + (0.185,1.57) 0.085 11.79 1.00 2.25
(—2.895,2.265) + (0.295,2.005) 0.09 12.66 1.00 2.57
(—1.495,8.475) + (0.015,0.035) 0.0005 -2.12 1.00 1.01
Box(_] 58.5)(0.001) (=1.49,8315)  (0.02,0.205) 0.004 1.9 T.00 T.10
Eg3 (—1.445,7.055) + (0.065,3.115) 0.04 0.37 1.00 2.07
& (—1.495,8.475) + (0.005, 0.025) 0.0005 -2.15 1.00 1.02
Box(_1 585,107 (—1.495,831) = (0.005,0.20) 0.004 208 | _1.00 T50

(—1.445,7.055) + (0.055,3.105) 0.04 0.34 1.00 8.61
(14.855,13.475,37.085) + (0.145, 1.595, 1.815) 0.024 3.19 1.35 1.52
Box(5,15.36)(0-001) (14.74, 12.885,37.23) £ (0.28,2.325,2.27) 0.027 3567 136 1.80
Egd (14.665, 12.58,37.275) + (0.375,2.74,3.215) 0.031 3.98 1.37 2.58
€ (14.855, 13.475,37.085) + (0.145,1.595, 1.815) 0.020 3.19 1.33 1.79
Box(|5v|5'36)(10_4) (14.80, 13.16,37.23) + (0.21,1.97,2.27) 0.024 3.42 1.35 3.18
(14.665, 12.58,37.275) + (0.375,2.74,3.215) 0.031 3.98 1.37 13.52

Table 3
. . . . . ) DB .
Comparison of StepB with the Direct method and the C"-Lohner algorithm. The key column is o, = MM':‘L(B;), which
max \ 21

reflects the ratio of the maximum width produced by the Direct method (DB,) to that by StepB (B,), serving as a direct
measure of their relative tightness. We also report o; which compares the maximum width from the C"-Lohner algorithm
with that of the combined method based on Corollary 4.

Eg* 123 (Eg. Z ) F1 5 ny " -
0.1 0.08 131 173
Egl (1.0,3.0) % (0.1,0.1) 0.1 (0.745,2.955) % (0.455,0.295) 0.01 0.008 131 1.09
0.001 0.0008 131 1.01
0.1 0.019 9.57 162
Eg2 (=3.0,3.0) % (0.1,0.1) 0.05 (~2.92,2.40) + (0.28,0.80) 0.01 0.0019 957 1.10
0.001 0.00019 9.57 1.01
01 0.0059 20,0026 | 248
Eg3 (~1.50,8.50) + (0.01,0.01) 0.04 (~1.445,6.635) £ (0.165,1.975) 0.01 0.00059 -0.0026 | 175
0001 | 0.000059 | -0.0026 | 1.4
01 0.0026 3.455 184
Egd | (15.000,15.000,36.000)  (0.001,0.001,0.001) | 0.027 | (14.736,12.800,37.279) + (0.365,2.301,2.442) 0.01 0.00026 3.455 174
0.001 | 0.000026 3.455 1.41

Table 4

Comparison of Full-Enclosures from Lemma 7 and (25). ¢ := /)

T where F is the enclosure computed via Lemma 7,
wmax

and F is the one obtained using (25).

5. Tighter Enclosures using Transformation

In the previous section, we used the logNorm in combination with the Taylor method to obtain tighter enclosures.
However, the earlier approach has two main issues:

1. It may only reduce the maximum width of the enclosure, without considering the minimum width.

For example, consider the ODE system (x’, ") = (7x, y), which consists of two independent one-dimensional
subsystems. When analyzing this as a two-dimensional system, the logarithmic norm depends only on the
component x’ = 7x, since the logarithmic norm takes the maximum value.

2. For methods like the Direct method—which first track the midpoint and then estimate the range—there is a
potential problem: the tracked midpoint can deviate significantly from the true center of the solution set. This
deviation may lead to considerable overestimation in the resulting enclosure.

A radical map can be used to address these issues as suggested in our introduction.
Consider an admissible triple (Ey, &, F}). By the validity of IVP(E, h), the following condition can be achieved if
E, sufficiently shrunk:

0¢F, :=Box(f(F))=[]T. 27)
i=1
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This implies that there exists some i = 1, ..., n such that 0 ¢ f,-. We need such a condition because the radical map
(4) is only defined if each x; > 0, which we can achieve by an affine transformation 7. Recall in Subsection 3.2 that in
the hard case, we compute the map = = 7ox. Define the box B, and b,,,,

n
B, := Box(w(F))) = H[l, Bl. by i= max b,. (28)
pir i=1,..
Using 7, we can introduce an intermediate ODE system with new differential variables y : =7 (x) and algebraic
function g(y) :=Jz o f (z‘l(y)) satisfying the ODE: y' = g(¥) and
gx(F)=1=[1,...,11 (29)
Note that (#(Ey), h, #(F;)) is an admissible triple in the (y, g)-space.

THEOREM 8 (Radical Transform).

(a) Foranyd =(d,,...,d,), we have

(g (F) < max {4 i=1 ]

_ jydi+
+maxi {d;} - | Jg(@(F )l - max_, {%} .

i

(b) Ifd| = --- =d, =d then

1

py (Jg(x(F)) < =(d + D— + (b M I Tg@(FD) -

bmax

Until now, the value of d in the radical map 7 was arbitrary. We now specify d = d(F;). The definition of
d is motivated by Theorem 8. The optimal choice of d is not obvious. So we make a simple choice by restricting
d; = - =d, =d. Inthis case, we could choose the upper bound of d:

d(F) = max {1, 205G F)I, -1}, (30)

LEMMA 9. Ifd > E(Fl ), we have:

(@) py (Jg(m(F)) < (=2 + (bpa) ™) - [ERGGYIE

bmax

(b) I 10g5(Bnay) < 75 then py (Jy(x(F}))) <0,

To use this lemma, we first check if choosing d to be E(F 1) satisfies p, (J o(m(F 1))) < 0. If so, we perform a binary

search over d € [I,E(Fl)] to find an integer d such that u, (J g(rr(Fl))) is negative and as close to zero as possible.
Otherwise, # = Id. As seen in Subsection 5.2, this is a good strategy.

Given an admissible triple (Eg, A, F|), we introduce a subroutine called Transform(f, F;) to convert the
differential equation x’ = f(x) to y’ = g(y) according to above map . However, this transformation depends on
the condition (27). So we first define the following predicate AvoidsZero(f, F}):

AvoidsZero(f, F|) — true or false.
INPUT: F; ¢ OR".
OUTPUT: true if and only if 0 & Box(f(Fy)).
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Now we may define the transformation subroutine:

Transform(f, Fy, u;) — (7, 8, 1)
INPUT: F; € OR" and y; > s (J ¢ (Fy)).
OUTPUT: (x, u, g) where
7 and g satisfy (22) and (21).

If (AvoidsZero(f, F;)=false & u; <0)
Return (Id, f, 1)

Compute 7 to satisfy (29)

Compute 7 and g according (22) and (21).

B iU g(a(B))).

Return (z, g, 1)

5.1. Transformation of Error Bounds

We want to compute a transformation 6, +— 6, such that if B is a 6 ,-bounded end-enclosure for (z(Ey), h, z(F}))
in the (y, g)-space, then 7! (B) is a §,-bounded end-enclosure of (Eg, h, F}) in the (x, f)-space. The following lemma
achieves this:

LEMMA 10.
Lety = n(x) and

x = IVPp(xo.h,F)),
y = IVP(w(xg), h,n(F})).
For any 6, > 0 and any point p € R” satisfying
5)(
lz(p) — y(Wll, <6, : (31

S (PO
we have
llp —x(Wl, < 6,.

