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HIGHLIGHTS

» Classical bivariate range functions have only quadratic convergence order.
« We derive bivariate range functions with cubic and quartic convergence orders.
« The theoretically proven convergence orders are validated by numerical examples.

ARTICLE INFO ABSTRACT

Keywords: Range functions are a fundamental tool for certified computations in geometric modelling, com-
Range function puter graphics, and robotics, but traditional range functions have only quadratic convergence
Convergence order order (m = 2). For “superior” convergence order (i.e., m > 2), we exploit the Cornelius-Lohner
Interval arithmetic framework in order to introduce new bivariate range functions based on Taylor, Lagrange, and

Hermite interpolation. In particular, we focus on practical range functions with cubic and quartic
convergence order. We implemented them in Julia and provide experimental validation of their
performance in terms of efficiency and efficacy.

1. Introduction

Many problems in geometric modelling, computer graphics, and robotics, such as surface-surface intersection, constructive solid
geometry (CSG) operations, ray-tracing, and collision detection, can be solved robustly using interval analysis and range (or inclusion)
functions (Bowyer et al., 2000; Snyder, 1992; Duff, 1992). The core idea of range functions is to calculate an interval that is guaranteed
to enclose the range of a function f over any given domain B, where B is typically a box, simplex, or ball in Euclidean space (Ratschek
and Rokne, 1984). Range functions provide various certified predicates for finding roots of f. One such predicate is the exclusion
predicate of root finding: if the estimated range of f over B does not contain zero, then f has no roots in B. With good range functions,
provably near-optimal complexity bounds can be achieved for isolating real and complex roots (Sharma and Yap, 2012; Becker et al.,
2018). Combined with subdivision, range functions lead to very efficient branch-and-bound algorithms for the problems mentioned
earlier (Martin et al., 2002; Sichetti et al., 2025). In particular, bivariate range functions have been used for the isotopic approximation
of curves (Plantinga and Vegter, 2004; Lin and Yap, 2011; Lin et al., 2013), and they can be used for finding the roots of mappings
from R? to R? (Cheng et al., 2023).

Clearly, the efficiency of these algorithms depends on (1) the efficiency of evaluating the range functions and (2) the efficacy (or
tightness) of the estimated ranges. A simple measure of tightness is the order of convergence. The classic approach to range functions
for f is based on the Taylor expansion of f to some degree n > 1. Unfortunately, the order of convergence remains quadratic (m = 2),
regardless of n (Ratschek and Rokne, 1984). Cornelius and Lohner (1984) introduced the “CL framework” that finally achieves
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$n={\lfloor {d/4}\rfloor }$


$v_{n+1}=v_{n+2}=0$


$r$


$B$


$(n+1)(n+2)/2\in O(d^2)$


$f^{(4i+k,4j+l)}$


$f$


$i,j\ge 0$


$i+j\le n$


$0\le k,l\le 1$


$B$


$\square ^{{\textrm {T}}}_m f(B)$


$\square ^{{\textrm {L}}}_m f(B)$


$f(x,y)$


$f(x,y)=0$


$B_0\mathrel {:=}{[-1.2,1.2]}^2$


$f$


$\operatorname {\mathit {d}_{{\textrm {H}}}}$


$f(B_r)$


$B_r$


$(0.1,0.2)$


$r\in [0.00001,1]$


$\square ^{\textrm {X}}_m f(B_r)$


$(0.1,0.1)$


\begin {equation}\label {eq:5ranges} \square ^{{\textrm {T}}}_2 f,\quad \square ^{{\textrm {T}}}_3 f,\quad \square ^{{\textrm {T}}}_4 f,\quad \square ^{{\textrm {L}}}_3 f,\quad \square ^{{\textrm {H}}}_4 f,\end {equation}


$f$


$\square ^{{\textrm {X}}}_m f$


${\textrm {X}}\in \{{\textrm {T}},{\textrm {L}},{\textrm {H}}\}$


$\textrm {X}$


$m$


$m=2,3,4$


$3$


$4$


$\square ^{{\textrm {L}}}_3$


$\square ^{{\textrm {T}}}_3$


$r\le 0.275$


$r\le 0.035$


$\square ^{{\textrm {H}}}_4$


$\square ^{{\textrm {T}}}_4$


$r\le 0.02$


$\square ^{{\textrm {L}}}_3$


$\square ^{{\textrm {T}}}_3$


$\operatorname {\mathit {d}_{{\textrm {H}}}}$


$f$


$\square ^{{\textrm {T}}}_3$


$\square ^{{\textrm {L}}}_3$


$1024$


$B_0={[-1.2,1.2]}^2$


$32\times 32$


${\textrm {TotalTime}}^{\textrm {X}}_m$


$\square ^{\textrm {X}}_m f(B)$


$1024$


${\textrm {TotalWidth}}^{\textrm {X}}_m$


$1024$


$\square ^{{\textrm {T}}}_2$


$\square ^{\textrm {X}}_m$


$\frac {{\textrm {TotalTime}}^{\textrm {T}}_2}{{\textrm {TotalTime}}^{\textrm {X}}_m}$


$\square ^{\textrm {X}}_m$


$\frac {{\textrm {TotalWidth}}^{\textrm {T}}_2}{{\textrm {TotalWidth}}^{\textrm {X}}_m}$