TransformBound(s, 7, F}) — &'
INPUT: 6 > 0, x, F, as above.
OUTPUT: ¢’ > 0 satisfying the Lemma 10.

If (x is the identity map)
Return 6.
Else

Return J

I 1 @FEDL

5.2. Enclosures via Transformation

Let (Ey, h, F;) be an admissible triple that has been transformed into (z(Ey), A, z#(F})). Let ﬁl be the logNorm
bound for (f, F}) and ﬁz be the corresponding bound for (g, #(F))). Given 6, > 0, if we trace m = m(E,) to get a
point Q such that ||Q — x(h; m)|| < &, then

E?td :=Boxg (roeﬁlh + 5x> . (32)

as an end-enclosure for IVP(Ey, A, F}), ro radius of the circumball of E. Using our z-transform we can first compute
a point g such that |[g — y(h)|| < 6, and take its inverse, or we can take the inverse of the end-enclosure in (y, g)-space.
These two methods give us two end-enclosures:

—1

Ei‘forml :=B0x”—l(q) (roe” h + 5x> 5
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d\e || -25 -2.0 -15 -1.0 -05 | 05 1.0 15 2.0 25
-35 || 52.6123  1.0000 1.0000  1.0000  1.0000 | 1.0000 1 1.0000 1.0000  1.0000
-3.0 || 23.8482 221158  1.0000  1.0000  1.0000 | 1.0000 1 1.0000 1.0000  1.0000
-25 || 10.8027  10.2084  9.3113  1.0000  1.0000 | 1.0000 1 10000 1.0000  1.0000
-2.0 4.8901  4.7089  4.4287  3.9948  1.0000 | 1.0000 1 1.0000 1.0000  1.0000
-15 22121 21707 21051  1.9992  1.8276 | 1.0000 1 1.0000 1.0000  1.0000
-1.0 1.0000  1.0000 1.0000  1.0000  1.0000 | 1.0000 1 1.0000 1.0000  1.0000
-0.5 1.0000  1.0000 1.0000 1.0000  1.0000 | 1.5647 1 10308 1.0168  1.0000
0.5 1.0000  1.0000 1.0000 1.0000 1.0000 | 1.0000 1 10798 1.0464 1.0037

1.0 1.0000  1.0000 1.0000 1.0000  1.0000 | 1.0000 1 10611 1.0594 1.0075

15 1.0000  1.0000 1.0000 1.0000  1.0000 | 1.0000 1 1.0474 1.0492 1.0118

Table 5

This is a table of the ratios W (e, d) using our transform subroutines. The red entries are maximal for each column, and
correspond to the choice d = e — 1. Note that we exclude the column for ¢ = 0 since the ODE x’ = x* = 1 is independent
of x. We also excluded the row for d = 0 as the radical transform y = x? = 1 makes y independent of x. The column for
e =1is literally 1 (other values written “1.0000" are generally approximations).

xform2 . _ _—1 / 7h
Ej = (Boxq((r0 +d,)e" " + 5y)> ,
Ei(form ::E;(forml n Ei(formZ (33)

where r{; is the radius of the circumball of 7(Ey) and d, > || z(m(E;)) — m(w(E;))||. To motivate these transforms, the
following will analyze the situation in the special case n = 1.

EXAMPLE 1 (BENEFITS OF TRANSFORM (1 = 1)). Consider the ODE x’ = x¢ (e # 0) for e real with corresponding
valid IVP(B,, h) where B, = 0.2 + 0.04 and A = 1. Apply the radical transform y = x~¢ for some real d # 0.

, 4 i , —e+1+d ' wmux<ET[d)
Then we see that y' = —~(x™% ) - x" = —dy d .LetW(e,d):= o)
1

denote the ratio of the widths of the

wmax(
end-enclosure using (32) and (33). Table 5 shows that the maximum value of W (e, d) for a fixed e # 1 is achieved

whend =e—1,ie., )y =—d.

|
5.2.1. Local Experiments on Transform Methods
We will compare E i‘d and E i‘torm using two independent ratios:
(Estd Exform) . ( wmax(E?td) wmin(ETtd) > (34)
P T\ g (BFO™)” 0 (X)) )

Our current experiments shows that the first ratio in p(Ei‘d, Ei‘form) is always less than the second ratio, and for

simplicity, we only show the second ratio, which is denoted by ¢(E itd, Ei‘form) in the last column of Table 6.

Table 6 compares a single step of our transform method with the Standard method (32).

Each row represents a single experiment. The columns under (E,, F, h) represent an admissible triple. The column
under ﬁl (resp. ﬁz) represents the logNorm bound of F; in the (x, f)-space (resp. z(F)) in the (y, g)-space). The d
column refers to uniform exponentd = (d, ..., d) of our radical transform. The last column ¢(E Ttd, Ei‘form) is the most
significant, showing the relative improvement of our method over E Ttd (32).

Table 7 further investigates the impact of the step size 4 on the improvement ratio. In this experiment, the initial
box E is fixed, while £ is gradually increased (from 0.00001 to 0.6), and the corresponding changes in ¢ are observed.

From the experimental results, we can conclude the following:

1. Applying the transformation consistently yields a tighter end-enclosure. Moreover, this improvement appears to
grow exponentially.

2. When the IVP system exhibits significantly faster growth in one coordinate direction over a certain step size range,
the benefit of applying the transformation becomes increasingly pronounced as the step size grows. This is clearly
observed in examples such as eg2, eg3, and eg4. The case of egl with a loop trajectory (see Figure 1), when the
step size is small (e.g., A = 0.00001), the system is in the positive zone region, and the transformation has a slight
noticeable effect. However, for larger step sizes, the trajectory enters the negative zone, where the transformation loses
its effectiveness.
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Eg* £ P h F1 a4 FZ ”(Eitd‘ Efforrn)
Egla BOX(]J)(]O_‘/‘) (0.95,2.95) +(0.05, 0.05) 0.00001 0.07 117 —-6588320 igggg
Egl-b Bax(]‘3)(1074) (0.95,2.95) +(0.05,0.05) 0.0028 0.07 117 —188320 igggg
Eg2a Box(3v_3)(10_4) (2.95,-2.95) £ (0.05,0.05) 0.00086 5.90 213 -71{&1%800 :8883
Eg2-b BUX(S_,S)(1074) (2.95,-2.85) £ (0.05,0.15) 0.01 5.93 213 —%;02(1]4 igig;
Eg3a Boxs_3)(1 04 (2.95,-2.95) +(0.05,0.05) 0.001 9.75 210 -1,;7335 :gggg
Eg3-b BUX(3',3)(1074) (3.05,-2.80) + (0.15,0.20) 0.02 10.64 210 —1»233;2 :8222
Egda Box(1.030. .0)“0_4) (0.95,2.95,0.95) + (0.05,0.05, 0.05) 0.001 13.60 518 —72229170 }g}gg
Esib | Boxonoro10-h (1.20,330,0.95) + (0.30, 040, 0.05) 0.02 13.62 110 :g:g} 12522

Table 6
Comparison of our transform method with E5* (32). The value § is fixed at 10~ throughout.

E, 0.00001 | 0.0001 0.001 0.01 0.1 0.2 04 0.6

Egl Box(1’3)(10‘4) 1.0006 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
Eg2 | Boxs_3(10™) | 1.0001 | 1.0008 | 1.005 1.055 2.628 6.227 | 32.772 | 192.823
Eg3 Box(3v_3)(10’4) 1.0005 | 1.0013 | 1.003 1.032 1.706 2.517 7.923 17.892
Eg4 | Box,s,(10™") | 1.0006 | 1.0015 | 1.016 1.156 1.737 3.022 9.027 27.283

Table 7
Comparison of our transform method with Eftd (32). Under Increasing Step Sizes.