$\square ^{\textrm {X}}_m$


$1$


${[-1.2,1.2]}^2$


$1$


$[1.19,1.30]$


$\square ^{{\textrm {T}}}_3$


$\square ^{{\textrm {T}}}_4$


$1$


$1$


$\square ^{{\textrm {L}}}_3$


$\square ^{{\textrm {H}}}_4$


$[0.52,0.61]$


$[0.36,0.52]$


$m$


$m=3$


$m=4$


$\square ^{{\textrm {T}}}_3$


$\square ^{{\textrm {T}}}_4$


$\square ^{{\textrm {T}}}_2$


$\square ^{{\textrm {L}}}_3$


${\textrm {TotalWidth}}^{\textrm {X}}_m$


$\square ^{\textrm {X}}_m$


$\square ^{\textrm {X}}_m f$


$\square ^{\textrm {Y}}_n f$


$1024$


$B$


$32\times 32$


$B_0={[-1.2,1.2]}^2$


$\square ^{\textrm {X}}_m f$


$\square ^{\textrm {Y}}_n f$


$W^{{\textrm {X}},{\textrm {Y}}}_{m,n}<0$


$1024$


$W^{{\textrm {X}},{\textrm {Y}}}_{m,n}$


$\square ^{\textrm {X}}_m f$


$\square ^{\textrm {Y}}_n f$


$\square ^{{\textrm {T}}}_3$


$\square ^{{\textrm {T}}}_2$


$\square ^{{\textrm {T}}}_3$


$\square ^{{\textrm {T}}}_2$


$\square ^{{\textrm {T}}}_4$


$\square ^{{\textrm {T}}}_3$


$\square ^{{\textrm {T}}}_4$


$f$


$\square ^{{\textrm {L}}}_3$


$\square ^{{\textrm {T}}}_3$


$\square ^{{\textrm {H}}}_4$


$\square ^{{\textrm {T}}}_4$


$\square ^{{\textrm {T}}}_4$


$\square ^{{\textrm {T}}}_3$


$\square ^{{\textrm {L}}}_3$


$\square ^{{\textrm {T}}}_3$


$\square ^{{\textrm {H}}}_4$


$\square ^{{\textrm {T}}}_4$


$\square f(B)=\square g(B)+\square R_g(B)$


$\square g(B)$


$\square R_g(B)$


$g(B)=[a,b]$


$g(x,y)$


$a$


$b$


$\square g(B)=[\tilde {a}-\varepsilon ,\tilde {b}+\varepsilon ]$


$\tilde a, \tilde b$


$a,b$


${\lvert {a-\tilde {a}}\rvert },{\lvert {b-\tilde {b}}\rvert }\le \varepsilon $


$\varepsilon $


$g$


$\varepsilon $


$\varepsilon _0$


$m\times m$


$m>3$


$m$


$m$


$n$


$m\le n\le d$


$I=[a,b]$


$r=(b-a)/2$


$m=(a+b)/2$


$p$


$I$


$p$


$I$


\begin {align*}p(x) = c_0 + c_1 (x-m)\end {align*}


$p(I)=[\alpha _0,\beta _0]$


$p$


\begin {align*}p(I) = c_0 + r [-1,1] c_1.\end {align*}


$p(I)=[\alpha ,\beta ]$


\begin {align*}p(x) = c_0 + c_1 (x-m) + c_2 {(x-m)}^2,\end {align*}


$\alpha \mathrel {:=}\alpha _0$


$\beta \mathrel {:=}\beta _0$


$p$


\begin {align*}x^\ast = m - \frac {c_1}{2c_2},\end {align*}


$I$


${\lvert {c_1}\rvert } < 2{\lvert {c_2}\rvert }r$


$x^\ast \notin I$


$p$


$I$


$\alpha $


$\beta $


$c_2$


$p$


$c_2>0$


$c_2<0$


$x^\ast $


$\alpha $


$\beta $


\begin {align*}p(x^\ast ) = c_0 - \frac {c_1^2}{4c_2}.\end {align*}


$p$


$c_2=0$


$p(I)=[\alpha ,\beta ]$


\begin {align*}p(x) = c_0 + c_1 (x-m) + c_2 {(x-m)}^2 + c_3 {(x-m)}^3,\end {align*}


$c_3=0$


$c_3\ne 0$


$\alpha \mathrel {:=}\alpha _0$


$\beta \mathrel {:=}\beta _0$


$\Delta =c_2^2-c_1c_3$


$p'(x)=0$


$p$


$I$


$\alpha $


$\beta $


$p$


$x^+$


$x^-$


\begin {align*}x^{\pm } = m - \frac {c_2 \pm \sqrt {\Delta }}{3 c_3}.\end {align*}


$I$


$\alpha $


$\beta $


$B=[a_x,b_x]\times [a_y,b_y]$


$(m_x,m_y)=(a_x+b_x,a_y+b_y)/2$


$(r_x,r_y)=(b_x-a_x,b_y-a_y)/2$


$p$


$B$


\begin {align*}\alpha _0 &\mathrel {:=} \min \{ p(a_x,a_y), p(a_x,b_y), p(b_x,a_y), p(b_x,b_y) \},\\ \beta _0 &\mathrel {:=} \max \{ p(a_x,a_y), p(a_x,b_y), p(b_x,a_y), p(b_x,b_y) \}\end {align*}


$p$


$B$


\begin {align*}p(x,y) = c_{0,0} + c_{1,0} (x-m_x) + c_{0,1} (y-m_y)\end {align*}


$p(B)=[\alpha _0,\beta _0]$


$p$


$x$


$y$


\begin {align*}p(B) = c_{0,0} + [-1,1] (r_x{\lvert {c_{1,0}}\rvert } + r_y{\lvert {c_{0,1}}\rvert }),\end {align*}


$B$


$r=r_x=r_y$


$p$


$T_1$


$f$


$\boldsymbol {m}=(m_x,m_y)$


$B$


\begin {align*}c_{0,0} = f(\boldsymbol {m}), \qquad c_{1,0} = f^{(1,0)}(\boldsymbol {m}), \qquad c_{0,1} = f^{(0,1)}(\boldsymbol {m}).\end {align*}


$p(B)=[\alpha ,\beta ]$


\begin {align*}p(x,y) &= c_{0,0} + c_{1,0} (x-m_x) + c_{0,1} (y-m_y) + c_{2,0} {(x-m_x)}^2 + c_{1,1} (x-m_x)(y-m_y) + c_{0,2} {(y-m_y)}^2,\end {align*}


$\alpha \mathrel {:=}\alpha _0$


$\beta \mathrel {:=}\beta _0$


$B$


\begin {alignat*}{2} p_1(x) &= p(x,a_y), &\qquad x &\in I_1 = [a_x,b_x],\\ p_2(x) &= p(x,b_y), & x &\in I_2 = [a_x,b_x],\\ p_3(y) &= p(a_x,y), & y &\in I_3 = [a_y,b_y],\\ p_4(y) &= p(b_x,y), & y &\in I_4 = [a_y,b_y],\end {alignat*}


$\alpha $


$\beta $


$B$


$p$


\begin {align*}D_p = \begin {vmatrix} p_{xx} & p_{xy}\\ p_{yx} & p_{yy} \end {vmatrix} = 4 c_{2,0} c_{0,2} - c_{1,1}^2.\end {align*}