6. Extend and Refine Subroutines

We now present algorithms for Extend and Refine as specified in equations (19)—(20).

For the i-th stage with admissible triple (E;, At;, F;), we compute transformation parameters r; and g;. It turns out
that to compute z; and g;, it is necessary'! using symbolic methods. Since this computation is expensive, we do not
refine stages by splitting a stage into two or more stages. Instead, we use a “light-weight” approach encoded in the
refinement structure G; that does not recompute z; and g;. Specifically, the time interval At; is uniformly subdivided
into 2¢i mini-steps where Z; is the level. For each mini-step, we compute the full enclosure F;, end enclosure E;, and
their associated logarithmic norms (logNorm) g (in the original x-space) and u, (in transformed y-space). Here are
the details of G;:

Gi = Gi(S) = (7[[, 8’ ﬁ,ls ﬁ,Z7 5,', thIcr’ (f," Ei’ F,')) (35)
where ﬁil , ﬁiz, E,, F; are arrays of length 2%/ and the parameters in red are extra data needed by the Ref ine subroutine
below. We call (¢;, E;, F;) the mini-scaffold.

6.1. Extend Subroutine
We now give the details of S.Extend(--+) introduced in the overview:

S.Extend(gy, H)
INPUT: m-stage scaffold S, e > 0, H > 0.
OUTPUT: S’ is a m + 1-stage extension S such that
At (S") < H, and (At,,,,(S), E,,.1(S’) is an e-admissible pair for E,,(S).

(h, F) < StepA(E,(S), £y, H).

< i (F)).

E, < StepB(E, (S), h, F|. 7i)).

(fiy, 7w, 8) < Transform(f, F\, ).

8] < TransformBound(e, 7, F;)

Ry < B (R || g2 ()| 7y, 8)). <0 See (11).

Let S,y < (1, + hy, Ep, Fy) and G,y < (7, 85 (), (), €05 1y, (0, (E(S), E)), (F))).
Return S;(S,,,1,Gpp)-

1T A numerical approach via automatic differentiation is in principle possible, but it gives extremely poor bounds. We need simplification of the
expressions, which is symbolic.
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6.2. Refine Subroutine

The goal of S.Refine(g) is to ensure that the end-enclosure of S has max-width < g,. Each iteration of the main

loop of Refine is called a phase. If S has m stages, then in each phase, we process stages i =

1, ..., m in this order.

Recall the'? mini-scaffold (¢;, F;, E;) of stage i above. This mini-scaffold has a uniform time step of size (At;) - 277,
See Figure 4 for illustration. We will call the following S.Bisect(i) to perform a bisection of each mini-step:

S.Bisect(i)
INPUT: ith refers to a stage of S.
Let (7, g F s o+ 63 g €1 Ey Fp) < Gi(S)
be the ith refinement structure
OUTPUT: each mini-step of the ith stage
is halved and ﬁl.l, E;, F; are updated.

Initialize three new vectors u = [], E' = [E;[0]] and F' =[].
h < (At;)274!
Forj=1,...,2%,
> First half of j step
tmpF; « zlf‘;ol (10, AY fY(E’ back() + [0, A1 FI(F, D)) -
#' < uy(Jp(tmpF)); p.push_back(u").
E < StepB(E’.back(), h,tmpF,, u").
E'.push_back(E); F’.push_back(tmpF,);
> Second half of j step
impFy — Y25 (10, hY fUCE) + [0, 1 fCF,[D)) .
#' — pr(J 4(tmpF,)); p.push_back(u").
E <« StepB(E, h,tmpF,, 1)
E’ push_back(E); F'.push_back(tmpF,);
(&2 E,. F) < (.0, +1,E F)

In the above code, we view E; and F; as a vector in the sense of C++. We append an item FE to the end of the vector
w4 by calling E;.push_back(E) and E;.back() returns the last item. When (At,-)Z_f i is less than the bound in (11), we can

update the data E;, F;, u using the EulerTube subroutine as described next:

Gy G, G3
| | |
G oe—eo—o—o—4 P o ®
t o @] O -O
to t 5 t3

Figure 4: 3-stage scaffold S with ¢, =2, £, =1and £, =0in G.

12Viewing the ith stage as a bigStep, the mini-scaffold represent smallStepss of the ith stage.
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S.EulerTube(i)
INPUT: i refers to the ith stage of S.
OUTPUT: refine the ith stage using Lemma 7,
such that the ith stage is 6(G;(S))-bounded
(Note: E;(S), F;(S), G;(S) are modified)

Let (r, 8,7, 7. 8, b, ¢, E, F) be G,(S)
Let Ballp(ro) be the circumscribing ball of E[0]
and Bally (rg) be the circumscribing ball of z(E[0]).
q < n(p), d < |lg — m(Box(z(E[O))]|.
Let H be the step size each mini-step of S[i].
For(j =1,...,2%)
q<q+gqH,
6, < TransformBound(é, 7, F[j]).
U1 < mUy@(FLD)).
ry o« roe/ﬁlm"’ + 81— () + d)eSFUMH 4 6,
B < Box(r)); B’ < Box(r’l).
F[j] < F[jlnz~"(Box(center(z(E[j — 11)) + B',q+ B') < Full-enclosure for mini-step
7' < mW(FLD).
E[j]l < E[jlnz"(q+ B)n(z~'(q@) + B). < End-enclosure for mini-step

Observe that EulerTube performs all its Euler computation in transformed space, and only pulls back the
enclosures back to primal space. It turns out that EulerTube is extremely efficient compared to Bisect, and moreover,
it ensures that the ith stage is now §;-bounded.

We are ready to describe the Refine subroutine:

S.Refine(g))
INPUT: m-stage augmented scaffold S and g, > 0.
OUTPUT: S remains an m-stage augmented scaffold
but the length satisfies wy,, (E,,) < €.

ro < Whax (E,,(S)).
While (ry > €)
For(i=1,...,m) < Beginnew phase
£:=G,(S).; h :=G,(S).h.
H « (A1,)277
If (H > h)
S.Bisect(i)
Else
S.EulerTube(i)
G,(S)é —6/2
> Update h in G,(S):
Le., let (z, g, 1. 7.6, h,¢, E, F) be G,(S)
E(S) « E[2Y] < End-enclosure for stage
14
Fi(S) <« sz':l F[jl < Full-enclosure for stage
My < max {ﬁz[j] cj=1,..,2¢
6; « TransformBound(§, 7, F;(S))
M < ||gP (= (F(S))l,
htmp « min {At,, hevler(, B, . 5;)} < (see (11))
G(S).h — htmp
< End of For-Loop
Ey(S) < $Ey(S)
ro < Wiy (E,(S))
Return S

THEOREM 11. The subroutine S.Refine(gg) is correct. In particular, it halts.

This proof is a bit subtle, and can be illustrated by the following phase-stage diagram:

Stage 1 .-~ Stagei - Stagem
Phase 1: 5} 51_1 €0
Phase k: 8¢ .. s ..o gk

1 i
. ‘e . (36)
Each phase will refine the stages 1,2, ..., m (in this order). The ith stage in phase k has a “target bound” 5{‘ > 0 stored
as G;(S).6. For k =1, 51.1 is gy if i = m and otherwise inherited from (m — 1)-stage structure before Extend(g,, H).
For k > 1, 5;‘ halved after a call to EulerTube subroutine (see Refine(e)). The proof in the appendix will show that
k _

lim; _, 51‘ 0 foreachi =1,...,m, which will contradict the non-halting of Refine.
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7. The Main Algorithm and Experiments
The following is our algorithm to solve the EndEncl_IVP problem of (2):

EndEnc (B, £y) — (B, El):
INPUT: ¢, > 0, B, € IR"
such that IVP (B, 1) is valid
OUTPUT: EO,B_IE OR", B C By, Wy,x(By) <€
and B, is an end-enclosure of IVP(B,, 1)

> Initialize a 0-stage scaffold S:
S« ((19): (By), (By), (Id, [, (41): (), €¢, 1, (£, (By, By), (By))))
where (10, ;. iy, h, €) < (0,0,0,0,0)
t<0
While r < 1
S.Extend(gy, 1 — 1)
S.Refine(g;)
t « 1(S).back()
Return (E,(S), E(S).back())

THEOREM 12. Algorithm EndEnc(B, €y) halts, provided the interval computation of StepA is isotonic. The output
is also correct.