$D_p<0$


$p$


$D_p=0$


$p$


$p$


$B$


$p(B)$


$D_p>0$


$p$


\begin {align*}(x^\ast ,y^\ast ) = (m_x,m_y) - \frac {(2c_{1,0}c_{0,2} - c_{0,1}c_{1,1}, 2c_{0,1}c_{2,0} - c_{1,0}c_{1,1})}{D_p},\end {align*}


$B$


\begin {align*}{\lvert {2c_{1,0}c_{0,2} - c_{0,1}c_{1,1}}\rvert } < D_p r_x \qquad \text {and}\qquad {\lvert {2c_{0,1}c_{2,0} - c_{1,0}c_{1,1}}\rvert } < D_p r_y.\end {align*}


$c_{2,0}$


$p$


$c_{2,0}>0$


$c_{2,0}<0$


$(x^\ast ,y^\ast )$


$\alpha $


$\beta $


\begin {align*}p(x^\ast ,y^\ast ) = c_{0,0} - \frac {c_{1,0}^2c_{0,2} - c_{1,0}c_{0,1}c_{1,1} + c_{0,1}^2c_{2,0}}{D_p}.\end {align*}


$p$


$c_{2,0}=c_{1,1}=c_{0,2}=0$


$p$


$T_2$


$f$


$\boldsymbol {m}=(m_x,m_y)$


$B$


\begin {align*}\begin {alignedat}{3} c_{0,0} &= f(\boldsymbol {m}), &\qquad c_{1,0} &= f^{(1,0)}(\boldsymbol {m}), &\qquad c_{0,1} &= f^{(0,1)}(\boldsymbol {m}),\\ c_{2,0} &= \tfrac 12 f^{(2,0)}(\boldsymbol {m}), & c_{1,1} &= f^{(1,1)}(\boldsymbol {m}), & c_{0,2} &= \tfrac 12 f^{(0,2)}(\boldsymbol {m}). \end {alignedat}\end {align*}


\begin {align*}p(x,y) & = c_{0,0} + c_{1,0} (x-m_x) + c_{0,1} (y-m_y) + c_{2,0} {(x-m_x)}^2 + c_{1,1} (x-m_x)(y-m_y) + c_{0,2} {(y-m_y)}^2\\ & \quad + c_{2,1} {(x-m_x)}^2 (y-m_y) + c_{1,2} (x-m_x) {(y-m_y)}^2 + c_{2,2} {(x-m_x)}^2 {(y-m_x)}^2\end {align*}


$p$


$p$


$q$


$p$


$\boldsymbol {m}$


$r=p-q$


\begin {align*}r(x,y) = c_{2,1} {(x-m_x)}^2 (y-m_y) + c_{1,2} (x-m_x) {(y-m_y)}^2 + c_{2,2} {(x-m_x)}^2 {(y-m_x)}^2,\end {align*}


$p$


$q(B)+r(B)\supseteq p(B)$


$q$


$r$


$r$


$r$


$B$


$p$


$f$


$\{a_x,m_x,b_x\}\times \{a_y,m_y,b_y\}$


$p$


\begin {align*}f_{i,j} = f(m_x+(i-1)r_x, m_y+(j-1)r_y), \qquad 0 \le i,j \le 2.\end {align*}


$p(B)=[\alpha ,\beta ]$


\begin {align*}p(x,y) & = c_{0,0} + c_{1,0} (x-m_x) + c_{0,1} (y-m_y) + c_{2,0} {(x-m_x)}^2 + c_{1,1} (x-m_x)(y-m_y) + c_{0,2} {(y-m_y)}^2\\ & \quad + c_{3,0} {(x-m_x)}^3 + c_{2,1} {(x-m_x)}^2 (y-m_y) + c_{1,2} (x-m_x) {(y-m_y)}^2 + c_{0,3} {(y-m_x)}^3,\end {align*}


$\alpha \mathrel {:=}\alpha _0$


$\beta \mathrel {:=}\beta _0$


$B$


$\alpha $


$\beta $


$B$


$p$


$x$


\begin {align*}A(x) \mathrel {:=} p^{(1,0)}(x+m_x,y+m_y) = a_0 x^2 + a_1 x + a_2, \qquad B(x) \mathrel {:=} p^{(0,1)}(x+m_x,y+m_y) = b_0 x^2 + b_1 x + b_2,\end {align*}


$y$


\begin {align*}a_0 &\mathrel {:=} 3 c_{3,0}, & a_1 &\mathrel {:=} 2 c_{2,0} + 2 c_{2,1} y, & a_2 &\mathrel {:=} c_{1,0} + c_{1,1} y + c_{1,2} y^2,\\ b_0 &\mathrel {:=} c_{2,1}, & b_1 &\mathrel {:=} c_{1,1} + 2 c_{1,2} y, & b_2 &\mathrel {:=} c_{0,1} + 2 c_{0,2} y + 3 c_{0,3} y^2,\end {align*}


\begin {align*}\begin {vmatrix} a_0 & a_1 & a_2 & 0 \\ 0 & a_0 & a_1 & a_2 \\ b_0 & b_1 & b_2 & 0 \\ 0 & b_0 & b_1 & b_2 \end {vmatrix} = {(a_0 b_2 - a_2 b_0)}^2 - (a_0 b_1 - a_1 b_0) (a_1 b_2 - a_2 b_1).\end {align*}


$y$


$y$


$p$


$x$


$A(x)$


$x$


$A$


$B(x)$


$p$


$B$


$\alpha $


$\beta $


$p$


$T_3$


$f$


$\boldsymbol {m}=(m_x,m_y)$


$B$


\begin {gather*}\begin {alignedat}{3} c_{0,0} &= f(\boldsymbol {m}), &\qquad c_{1,0} &= f^{(1,0)}(\boldsymbol {m}), &\qquad c_{0,1} &= f^{(0,1)}(\boldsymbol {m}),\\ c_{2,0} &= \tfrac 12 f^{(2,0)}(\boldsymbol {m}), & c_{1,1} &= f^{(1,1)}(\boldsymbol {m}), & c_{0,2} &= \tfrac 12 f^{(0,2)}(\boldsymbol {m}). \end {alignedat}\\ c_{3,0} = \tfrac 16 f^{(3,0)}(\boldsymbol {m}), \qquad c_{2,1} = \tfrac 12 f^{(2,1)}(\boldsymbol {m}), \qquad c_{1,2} = \tfrac 12 f^{(1,2)}(\boldsymbol {m}), \qquad c_{0,3} = \tfrac 16 f^{(0,3)}(\boldsymbol {m}).\end {gather*}