7.1. Implementation and Limitations

We implemented EndEnc in C++. Our implementation follows the explicitly described subroutines in this paper.
There are no hidden hyperparameters (e.g., our step sizes are automatically adjusted). Our eventual code will be open-
sourced in [41].

Implementation of the various numerical formulas such as Taylor forms implicitly call interval methods as
explained in Subsection 2.2. The radical transform requires symbolic computation (Section 6) which we take from
the symEngine library ( https://symengine.org/).

Limitations. The main caveat is that we use machine arithmetic (IEEE standard). There are two main reasons.
First, this is necessary to have fair comparisons to existing software and we rely on library routines based on
machine arithmetic. In principle, we can implement our algorithm using arbitrary precision number types (which will
automatically get a hit in performance regardless of needed precision).

7.2. Global Experiments

In previous sections, we had tables of experimental results evaluating “local” (1-step) operations. In this section,
we show three tables (A, B, C) that solve complete IVP problems over time ¢ € [0, 1] (with one exception in Table C).
Table A compares our StepA/StepB with the standard methods. Table B is an internal evaluation of our transform and
Bisect/EulerTube heuristic. Table C is an external comparison of our main algorithm with other validated software.
The problems are from Table 1. We informally verify our outputs by tracing points using CAPD’s code to see that their
outputs are within our end-enclosures. Timings are taken on a laptop with a 13th Gen Intel Core i7-13700HX 2.10
GHz processor and 16.0 GB RAM.

Our tables indicate two kinds of error conditions: Timeout and No Output. The former means the code took more
than 1 hour to run. the latter means the code stopped with no output.

In each table, we are comparing our main enclosure algorithm denoted Ours with some algorithm X where X may
be variants of Ours or other IVP software. We define speedup over X as o(X) := %

TABLE A: We compare the relative computation times of Ours against Ours/StepA and Ours/StepB,. Here
Ours/StepA, denotes the algorithm where we replace StepA by Stepl, in Ours. Similarly for Ours/StepB,,.
Recall StepA,, is the non-adaptive stepA in Subsection 4.1, and StepB,, is the direct method of (24). The speedup

o(Ours/StepBy) is a good measure of relative performance of StepB and StepB,, when Ours and Ours/StepB, have

. .. . __ phases(Ours/stepB))
about the same number of phases. So we include the statistic p(Ours/StepB) := ohases(Ours)
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Example | Eg | e | Time(Qurs) | o(Ours/Stephy) | o(Ours/StepBy) | p(Ours/StepBg)

01 0.018 544 7,00 74

0.01 0.073 157 1.08 5/5

Eel Box(1,3)0-D 0.001 0.643 2.465 175 8/7
0.0001 12.803 1.49 1.03 9/9

01 0.031 65322 .00 gy

0.01 0.086 334.875 1.025 7/7
Ee2 Box(—33)0-D 0.001 1.437 > 1000 1.074 10/10
0.0001 11.491 > 1000 1.102 13/13

100 0.043 >1000 703 /1

) 5.0 0.027 > 1000 1.04 1/1

Eg3 Box(—15,8.500D 1.0 0.022 > 1000 1.06 1/1
01 2,150 > 1000 5.81 3/3

100 0.142 >1000 124 /1

5.0 0.130 > 1000 224 5/1

Eg4 Box(15,15.36) (0-00D) 1.0 0.122 > 1000 14.38 7/

01 0.205 > 1000 > 1000 Timeout

Table A: Comparison of StepA and StepB with StepA, and direct-method. all run with order = 20.

Eg [ By Method By B #(miniSteps) Time(s)
OurSimple 0.8495 + 0.0005 5.6665 + 0.0045 20861 45.630
OurSimpleT 0.8495 + 0.0005 5.6665 + 0.0045 18 11.854
X =x2 0.01 [0.8,0.9] OurNoT 0.8495 + 0.0005 5.6665 + 0.0045 297 15.073
OurNoEuler 0.8495 + 0.0005 5.6665 + 0.0045 31 71.846
Ours 0.8495 + 0.0005 5.6665 + 0.0045 16 5.966
OurSimple 0.985 + 0.0005 65.66665 + 0.00035 128890 2104.03
OurSimpleT 0.985 + 0.0005 65.66665 + 0.00035 103 31.898
X =x2 0.001 [0.98,0.99] OurNoT 0.985 + 0.0005 65.66665 + 0.00035 22763 85.051
OurNoEuler 0.985 + 0.0005 65.66665 + 0.00035 72489 327.89
Ours 0.985 + 0.0005 65.66665 + 0.00035 105 49.861
OurSimple (0.995,2.995) + (0.005,0.005) (0.077, 1.4635) + (0.001, 0.0035) 1454 13.877
OurSimpleT (0.995,2.995) + (0.005, 0.005) (0.077, 1.4635) + (0.001, 0.0035) 1888 15.370
Egl 0.01 Box< 1.3) 0.1) OurNoT (0.995,2.995) + (0.005, 0.005) (0.077, 1.4635) + (0.001,0.0035) 47 9.386
OurNoEuler (0.995,2.995) + (0.005, 0.005) (0.077, 1.4635) + (0.001,0.0035) 47 9.415
Ours (0.995,2.995) + (0.005, 0.005) (0.077. 1.4635) + (0.001,0.0035) 47 9.232
OurSimple (=2.995,3.0) £ (0.025,0.025) (=2.13,0.56) + (0.05,0.02) 997 15.343
OurSimpleT (=2.995,3.0) + (0.025, 0.025) (=2.13,0.56) + (0.05,0.02) 1367 16.540
Eg2 0.1 Box(_33)(0.1) OurNoT (=2.995,3.0) + (0.025, 0.025) (=2.13,0.56) + (0.05,0.02) 14 14.785
OurNoEuler (=2.995,3.0) + (0.025, 0.025) (=2.13,0.56) + (0.05,0.02) 14 15.119
Ours (=2.995,3.0) + (0.025, 0.025) (=2.13,0.56) + (0.05,0.02) 14 14.590
OurSimple (—1.495, 8.495) + (0.005, 0.005) (=0.595, —6.685) + (0.005, 0.045) 2908 25.710
OurSimpleT (—1.495, 8.495) + (0.005, 0.005) (=0.595, —6.685) + (0.005, 0.045) 3223 23.110
Eg3 0.1 Box(_1 5,8.5)(0.01) OurNoT (~1.495,8.495) = (0.005,0.005) 6.685) £ (0.003,0.045) 35 23.773
OurNoEuler (—1.495, 8.495) + (0.005, 0.005) .. 6.685) + (0.005, 0.045) 1034 455.548
Ours (—1.495, 8.495) + (0.005, 0.005) (=0.595, —6.685) + (0.005, 0.045) 25 11.795
OurSimple (15,15,36) + (0.0005,0.0005, 0.0005) (—6.94,1.81,35.52) + (1.64,2.33,2.5) 26 294.019
OurSimpleT (15,15,36) + (0.0005,0.0005, 0.0005) (—6.94,1.81,35.52) + (1.64,2.33,2.5) 26 166.969
Eg4 5 BoX(15115135)(0.00]) OurNoT (15,15, 36) + (0.0005,0.0005, 0.0005) (—6.945,2.99,35.14) + (1.005,2.15, 1.88) 61 146.360
OurNoEuler (15,15, 36) + (0.0005,0.0005, 0.0005) (—6.94,1.81,35.52) + (1.64,2.33,2.5) 26 159.028
Ours (15,15, 36) + (0.0005, 0.0005, 0.0005) (—6.945,2.99, 35.14) + (1.005,2.15, 1.88) 61 123.64

Table B: The global effects of radical transform and bisection for our algorithm, all run with order = 3.