\begin {align*}p(x,y)&= c_{0,0} + c_{1,0} (x-m_x) + c_{0,1} (y-m_y) + c_{2,0} {(x-m_x)}^2 + c_{1,1} (x-m_x)(y-m_y) + c_{0,2} {(y-m_y)}^2 + c_{3,0} {(x-m_x)}^3 + c_{2,1} {(x-m_x)}^2 (y-m_y)\\ & \quad + c_{1,2} (x-m_x) {(y-m_y)}^2 + c_{0,3} {(y-m_x)}^3+ c_{3,1} {(x-m_x)}^3 (y-m_y) + c_{2,2} {(x-m_x)}^2 {(y-m_y)}^2 + c_{1,3} (x-m_x) {(y-m_x)}^3 + c_{3,2} {(x-m_x)}^3 {(y-m_y)}^2\\ & \quad + c_{2,3} {(x-m_x)}^2 {(y-m_y)}^3 + c_{3,3} {(x-m_x)}^3 {(y-m_y)}^3,\end {align*}


$p$


$q$


$p$


$\boldsymbol {m}$


$r=p-q$


$p$


$q(B)+r(B)\supseteq p(B)$


$q$


$r$


$r$


$B$


$r$


$B$


$r$


\begin {align*}r^{(1,0)}(x+m_x,y+m_y) = y A(x), \qquad r^{(0,1)}(x+m_x,y+m_y) = x B(x),\end {align*}


\begin {align*}A(x) \mathrel {:=} a_0 x^2 + a_1 x + a_2, \qquad B(x) \mathrel {:=} b_0 x^2 + b_1 x + b_2\end {align*}


$x$


$y$


\begin {align*}a_0 &\mathrel {:=} 3 c_{3,1} + 3 c_{3,2} y + 3 c_{3,3} y^2, & a_1 &\mathrel {:=} 2 c_{2,2} y + 2 c_{2,3} y^2, & a_2 &\mathrel {:=} c_{1,3} y^2,\\ b_0 &\mathrel {:=} c_{3,1} + 2 c_{3,2} y + 3 c_{3,3} y^2, & b_1 &\mathrel {:=} 2 c_{2,2} y + 3 c_{2,3} y^2, & b_2 &\mathrel {:=} 3 c_{1,3} y^2.\end {align*}