We conclude from Table A that our StepA significantly improves efficiency (c(Ours/StepA)). Moreover, StepB
also yields a noticeable performance gain and effectively reduces the number of required phases (¢(Ours/StepB) and
p(Ours/StepBy)).

TABLE B: We conduct experiments to show the benefits of various techniques used in our algorithm. The
algorithms X being compared in Table B differ from Ours only in the use of variants of the Refine subroutine.
Specifically: X = OurSimple uses Ei‘d (32) to compute the end-enclosure, without performing our Bisect
subroutine. X = OurSimpleT is similar, except that we use Ei‘f(’rm (33) instead. Similarly, X = OurNoT represents a
variant of our algorithm with the transform step disabled (i.e., the transformation 7 is set to the identity map). Finally,
X = OurNoEuler is our algorithm with EulerTube disabled.

We run all the experiments with order k = 3 because with high order (e.g. k = 20), the number of stages is too
small (see Table C).

We conclude from Table B that the transform method improves efficiency overall (compare OurSimple
vs. QurSimpleT, and Ours vs. OurNoT). In certain cases, such as the example x’ = x* and Eg3, the transform method
can significantly improve performance. For the two-dimensional examples, Eg1, Eg2 and Eg3, the comparison between
OurSimpleT and Ours shows that our Bisect subroutine enhances the overall performance of the algorithm. Also,
comparing OurNoEuler with Ours shows that EulerTube can significantly improve performance when there are
many mini-steps (e.g., x’ = x> and Eg3).

TABLE C: The time span is ¢t € [0, 1] in all the experiments except for Egl-b, where ¢ € [0, 5.5] corresponding
to one full loop. This is an example that AWA cannot solve [13, p. 13]. For each example of order k = 20, we use our
algorithm to compute a scaffold S(g) for an initial value of &; subsequently, this scaffold is refined using a smaller ;
(i=1,2,...) to obtain S(g;), S(e,), .... The total number of mini-steps in all the stages of S(g;) is shown in column
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Case Method € By El #(miniSteps) Time(s) a(X)
Ours 10 Box(1 0,3.0)0 ) (0.08, 1.46) = (0.06,0.16) 7 0.010 T
Refine 0.05 Box(1 .3.0)(0.05) (0.08, 1.46) £ (0.02,0.05) 13 0.009 N/A
Egl-a Refine 0.03 Box(1 0.3.0(0.025) (0.08. 1.46) % (0.006,0.02) 25 0.017 N/A
StepBpirect N/A N/A (0.08,1.47) £ (0.06,0.15) N/A 0.014 14
StepBlonner N/A N/A (0.08,1.46) £ (0.06,0.15) N/A 0.031 31
CAPD N/A N/A (0.08, 1.46) + (0.03,0.10) N/A 0.018 18
Turs 33 Box(1.0,3.0,00125) (0.95.3.00) = (0.20,0.30) 204 0.404 T
Refine 0.15 Box( (,3.0)(0.00625) (0.95,3.00) £ (0.10,0.14) 587 0326 N/A
Egl-b Refine 0.07 Box(1.0.3.0)(0.00313) (0.95.3.00) = (0.05,0.7) 1173 0.638 N/A
StepBpirect N/A N/A Timeout N/A Timeout -
StepBLohner N/A N/A Timeout N/A Timeout
CAPD N/A N/A No Output N/A No Output -
Ours 10 Box(_31.3.1)0.D (—2.14,0.57) + (0.28.0.28) 10 0.016 1
Refine 0.1 Box(_3.1 3.1)(0.05) (=2.14,0.57) £ (0.08,0.04) 19 0.012 N/A
Eg2 Refine 0.05 Box(_3. 3.1)(0.025) (=2.14,0.57) £ (0.03,0.01) 37 0.023 N/A
StepBpirect N/A N/A (~2.14,0.57) £ (0.26,0.23) N/A 0.506 316
StepBLonner N/A N/A (=2.14,0.57) £ (0.26,0.23) N/A 0.904 56.5
CAPD N/A N/A (=2.14,0.57) + (0.29,0.29) N/A 0.012 0.75
Ours 1.0 Box(_1 51,8.51)00D) (=0.6,—6.69) = (0.00,0.19) 10 0.012 [
Refine 0.06 Box(_1 51,8.51)(0.005) (=0.6,—6.69)  (0.0008,0.06) 19 0.012 N/A
Eg3 Refine 0.03 Box(_1 51,8.51(0.0025) (0.6, -6.69) + (0.0004,0.02) 37 0.022 N/A
StepBpirect N/A N/A (=0.60,-6.69) + (0.01,0.19) N/A 4.113 342.7
StepBlonner N/A N/A (=0.60,-6.69) + (0.01,0.19) N/A 6.044 503.6
CAPD N/A N/A (=0.60, =6.69) + (0.01,0.19) N/A 0.017 1.4
Ours 45 BoX(15.0,15.0,36.0) ©0-00D) (=6.94,2.99,35.14) £ (0.09,0.15,0.15) 23 0.053 1
Refine 0.6 Box(15.0,15.0,36.0)(0.0003) (—6.94,2.99,35.14) = (0.05,0.06,0.06) 89 0.161 N/A
Egt Refine 003 | Box(150,150,36.0)0.0001) (—6.94,2.99,35.14)  (0.02,0.02,0.02) 177 0.203 N/A
StepBpirect N/A N/A (=6.95,3.00,35.14) + (31.56, 176.50, 173.98) N/A 3.830 722
StepBlopmer | N/A N/A (=6.95,3.00,35.14) + (31.23, 169.99, 166.39) N/A 8.398 158.4
CAPD N/A N/A (—6.94,2.99, 35.14) + (0.03,0.01,0.04) N/A 0.088 1.66

Table C: Experiments on EndEnc and Refine: comparison to CAPDand simple_IVP, all executed with order = 20.

. TimeX)
o(X) 1= Time(Ours)

#(miniSteps); the timing for each refinement is incremental time. This nice refinement feature gives us to better
precision control with low additional cost after the initial S.

We compared our algorithm with 3 other algorithms:

The first algorithm CAPD is from [42] and github. In Table 7.2, we invoke the method ICnOdeSolver with Taylor
order 20, based on the C"-Lohner algorithm [15, 43]. The method accepts an interval input such our By,.

The other two algorithms are simple_IVP algorithm in (16), where StepA is StepA, and StepB is either
the StepBp;r.cc(see (24)) and well as StepB; pe,. In Table 7.2, they are called StepBp; ... and StepB; pners
respectively.

We conclude from Table C that our method outperforms simple_IVP in terms of efficiency and is nearly as efficient
as CAPD. Note that we deliberately choose ¢ so that our final B, is equal to the input By, in order to be comparable to the
other methods. The only case where B, # By, is Eg1-b: here, our method successfully computes a solution while all
the other methods fail to produce any output. Since our current method does not directly address the wrapping effect,
the resulting end-enclosure is less tight than that of CAPD, as seen in Eg4. In addition, when higher precision (smaller
€) is required, our Refine algorithm can efficiently compute solutions to meet the desired accuracy.