$y^4 D(y)$


$D$


$r$


$r$


$(m_x,m_y)$


$r(m_x,m_y)=0$


$r(x,m_y)=r(m_x,y)=0$


$x,y\in \mathbb {R}$


$p$


$f$


$B$


$p$


\begin {alignat*}{4} c_{0,0} &= \tfrac {+ f^{ }_{0,0} + f^{ }_{0,1} + f^{ }_{1,0} + f^{ }_{1,1}}{4}\, &+\,& \tfrac {+ f^{x }_{0,0} + f^{x }_{0,1} - f^{x }_{1,0} - f^{x }_{1,1}}{8 r_x^{-1}}\, &+\,& \tfrac {+ f^{y }_{0,0} - f^{y }_{0,1} + f^{y }_{1,0} - f^{y }_{1,1}}{8 r_y^{-1}}\, &+\,& \tfrac {+ f^{xy}_{0,0} - f^{xy}_{0,1} - f^{xy}_{1,0} + f^{xy}_{1,1}}{16 r_x^{-1} r_y^{-1}},\\ c_{1,0} &= \tfrac {- f^{ }_{0,0} - f^{ }_{0,1} + f^{ }_{1,0} + f^{ }_{1,1}}{8 r_x/3} &+\,& \tfrac {- f^{x }_{0,0} - f^{x }_{0,1} - f^{x }_{1,0} - f^{x }_{1,1}}{8} &+\,& \tfrac {- f^{y }_{0,0} + f^{y }_{0,1} + f^{y }_{1,0} - f^{y }_{1,1}}{16 r_x r_y^{-1}/3} &+\,& \tfrac {- f^{xy}_{0,0} + f^{xy}_{0,1} - f^{xy}_{1,0} + f^{xy}_{1,1}}{16 r_y^{-1}},\\ c_{0,1} &= \tfrac {- f^{ }_{0,0} + f^{ }_{0,1} - f^{ }_{1,0} + f^{ }_{1,1}}{8 r_y/3} &+\,& \tfrac {- f^{x }_{0,0} + f^{x }_{0,1} + f^{x }_{1,0} - f^{x }_{1,1}}{16 r_y r_x^{-1}/3} &+\,& \tfrac {- f^{y }_{0,0} - f^{y }_{0,1} - f^{y }_{1,0} - f^{y }_{1,1}}{8} &+\,& \tfrac {- f^{xy}_{0,0} - f^{xy}_{0,1} + f^{xy}_{1,0} + f^{xy}_{1,1}}{16 r_x^{-1}},\\ c_{2,0} &=&& \tfrac {- f^{x }_{0,0} - f^{x }_{0,1} + f^{x }_{1,0} + f^{x }_{1,1}}{8 r_x}&& &+\,& \tfrac {- f^{xy}_{0,0} + f^{xy}_{0,1} + f^{xy}_{1,0} - f^{xy}_{1,1}}{16 r_x r_y^{-1}},\\ c_{1,1} &= \tfrac {+ f^{ }_{0,0} - f^{ }_{0,1} - f^{ }_{1,0} + f^{ }_{1,1}}{16 r_x r_y/9} &+\,& \tfrac {+ f^{x }_{0,0} - f^{x }_{0,1} + f^{x }_{1,0} - f^{x }_{1,1}}{16 r_y/3} &+\,& \tfrac {+ f^{y }_{0,0} + f^{y }_{0,1} - f^{y }_{1,0} - f^{y }_{1,1}}{16 r_x/3} &+\,& \tfrac {+ f^{xy}_{0,0} + f^{xy}_{0,1} + f^{xy}_{1,0} + f^{xy}_{1,1}}{16 r_x^{-1}},\\ c_{0,2} &=&&&&\tfrac {- f^{y }_{0,0} + f^{y }_{0,1} - f^{y }_{1,0} + f^{y }_{1,1}}{8 r_y} &+\,& \tfrac {- f^{xy}_{0,0} + f^{xy}_{0,1} + f^{xy}_{1,0} - f^{xy}_{1,1}}{16 r_y r_x^{-1}},\\ c_{3,0} &= \tfrac {+ f^{ }_{0,0} + f^{ }_{0,1} - f^{ }_{1,0} - f^{ }_{1,1}}{8 r_x^3} &+\,& \tfrac {+ f^{x }_{0,0} + f^{x }_{0,1} + f^{x }_{1,0} + f^{x }_{1,1}}{8 r_x^2} &+\,& \tfrac {+ f^{y }_{0,0} - f^{y }_{0,1} - f^{y }_{1,0} + f^{y }_{1,1}}{16 r_x^3 r_y^{-1}} &+\,& \tfrac {+ f^{xy}_{0,0} - f^{xy}_{0,1} + f^{xy}_{1,0} - f^{xy}_{1,1}}{16 r_x^2 r_y^{-1}},\\ c_{2,1} &=&& \tfrac {+ f^{x }_{0,0} - f^{x }_{0,1} - f^{x }_{1,0} + f^{x }_{1,1}}{16 r_x r_y/3}&& &+\,& \tfrac {+ f^{xy}_{0,0} + f^{xy}_{0,1} - f^{xy}_{1,0} - f^{xy}_{1,1}}{16 r_x},\\ c_{1,2} &=&&&&\tfrac {+ f^{y }_{0,0} - f^{y }_{0,1} - f^{y }_{1,0} + f^{y }_{1,1}}{16 r_x r_y/3} &+\,& \tfrac {+ f^{xy}_{0,0} - f^{xy}_{0,1} + f^{xy}_{1,0} - f^{xy}_{1,1}}{16 r_y},\\ c_{0,3} &= \tfrac {+ f^{ }_{0,0} - f^{ }_{0,1} + f^{ }_{1,0} - f^{ }_{1,1}}{8 r_y^3} &+\,& \tfrac {+ f^{x }_{0,0} - f^{x }_{0,1} - f^{x }_{1,0} + f^{x }_{1,1}}{16 r_y^3 r_x^{-1}} &+\,& \tfrac {+ f^{y }_{0,0} + f^{y }_{0,1} + f^{y }_{1,0} + f^{y }_{1,1}}{8 r_y^2} &+\,& \tfrac {+ f^{xy}_{0,0} + f^{xy}_{0,1} - f^{xy}_{1,0} - f^{xy}_{1,1}}{16 r_y^2 r_x^{-1}},\\ c_{3,1} &= \tfrac {- f^{ }_{0,0} + f^{ }_{0,1} + f^{ }_{1,0} - f^{ }_{1,1}}{16 r_x^3 r_y/3} &+\,& \tfrac {- f^{x }_{0,0} + f^{x }_{0,1} - f^{x }_{1,0} + f^{x }_{1,1}}{16 r_x^2 r_y/3} &+\,& \tfrac {- f^{y }_{0,0} - f^{y }_{0,1} + f^{y }_{1,0} + f^{y }_{1,1}}{16 r_x^3} &+\,& \tfrac {- f^{xy}_{0,0} - f^{xy}_{0,1} - f^{xy}_{1,0} - f^{xy}_{1,1}}{16 r_x^2},\\ c_{2,2} &=&&&&&&\tfrac {+ f^{xy}_{0,0} - f^{xy}_{0,1} - f^{xy}_{1,0} + f^{xy}_{1,1}}{16 r_x r_y},\\ c_{1,3} &= \tfrac {- f^{ }_{0,0} + f^{ }_{0,1} + f^{ }_{1,0} - f^{ }_{1,1}}{16 r_x r_y^3/3} &+\,& \tfrac {- f^{x }_{0,0} + f^{x }_{0,1} - f^{x }_{1,0} + f^{x }_{1,1}}{16 r_y^3} &+\,& \tfrac {- f^{y }_{0,0} - f^{y }_{0,1} + f^{y }_{1,0} + f^{y }_{1,1}}{16 r_x r_y^2/3} &+\,& \tfrac {- f^{xy}_{0,0} - f^{xy}_{0,1} - f^{xy}_{1,0} - f^{xy}_{1,1}}{16 r_y^2},\\ c_{3,2} &=&&&&\tfrac {- f^{y }_{0,0} + f^{y }_{0,1} + f^{y }_{1,0} - f^{y }_{1,1}}{16 r_x^3 r_y} &+\,& \tfrac {- f^{xy}_{0,0} + f^{xy}_{0,1} - f^{xy}_{1,0} + f^{xy}_{1,1}}{16 r_x^2 r_y},\\ c_{2,3} &=&& \tfrac {- f^{x }_{0,0} + f^{x }_{0,1} + f^{x }_{1,0} - f^{x }_{1,1}}{16 r_x r_y^3}&& &+\,& \tfrac {- f^{xy}_{0,0} - f^{xy}_{0,1} + f^{xy}_{1,0} + f^{xy}_{1,1}}{16 r_x r_y^2},\\ c_{3,3} &= \tfrac {+ f^{ }_{0,0} - f^{ }_{0,1} - f^{ }_{1,0} + f^{ }_{1,1}}{16 r_x^3 r_y^3} &+\,& \tfrac {+ f^{x }_{0,0} - f^{x }_{0,1} + f^{x }_{1,0} - f^{x }_{1,1}}{16 r_x^2 r_y^3} &+\,& \tfrac {+ f^{y }_{0,0} + f^{y }_{0,1} - f^{y }_{1,0} - f^{y }_{1,1}}{16 r_x^3 r_y^2} &+\,& \tfrac {+ f^{xy}_{0,0} + f^{xy}_{0,1} + f^{xy}_{1,0} + f^{xy}_{1,1}}{16 r_x^2 r_y^2},\end {alignat*}


$0 \le i,j \le 1$


\begin {align*}\operatorname {\mathit {d}_{{\textrm {H}}}}( f(B), \square f(B) ) \le \operatorname {\mathit {d}_{{\textrm {H}}}}( g(B), \square g(B)) + w(\square R_g(B) )\end {align*}


\begin {align*}s_k \mathrel {:=} \frac {1}{k!} \sum _{j=0}^k \binom {k}{j} {\lvert {f^{(k-j,j)}(\boldsymbol {m})}\rvert }, \quad k = m,\ldots ,n-1, \qquad s_n \mathrel {:=} \frac {1}{n!} \sum _{j=0}^n \binom {n}{j} {\lvert {\square f^{(n-j,j)}(B)}\rvert }\end {align*}


\begin {align*}T_1(B) = f(\boldsymbol {m}) + r [-1,1] \left ( {\lvert {f^{(1,0)}(\boldsymbol {m})}\rvert } + {\lvert {f^{(0,1)}(\boldsymbol {m})}\rvert } \right ) = T_0(B) + r [-1,1] s_1,\end {align*}


\begin {align*}\begin {split} E^{{\textrm {L}}}_{0,0} \le \Omega _{{\textrm {L}}} \cdot \left ( {\lvert {L_{1,0}(B)}\rvert } + {\lvert {L_{0,1}(B)}\rvert } \right ) &+ \Omega _{{\textrm {L}}}^2 \cdot \left ( {\lvert {f^{(6,0)}(B)}\rvert } + 3{\lvert {f^{(3,3)}(B)}\rvert } + {\lvert {f^{(0,6)}(B)}\rvert } \right ) + \Omega _{{\textrm {L}}}^3 \cdot \left ( {\lvert {f^{(6,3)}(B)}\rvert } + {\lvert {f^{(3,6)}(B)}\rvert } \right ). \end {split}\end {align*}


\begin {align*}{\lvert {R^{{\textrm {L}}}_{0,0}(B)}\rvert } \le C' {w(B)}^3, \qquad C' \mathrel {:=} \frac 1{16} ( C'_{2,1} + C'_{1,2} ) + \frac {1}{64} w(B) C'_{2,2}.\end {align*}


\begin {align*}\includegraphics {fx1}\end {align*}


\begin {align*}v_k \mathrel {:=} \sum _{j=0}^k \begin {bmatrix}k\\ j\end {bmatrix} {\lvert {T^{{\textrm {H}}}_{k-j,j}(B) + R^{{\textrm {H}}}_{k-j,j}(B)}\rvert }, \quad k = 1,\ldots ,n-1,\end {align*}


\begin {equation}\label {eq:E00-bound-Hermite} \begin {split} E^{{\textrm {H}}}_{0,0} \le \sum _{k=1}^{n-1} \Omega ^k \sum _{j=0}^k \begin {bmatrix}k\\ j\end {bmatrix} {\lvert {H_{k-j,j}(B)}\rvert } &+ \Omega ^n \sum _{j=0}^n \begin {bmatrix}n\\ j\end {bmatrix} {\lvert {f^{(4(n-j),4j)}(B)}\rvert } + \Omega ^{n+1} \sum _{j=1}^n \begin {bmatrix}n-1\\ j-1\end {bmatrix} {\lvert {f^{(4(n+1-j),4j)}(B)}\rvert }, \end {split}\end {equation}


\begin {align*}W^{{\textrm {X}},{\textrm {Y}}}_{m,n} (B) \mathrel {:=} \log _{10} \frac {w\left (\square ^{\textrm {X}}_m f(B)\right )}{w\left (\square ^{\textrm {Y}}_n f(B)\right )}.\end {align*}


\begin {align*}\alpha _0 \mathrel {:=} \min \{ p(a), p(b) \}, \qquad \beta _0 \mathrel {:=} \max \{ p(a), p(b) \}\end {align*}


\begin {align*}p(B) = c_{0,0} + r [-1,1] ({\lvert {c_{1,0}}\rvert } + {\lvert {c_{0,1}}\rvert }).\end {align*}


\begin {gather*}c_{0,0} = f_{1,1}, \qquad c_{1,0} = \frac {f_{2,1}-f_{0,1}}{2 r_x}, \qquad c_{0,1} = \frac {f_{1,2}-f_{1,0}}{2 r_y}, \\ c_{2,0} = \frac {f_{2,1}-2f_{1,1}+f_{0,1}}{2 r_x^2}, \qquad c_{1,1} = \frac {f_{2,2}-f_{0,2}-f_{2,0}+f_{0,0}}{4 r_x r_y}, \qquad c_{0,2} = \frac {f_{1,2}-2f_{1,1}+f_{1,0}}{2 r_y^2}, \\ c_{2,1} = \frac {f_{2,2}-2f_{1,2}+f_{0,2}-f_{2,0}+2f_{1,0}-f_{0,0}}{4 r_x^2 r_y}, \qquad c_{1,2} = \frac {f_{2,2}-2f_{2,1}+f_{2,0}-f_{0,2}+2f_{0,1}-f_{0,0}}{4 r_x r_y^2}\\ c_{2,2} = \frac {f_{2,2}-2f_{1,2}+f_{0,2}-2f_{2,1}+4f_{1,1}-2f_{0,1}+f_{2,0}-2f_{1,0}+f_{0,0}} {4 r_x^2 r_y^2},\end {gather*}


\begin {align*}r(x,y) &= c_{3,1} {(x-m_x)}^3 (y-m_y) + c_{2,2} {(x-m_x)}^2 {(y-m_y)}^2 + c_{1,3} (x-m_x) {(y-m_x)}^3\\ &\quad + c_{3,2} {(x-m_x)}^3 {(y-m_y)}^2 + c_{2,3} {(x-m_x)}^2 {(y-m_y)}^3 + c_{3,3} {(x-m_x)}^3 {(y-m_y)}^3,\end {align*}


\begin {align*}\begin {aligned} f_{i,j} &= \phantom {{}^{(0,0)}} f(m_x+(2i-1)r_x, m_y+(2j-1)r_y),\\ f^x_{i,j} &= f^{(1,0)}(m_x+(2i-1)r_x, m_y+(2j-1)r_y),\\ f^y_{i,j} &= f^{(0,1)}(m_x+(2i-1)r_x, m_y+(2j-1)r_y),\\ f^{xy}_{i,j} &= f^{(1,1)}(m_x+(2i-1)r_x, m_y+(2j-1)r_y), \end {aligned}\end {align*}
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superior convergence orders (i.e., m > 2). While they can only reach convergence orders of up to m < 6, due to the underlying implicit
computational model, Hormann et al. (2023, Theorems B and C) showed how to achieve convergence order m for any m > 1 by
generalizing the CL framework.

Superior convergence orders have an efficiency cost. So in any application, one must choose a “sweet spot” convergence order
that achieves practical trade-offs among efficiency, efficacy, and ease of implementation. Typically, the sweet spot is some small m,
say m < 6. For example, for the EVAL root isolation algorithm (Hormann et al., 2021), such considerations led to the sweet spot order
of m = 3. Thus, in our current implementations, we focus on convergence orders up to m < 4. Although our techniques are in principle
able to reach larger values of m, it is clear from our development below that their implementation will be much more involved.