8. Conclusion

We have presented a complete validated IVP algorithm with the unique ability to pre-specify the an e-bound
on the width of the end-enclosure. Preliminary implementations show promise in comparison to current validated
software. This paper introduces a more structured approach to IVP algorithms, opening the way for considerable
future development of such algorithms. We introduced several novel techniques for Step A and Step B, including a
new exploitation of logNorms combined with the radical transform.

For future work, we plan to do a full scale implementation that includes the ability to use arbitrary precision
arithmetic, in the style of Core Library [41, 44]. We will also explore incorporating the Lohner-type transform into
our radical transform.:w

Nedialkov et al. [8, Section 10], “Some Directions for Future Research”, presented a list of challenges that remain
relevant today. Our algorithm is one answer to their call for automatic step sizes, order control (interpreted as error
control) and tools for quasi-monotone problems (i.e., contractive systems).
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A. Appendix A: Proofs

Note that the numberings of lemmas and theorems in this Appendix are the same as corresponding results in the
text, and have hyperlinks to the text.

Corollary 4
Let x; € IVP(p;, h, Ball(py,r)) and x, € IVP(p,, h, Ball(py, r)).
If u> ,uz(%(Ball(po, r))) then for all t € [0, h]

llx, (1) = x,(Oll; < 1Py = Plloe™.

Proof. Note that x; and x, are solutions of (1) with different initial values. Therefore, we have x/1 = f(x;) and
x), = f(x,). This implies that

X = fx1 (1) = fx(0) = fxy (1) =0=e.

If u # 0, then (10) is the first case of (9) since § = ||p; — Py ll,. If ¥ = 0, it comes from the second case since € = 0.
Q.E.D.

The following is a useful lemma:
Lemma A.1 o
Let (By, H, B;) be an admissible triple with u > Hr(J ¢ (By)), and M > ||f[2](Bl)||. Denote the Euler step at q, € By,
by the linear function
£(t;q0) = qo +1£(qo).

Then for any py € By andt € [0, H],

(53 po) = 255 @)l < llpy = golle™ + 1M 72

Proof. By Corollary 4,

llx(t; po) — x(; goll < llpy — golle™ (37)

‘We also have

x(t:qy) = dqo+1t-f(gy)+ %tzx"(r) (for some 7 € [0,1])
llx(t: go) = (qo + 1 - £ (go))l
< 52" @)
= 322 x(z; g9
< l3PM] (since M > f¥I(B)))
Combined with (37), the triangular inequality shows our desired bound. Q.E.D.
Lemma 5

Let (By, H, B,) be admissible triple, i > Ha(J £ (By)) and M > ||f[2](B1)||. For any € > 0, if hy > 0 is given by

. 2ue } L —
_ mm{ y = lf/" ZO

hl - heuler(H’M’ﬁ’ €)= . M-(eﬂlel_l—gl) ._
min { . =} <0
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consider the path th =(q¢.9;> ---»9q,,) from the Euler method with step-size h,. If each q; € B (i =0, ..., m), then
forallt € [0, H], we have

1O, (1) — x(1: )|l < €.

Le., th (t) lies inside the e-tube of x(t; qg).
Proof. For simplicity, we only prove the lemma when H /h, is an integer. We first show that the Euler method with
step size h; > 0 has the following error bound:

FEH - Ez0,
la=xtnl<q %, (38)
m(e -1 u<0.

To show (38), assume (py = x(0),p;,...,p,, = q) are obtained by the Euler method corresponding to ¢, =

0,t;,...,t, = H.Let g; = ||p; — x(t,)||, be the error bound. Then we have
m ﬁhz
&n < guoreM+ —+ (by Taylor formula)
—h h —h Mhz .
< gt + —tet 4+ —1 (by expanding g,,_;)
Mn? - - )
< A4 ety (since g, = 0)
< Mh2 il _|
- 2 eHhy_1
Mh (ekH _ 1) if 7 > 0,
S
T 2B 1) ifu<o0
ARt ) ifw

If u > 0, then the last formula is justified by el — 1 > phy,and so g, < ]Z—;'(eﬁH —1). If 4 < 0, then the formula

is justified by e#"1 — 1 < Th; + Zﬁzh% (use the fact that f(x) = e = 1 — x — %x2 < 0 when x < 0; check that
f'(x) =e*—1—x > 0forall x < 0). This proves (38). Note that

— — — —
Hhy + %M ht = uh(1+ %ﬂhl)

= ,Uhl(l + W)

(Choose h, = ——24¢

T MA(eFH-D)-He
M -(eMH _1)
—— ) <0.
M- —1)-e” ~

= uh|(=

Focusing on the case u < 0: we claim that

5> (" —1)
2u+u hl
is equivalent to
2ué
h; < — a
M- (eFH —1)=-u"s
This is verified by direct algebraic manipulation. Q.E.D.

Lemma 6
LetH>0,e=(gq,...,€,), and Ey CR". If

k—1
B:= [0, HY fUN(Ey) + Box(¢,&) and M := sup || f¥(p)l,,
i=0 peﬁ
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then an e-admissible pair for E is given by (h, F|) where

n

k—1
N\ 1/k -
h=min{H,min<;—li) } and Fy = ) [0, h] fUN(Ey) + Box(¢, ). (39)
i=0

i=

Proof. To verify (7), we only need to verify

[0, h1* fI(Fy) € Box(—e¢, €).

We have:
W f(F) C h¥[-M,M]" (by the definition of M )
C Box(—¢&,g). (by the definition of &)
Q.E.D.
Lemma 7

Consider an admissible triple (Ey, H, F|) where Ey := Ball(py, ry).
Let qy = py + hy f(py) be obtained from py by an Euler step of size h;.
If by < R (H, M, 10, 8) (cf. (1)), where 1 = puy(J p(F))), M = || fPI(Fpl, and & > 0, then:

(a) The linear function £(t) :=(1 —t/h)py + (t/h,)qq lies in the 5-tube of x, = IVP(py, H).
(b) An end-enclosure for TVP(Ey, h,) is given by Ball(qy, roe"™ + 6).

(c) A full-enclosure for IVP(E, h,) is given by CHull(Ball(py, '), Ball(qq, ")) where ' = 6 + max(roeﬁh1 , 1)

Proof.
(a) By Lemma 5 we have £(¢) lies in the 6-tube of x,), since for any ¢ € [0, h{], ||£(t) — x,(1)]| < 6.

(b) By Corollary 4 we have for any x € IVP(Ball(p, ry), hy, F}), | x(h;)—xo(h)|| < roeF. Since ||y —xo (A, <
6, then by the triangular inequality we have

llgo — x(h)lly < l1x(hy) = xo(hDIl + [1go — xo (M5 < r.
So, x(h,) € Ball(qy, rye"" + 6).

(c) We show thatforany T € [0, h{], tkle end-enclosure of IVP(E, T) is a subset of Box(Ball(py,r’ +6), Ball(qg, r' +
0)). Note that E; = Ball(I(T), roe”T + 6) is the end-enclosure for IVP(E,, T').

Let I(T); denote the i-th component of /(T') and r(T) := rOeﬁT + 6. Then, we only need to prove that for any
i=1,...,n, the interval I(T); + r(T) satisfies

I(T); + 1(T) C Box((py); £ (' + 6),(qq); £ (' + ),

where (pg); and (q,); are the i-th components of p, and g, respectively.

Since I(T) is a line segment, it follows that

min((q);» (Po);) < I(T); < max((qo);> (Po)y)-

Additionally, we have r(T) < ¥ + 6.