In this paper, we focus on the bivariate setting and derive new range functions that advance the state of the art in terms of
convergence order. Specifically, we introduce bivariate range functions with cubic and quartic convergence orders that are based
on Taylor, Lagrange, and Hermite interpolation. The geometric modelling literature has a well-known “Bernstein range” for any
polynomial f over a box B, namely the interval between the minimum and maximum Bernstein coefficients over B (Farin, 2001).
However, our experiments will not compare this Bernstein range function with our range functions. We offer two justifications for
this omission. First, the Bernstein approach is fundamentally different from the interpolation approach of our methods, since it works
only for polynomials and we know of no range functions based on the Bernstein approach with a superior convergence order. Second,
the comprehensive study of Martin et al. (2002) compared a set of 30 range functions for tracing planar curves, and they concluded
that the Bernstein method performs comparably to the centred form Taylor method, but the latter is easier to implement. This centred
form Taylor method is just D; , in our experiments.

1.1. Range functions

For any bivariate real function f: R*> — R and any S C R?, the range of f on S is the set f(S) := {f(x) : x € S}. With OR?
denoting the set of closed, axis-aligned rectangles, also called boxes and [IR denoting the set of closed intervals, we call [f : OR? — R
a range function for f, if (f (B) 2 f(B) for all B € OR?. For any box B = [a,,b,] X [a,,b,] € OR?, the midpoint, radius, and (maximal)
width of B are defined as m = (m,,m,) := (a, + by,a, +b,)/2, r = (ry,r)) := (by — a,, b, — a,)/2, and w(B) :=2max(r,,r,). We further
define the width and the magnitude of any I = [a,b] €[IR as w(I) := b—a and |I| := max{|al, |b|}.

For any m > 1, we say that the range function [If exhibits order m convergence on B,, € [IR?, if there exists a constant C > 0 that
may depend on f and B, such that

du(f(B),0f(B)) < Cw(B)" @

for all B C B, where dy([a,b],[d’,b']) := max{|a —d'|,|b—b'|} denotes the Hausdorff distance between intervals.

For a rational function f, given in terms of a specific expression (or formula) E(x,y), the simplest range function over B = I x J
with I, J € R is the natural interval extension (Moore, 1979, Section 3.3) If(B) := E(I,J), obtained by replacing the variables with
intervals and utilizing interval arithmetic during the evaluation of the expression E. If [If (B) is well-defined for all B C B, then [If
is convergent over B, (Moore, 1979, Chapter 4), but the convergence is only of order 1 in general. Quadratic convergence is instead
achieved by centred forms, for example, the celebrated mean-value form (Ratschek and Rokne, 1984, Chapter 3).

The breakthrough to achieve range functions with superior convergence comes from the CL Framework (Cornelius and Lohner,
1984). The idea is to split f into two parts f(x) = g(x) + R,(x) where g is called the exact part and R, := f — g the remainder part,
and for any interval I, we compute g(I) exactly while R,(I) can be approximated by some range function IR, (I).

Theorem 1 (Cornelius and Lohner, 1984, Theorem 4). If the function f: R — R is continuous over I, € R and can be written as
f00) =g(x) + Ry(x) for any x € I, then the range function

0f () 1= g) +0Ry(x) (2
satisfies

dy(f(D,0f ) < wlUR, (D))
forany I C I

In particular, the convergence order of [If (/) is that of [IR,(1), and we know how to achieve superior convergence orders for
[IRg. The problem with (2) is that there are no' practical arithmetic models (standard models of Numerical Analysis, IEEE standard,
bigNumber packages, etc.) for computing g(I) exactly, except for very special g. For example, g(x) = 3x2+ 1 is okay, but g(x) = 3x>+x
is not. For that reason, Hormann et al. (2023) proposed allowing g to be approximated by a range function [g.

Theorem 2 (Hormann et al., 2023, Theorem B). If the function f: R?> — R? is continuous over B, € OR? and can be written as
f(x) = g(x) + Ry(x) for any x € By, then the range function

07(B) :=0g(B) +0R,(B) 3)

1 Cornelius and Lohner (1984) assumed that if we have an algebraic expression for g(x), then we can compute its roots exactly. For example, if g(x) is a polynomial
of degree at most 4, then we can compute its roots. Although this is a common mathematical model, there are no practical exact implementations.

2
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satisfies

dy(f(B),0f(B)) < dy(g(B),[g(B)) + wlUR,(B))
for any B C B,

Note that while Hormann et al. (2023) proved this theorem for univariate functions, their proof carries over to the multivariate
setting without major changes and is stated here for bivariate functions, as needed below. By (1), an immediate consequence of
Theorem 2 is that the generalized Cornelius—Lohner form (3) has order-m convergence, provided we ensure

dy(g(B),0g(B)) < w(R,(B)) < Cw(B)". €]

For a large class of functions, it is possible to compute range functions [Ig(B) that satisfy (4) (Hormann et al., 2023). For example, if
g(x) is a polynomial, then we need the ability to approximate the roots ¢ of the derivative g’ to any desired error § > 0. Then, for any
€ > 0, we can determine § = §(¢) so that |£ — &| < § implies |g(€) — g(¢)| < . The values g() can then be used to determine g(I) to
within e.

1.2. Contributions and overview

In this paper, we propose and discuss three novel bivariate range functions based on the generalized Cornelius-Lohner framework.
The first (Section 2) stems from the Taylor expansion of f about the midpoint of the interval and generalizes the quadratically
convergent centred Taylor forms (Ratschek and Rokne, 1984, Section 3.5). The second (Section 3) and third (Section 4) apply the
idea of Cornelius and Lohner recursively and are inspired by the corresponding univariate constructions in (Hormann et al., 2021) and
(Hormann et al., 2023), respectively. Our numerical experiments (Section 5) confirm the theoretically proven convergence orders of
the proposed range functions and identify those with cubic convergence order (m = 3) as the sweet spot, that is, the best compromise
between efficiency and efficacy. In the appendices, we provide exact expressions for the endpoints of g(B) for low degree polynomials
g in one variable (Appendix A) or two variables (Appendix B).