Combining these observations, we conclude that

I(T); = r(T) € Box((py); = (' + 8),(qp); £ (' + &)).
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Q.E.D.
Lemma A.2
(a) g(y) = J(7~ 1(y)) 2@ ()
1+E N
=diag(—d;y, “ ti=1,....n) @Y.
(b) The Jacobian matrix of g with respecttoy = (y;,...,¥,) is:
Tg(¥) = A) + P~ (y) « J(7~' () « P(y), (40)
where 1
Ay) = aiag( — @+ Dy - @GE W) Ti=1,.n)
and 1, \di+1
P(y) = d1ag<(—) Q= 1,...,n>.
Proof.
(a) Foreachi =1,...,n, we have from (21) that yl’. =g;(y) wherey = (y(,....¥,). 8 = (&1, .-, &) 1.€.,
/
gy =y = (yi (by 21) and y, = 3, *)
— —d,y_(d +1)—:
Wl oL 1L
= _dlyl d <g(y1 1"“,ynd”)>i
e
= —dy, @@ )
Thus,
I+ o
8y) =& (), ....8,(y) = diag(—d;y;, ",i=1,....n) 8@ (¥)
1+l
(b) By plugging g;(y) = d (g(ﬁ_l(y))) into the Jacobian, we get
i o
Vg, (y) V(=d;y, ™ (g(ﬂ N
J,(y) = : =
| V(gn(Y) |+_ _
V(-d,y, " @@ ),
r 1
1+— 1+—
V(-d,y, " )(g(“ M), —dyy, “"V(@E@ )
= + : 1)
1
1+— I+—
| V(=d,y, “HEE" ), —d,y, “V@EE ),

Note that forany i = 1, ..., n,

1
I+

Vdy, “IEE ), = (0..0.~d, (1+ 2 ) 37 @F ' By ... 0)
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636 and
”i — Hi AEEN; =1, 07 ()
~dy, “V@EE ') = <—d,-y,- ’T_’(ﬂ (}’))Ty tJj= 1,.--,n>
1+%
y
= (iﬁ”<>””@”%‘ O @ = 1),
Thus, .
Jo(y) = A(y) + Py Jg(@ ()« P(y),
where 1 1
A(y) = diag(—(d; + Dy' @@ ' ). ... —(d, + Dy," @' ¥)),)
and "
7! dq 7! dp+1
P(y) = dla.g( (y) s (3’) ).
637
638
639 Theorem 8
(a)
1w (Ty(x(F)) < max{@ i 1n}
n ! _ n ([;i)d,-+l
+max"_ {d;} - IJgEFD)l, - max™_, {d—}
(b) Ifd| = -+ =d, =d then

1o (Jox(F)) < =(d + D5 + Bran) ™ 1T @ ED).

640

s1  Proof. From Lemma A.2(b) we have for any p = (py, ..., p,) € ©(F)),

gM@»—Mm+P1@><mmm

di+1

&2 where P(p) = diag(pi y

L= 1,...,n) and A(p) = diag(ay, ..., a,) with

4= —di(1+ o - @GP

e3 Thus, A, P are diagonal matrices and pi_1 is well-defined since p € B, > 1, (28).
644 By Lemma 2(b) and (43), we conclude that the form

Hr(A(p)) = up(diag(ay, ..., a,)) = max {ai ti=1, ,n} .

Q.E.D.

(42)

(43)

(44)
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From (29), we conclude that

i (LEP)) = w (4@ + P DEPPP)

(by (42))

< mAE)+ 1 (P ZPPP)
(by Lemma 2(a))

< mAE)+ [P @ Z@)PK),
(by Lemma 2(b))

< max{@ ci=1,...,n
+|7 @l | E@| 1P@Il

(by (8))
max{# L= 1,...,n}

i

n = n by)dit!
#maxt_, {d} - IEGF ), - maxe, { 222

IA

Q.E.D.
Lemma9 Ifd > E(F 1), we have:
Yy I Jz@EI
(@) Hy (Jg@(F)) < (=2 + (b)) - ———
¥ 1
(b) 1f10gy(bmay) < 75 then py (Jg(x(F}))) <O
Proof.
(a) By Theorem 8 we have
1 v _
ty (J(x(F)) < —(d+ Dy—+ (B 15 @F )
_ —(d+1) y d+2 . ITg@(FD)2
- (ulgmmuz * (Bma) ) brmax
(by factoring)
S ( - 2 + (Bnlax)d+2> : Hjii(Fl))”z
(By eqn.(30), we have (d + 1) > 2(|[Jz(@(F)),))-
(b) Since (b))% < 2 is equivalent to 1ogy (b .y) < d]?, we conclude that y, (J(z(F}))) < 0.
Q.E.D.

Lemma A4
Let p.q € BCR" and ¢ € C'(F; — R"), then ||¢(p) — d(@)ll, < [T4(B)lly - Ilp — qll,

Proof.
lop) —p@ll, < Nld(q@) + Iy (&) (p— @) — d(Ql»
(by Taylor expansion of ¢(p) at q)
= [[Jp©)(p—ll>
< gl - lite = @l
< Bl - e = Dl
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where & € B. Q.E.D.

Lemma 10
Lety = n(x) and
x € IVPf(XO, h, Fl)’
y € IVP(n(xo). h,n(F))).

For any 6 > 0 and any point p € R”" satisfying

1)
-y, £ ——mmM88m—,
1=yl = G
we have
lp —x(h)ll, < 6.
Proof.
lp—x(Wll, = |z~ @) -z~ #@xm),

7~ (@ (p) — 2~ (y(W)l,

IAN I

I Tz-1@(E D) - lz(p) — y(Wl,
(by Lemma A.4)
< 6 (by condition (31).)

Q.E.D.

Theorem 11 The subroutine S.Refine(e) is correct. In particular, it halts.

Proof. The proof is in two parts: (a) partial correctness and (b) termination. Assume the scaffold S has m stages and
the input for Refine is € > 0.

(a) Partial correctness is relatively easy, so we give sketch a broad sketch: we must show that if the Refine halts,
then its output is correct, i.e., Wy, (E,,(S)) < €. The first line of Refine initializes r( to wy,,, (E, (S)). If ry < €, then
we terminate without entering the while-loop, and the result hold. If we enter the while-loop, then we can only exit the
while-loop if the last line of the while-body assigns to ry a value w,,,(E,,(S)) less than €. Again this is correct.

(b) The rest of the proof is to show that Ref ine halts. We will prove termination by way of contradiction. If Refine
does not terminate, then it has infinitely many phases where the kth phase (k = 1,2, ...) refers to the k iterate of the
while-loop.

(H1) We will show that lim,_, 5;‘ =0foreachi =1,...,min (36). This will yield a contradiction.

(H2) For a fixed stage i, we see the number of times that Refine calls EulerTube is

8!
d* :=log, <—’>
i Kk
5i

Similarly, the number of times Refine calls Bisect is
k 1
i =¢,
where ¢ lk is the level of the (k, i) phase-stage. So,
k=df+ @k -¢)) (45)

since each phase calls either Bisect or EulerTube. Hence k — .
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(H3) CLAIM: limy_, . d lk — 00, i.e., EulerTube is called infinitely often. By Way of contradictor, suppose d k has an

—k
upper bound, say d, . Since u,, At;, and ‘M are bounded, we have h>C- 2": in Refine (see (11)), where C > 0
is a constant.

—k
Note that each Bisect(i) increments the level and thus halves H. Therefore, once H < C - 24;  Bisect will
no longer be called. This implies that limk_)oo(ff‘ - fl.l) is finite. This is a contradicts the fact that k — oo since

both dl.k and (7 lk - fl.l) are bounded. Thus, our CLAIM is proved.

It follows from the CLAIM that lim;_, 55‘ = 0, since EulerTube is called infinitely often, and after each call,
& is halved.

(H4) Consider (k, i) as a phase-stage: define rf,‘ as the radius of the circumball of E;(S) at phase k. For instance, we

terminate in phase k if k > 0 is the first phase to satisfy r',‘n < %eo.

Since we call EulerTube infinitely often, and each call ensures that the target 5;‘ in (18) is reached:

k
rf.‘ < rf_c_leu,- LU 51{3 (46)

where /4{‘ (computed as y, in Refine) is an upper bound for the logarithmic norm over the full enclosure of the
ith stage.

(HS) A chain is a sequence C; = (1 < k(1) < k(2) < -+ < k(m)) such that EulerTube is called in phase-stage

(k(i), i) foreach i = 1, ..., m. The chain contains m inequalities of the form (46), and we can telescope them into
a single inequality.

But first, to simplify these inequalities, let u be the largest value of yil fori = 1,....m A = A(C)) is the

k(1)

maximum of 6, , and A; be the step size of the ith stage:

A<, k(m)) iy sy (by (46) for (k(m), m))
< o e 1)) iy sem (since rk(i") < rk(m Dy
-Dp, k(m)
< - 1>) Wy +5k<m Dyeti " hi 4 55 (by (46) for (k(m — 1),m — 1))
< k(m D)e”hr |+ A)euh, +A (simplify using u, h;, A)
< (rg(l))eﬁZ}":l Mo AT B
- J=
0 :
< e”(”o( )4 A-m) (since 1 > X7 h;)

k(m

To summarize what we just proved'? about a chain Cy, let r,(C,) denote r), ) and ro(C;) denote rlg(l) the

following C,;-inequality:

Fn(Cy) < e (ro(Cy) + A(C)) - m). (47)

H6) IfC =1 < k(1) £+ £ k(m)and C' = (1 < k'(1) £ -+ < k'(m)) are two chains where k(i) < k’(i) for

i=1,...,m,then we write C < C'.

LEMMA: If C < C’ then _
rm(C') < 25 (ro(C) + A(C) - m)

(H7) TItis easy to show that there exists an infinite sequence of chains

C <G <(CG<

13This proof assumes that ;4{‘ < /4{"1. This is true if our interval computation of y, is isotonic. But we can avoid isotony by defining ﬂf‘ to be
k-1
Hi

if the computation returns a larger value.
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This comes from the fact that for each i = 1, ..., m, there are infinitely many phases that calls EulerTube. It
follows by induction using the previous LEMMA that, for each i > 2,

rn(C) < (5)' e (r(Cp) + A(Cy) - m)

This proves that lim,_, , r,,(C;) = 0. This contradicts the non-termination of Refine.

Q.E.D.

Theorem 12 Algorithm EndEnc(B,, €() halts, provided the interval computation of StepA is isotonic. The output
is also correct.
Proof.

If the algorithm terminates, its correctness is ensured by the conclusions in Section 4.

We now proceed to prove the termination of the algorithm. Specifically, we need to show that the loop in the
algorithm can terminate, which means that the time variable ¢ can reach 1. It suffices to demonstrate that for any inputs
By and g, > 0, there exists a lower bound & > 0 such that for the ith iteration of the loop has step size At; = h; > h.

First we define the set E : = image(IVP(By, 1)) + [—¢&q, £gl”. Since IVP(By, 1) is valid, E is a bounded set. Let the
pair (h, F) be the result of calling the subroutine StepA(E, 1, £(). Note that StepA is implicitly calling box functions
to compute A, F (see Subsection 2.2), and thus h is positive. Whenever we call StepA in our algorithm, its arguments
are (E, H, &) for some E C E and H < 1. If StepA(E, H, &) — (h, F), then h > h, provided'* StepA is isotonic.
This proves that the algorithm halts in at most [1 / ﬁ] steps. Q.E.D.

B. Appendix B: The affine map =

Consider the condition (27). Without loss of generality, assume 0 ¢ 71. To further simplify our notations, we
assume

1,>0. (48)

In case 71 < 0, we shall indicate the necessary changes to the formulas. We first describe an invertible linear map
7 : R" > R" such that

7(fB))>1=(,...,1) (Greater-than-One Property of 7) (49)

Note that (49) means that for each i = 1, ..., n, the ith component (Z(f(B)))); is greater than one.
To define 7, we first introduce the box Bj:

B, = Box(f(B)) B
= [I., L (implicit definition of I;) (50)

H;’zl [a;,b;] (implicit definition of g;, b;)

where Box(S) € [JR” is the smallest box containing a set .S C R". For instance, 7,- = f;(By) where f = (fy,.... fn)-
The assumption (48) says that 1, > 0, i.e., either a; > 0.

We now define the map 7 : R" — R” as follows: 7(x, ..., x,) = (X}, ..., X,) Where
% if @, > 0, (.e., f;(By) > 0)
% = %‘— elseif b; <0, (i.e., f;(B) <0) 51
xp+x) (T2 else (e, 0 € f,(B))).

141f computes h > h, we could not “simply” set & to be h because we do not know how to compute a corresponding full enclosure. Note that E
is a full enclosure, but we do not know how to compute it.
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Note that if 71 < 0, we only need to modify the third clause in (51) to x; + x; (M)

Observe that 77(51) is generally a parallelopiped, not a box. Even for n = 2, 5(§1) is a parallelogram. So we are
interested in the box Box(7(B;)):

B! :=Box(%(B))) = H%J{ (implicit definition of 1) 52)
= [l la},b]] (implicit definition of a}, b))
Then we have the following results:
Lemma B.1
(a) 7 is an invertible linear map given by
Fx)=Aex (53)

L
_i

clarity and formatting:

or 1 along the diagonal and other non-zero entries in column 1 only, Here’s the revised version with improved

>

1

Uy
G U
] U3
Cl’l Uﬂ
where .
E_,' ifa,- > O,
v; = El elseif b; < 0,
1 else
{ 0 if0g fi(By.
¢ = 1+b,—a;
——L  else.
a)
(b) The box Box(z?(l?l)) =[1_, 1] is explicitly given by
([ 5, -
1, E_,] ifa; >0,
y=<L%] else if b; < 0, (54)
1+5[,§—1(1+5i(1+§—1)—5i) else .
L 1 1

(c) The map 7@ has the positivity property of (49).

Proof.

(a) From the definition of 7 in (51), we see that the matrix ‘A matrix the form described in the lemma. This matrix is
clearly invertible.

(b) We derive explicit formulas for 1 ;, in each of the 3 cases:
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rr e If g, > 0, then it is clear that (Z(B,)); = [1, g]
748 e Elseif b; < 0, it is also clear that (Z(B,)); = [1, %]
749 e Else, we consider an arbitrary point x = (x, ..., x,) € EI:
G = x4 (KR (by definition)
a_
> g +El(—'+§"’“")
(x; € [a,,b,1(V j) & (1 + b, —@)/a, > 0)
= 1+b.
Fx), = x +x (E2)
— — Es —
< b+ by (B2

a

(x; € [a,,b,) and (1 + b, — a,)/a, > 0)
by b ay_ g
(145,00 + ) a;).

750 Since both the upper and lower bounds are attainable, they determine the interval Ii’ as claimed.

1 (c) Itis sufficient to show that I 1, > 1. This is clearly true for the first two clauses of (54). For the last two clauses, we

75 have I I’ >1+ B,— by part(b). The result follows since 0 < Zi.
753 Q.E.D.
754
755 Let
Bf = Box(7(B)))
= H;’:] I* (implicit definition of I *;) (55)

[T, [a;, b1 (implicit definition of a, b)

6 We now define the affine map 7 : R" — R":

E(x) = (El (xl), Ez(Xz), ,En(xn))
where x = (x4, ..., x,) and (56)
Ti(x) = #w(x)—af+1.

757 Then we have the following results, which is property (Q2):
s LemmaB.2 7(B;)>1.

759
w0 Proof. The conclusion follows from the fact that 7(B;) C Hl'.':1 [a},b}] and 7(B,) = 7(B) — (aj,....,ay) + L.
761 Q.E.D.

762
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