2. Range functions based on centred Taylor expansions

Abbreviating the higher order partial derivatives of f : R*> - R by

ai+j

@) = pliod) £ =
I I oxioyl

and denoting the k-th differential of f by

d*f :=< +hy£)> f= Z( >h"‘/h/f(k‘“)

we recall Taylor’s theorem (Courant and John, 1989), by which any (n+ 1)-times continuously differentiable function f, where n € Ny,
can be expressed as the Taylor expansion

f(x,y) =T,(x,y) + R,,

that is, as the sum of the n-th degree Taylor polynomial of f about (u, v),
a1 .
Tn(x,y)=f(u,v)+z—d f(u,v0) with hy=x-u, h,=y-uv, (5)
fs] k!
and the remainder

!
" (n+ 1)

d"™ f(u+0h,,v+0h)

for some 0 € (0, 1) (see Fig. 1).
Now let B, € OR? and w, = w(By). For any B C B, and m,n € N with m < n, let us consider the Taylor expansion of f about the
midpoint m of B and split off the first m terms from the Taylor polynomial 7,,_,. For any x = (x, y) € B, we then have

Sy =T, 1(x)+ Z —d S(m) + —d”f(éx

for some &, € B that depends on x. Assume for simplicity that B is a square with r :=r, =r,. Since

h,=x—-m, er[-1,1], hy=y—my€r[—1,1],
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Fig. 1. Graph of the function f(x,y) = 12xy* + 12x? + 6xy + 4 sin(zx) + 3 sin(zy) — 15 over [~1, 1% (left), its quadratic and cubic Taylor polynomials about the midpoint
(0,0) (centre), and the corresponding remainders (right). The vertical range of all plot boxes is [-30, 30].

we can estimate the exact range of f over B by the Taylor form of order m and level n,

n

Or f(B) := Ty (B)+ " [=1, 118, Sy = D 557k, 6)

k=m

where the s, are defined as

k n
Sk i= % )y (") Pl k=mon=1, s, = % )y (”) 0 “=(B)|
j=0 \J j=o

and 0f "), j =0,...,n are bounded range functions over B,.
Theorem 3. The Taylor form Dz,n f in (6) has order m convergence.

Proof. Since B C B, we have r = w(B)/2 < w,/2 and
1w [k
s < F};{) (j)lf(k_”)(Bo)l =5, k=m,..,n—1

Moreover, since the range functions 0f”"~/+) are bounded over B, there exist constants C;,j=0,....m, such that

n
5, < l' <’?>Cj =:3,
nt S\

Using these bounds, we conclude

n—m

k
Sun<C = P (5 Seem

where the constant C’ depends only on f and B,,.
Noticing that Dz’n f is a special case of the generalized Cornelius-Lohner form (3) with[lg = g = 7,,_, and IR, = r"[-1, 1]S,,,,, the
order m convergence of DTM f then follows from Theorem 2 and (4), because

w({R,(B)) < 2|0R,(B)| = 2r"S,,, < Cw(B)"
with C :=21-"C’. O
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Fig. 2. Same function as in Fig. 1 (left), its biquadratic Lagrange interpolant (centre), and the remainder (right).

Note that D{n f is called “Taylor form of order n” by Ratschek and Rokne (1984, Definition 3.4), but “a-th order” does not imply
“order n convergence” in their terminology (Ratschek and Rokne, 1984, Section 2.4). Instead, we prefer referring to this parameter
as the level of the Taylor form. The quadratic convergence of these Taylor forms (including the mean-value form [IITJ f), which was
proven by Ratschek and Rokne (1984, Theorem 3.4), is also asserted by Theorem 3, because the exact range of the linear Taylor
polynomial 7 (see Appendix B.1) is

Ty(B) = f(m) + r[-1, 11 (| /O m)| + | FOV@m)|) = Ty(B) + r[-1, 115,

hence D{n f= Dg’n f.

The advantage of our generalized Taylor forms is that they can achieve any convergence order in theory. In practice, however,
one will probably make do with cubic or quartic convergence, because the exact ranges 7,(B) and T3(B) of the quadratic and cubic
Taylor polynomials can be determined by simple algorithms (see Appendices B.2 and B.4).

If f is a polynomial of degree d, so that all partial derivatives of order k > d vanish, then we call []Z f(B) := [IZ, 441/ (B) with
5441 = 0 the maximal Taylor form of order m. This form depends only on the radius r of the square B and the (d + 1)(d +2)/2 € O(d?)
partial derivatives of f of orders 0, 1, ... ,d, evaluated at m.

3. Recursive Lagrange form

Another approach to construct range functions with cubic convergence is based on repeated Lagrange interpolation, an idea that
was explored in the univariate setting by Hormann et al. (2021). To derive the bivariate version of their recursive Lagrange form,
we recall a result by Mé@ner and Reif (2009, Theorem 2.1). It asserts that the error between f and the biquadratic polynomial L,
(see Fig. 2) that interpolates f at the corners, the edge-midpoints, and the midpoint of a square B with radius r = (r, r), that is, at the
regular 3 x 3 grid G(B) = {m, —r,my,m, +r} x {m, —r,m,,m, +r} (see Appendix B.3), is bounded from above by

Egy = (/0B + 1B+ - 1B Q1= 25,
where the constant ©; depends only on r. That is,
[f(x) = Lop(x)| < E(%,o’
for all x € B, hence
F(B) € Loo(B) + -1, 11Eg,. )

To further bound E(';O,

polynomials L, o and Ly, that interpolate /9 and f©%, respectively, at G(B), and conclude that

we simply apply the same idea to the functions f@® and f©3. That is, we determine the biquadratic
/OB < LioBI+Efy, I OVBI < [Loy(B) + Ey,»
where
Epy = Q- (IfOB)+1/C9B)) + Q1 - 17V (B,
Ep =0 (IF52B) + 1 £09B))) + Q1 - | 709(B)).
Consequently,
Ego < Q- (LB + Lo BI) +Qf - (17 OB +31 /B +1/%9B)) +Q - (1B +17%9B)) .

5
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If f has bounded partial derivatives up to order 3n + 3, then we may repeat this procedure to obtain the upper bound
-1 k
k - n n+1-
Egp < Z oy, [ j] Ly (B + Z [ ] | fOE=D3D(B)| + Q! Z [ ] | fO1=D3N(B)), ®
=1 j=0

where L, ; denotes the biquadratic polynomial that interpolates /"3 at the grid G(B). The coefficients

H := D(n—k, k) = Z<f><"7k>2 0<k<n, 9

i=0

are derived from the Delannoy numbers D(m, n). For k = 0 and k = n, (9) implies [8] = [Z] = 1. For other values of k, these coefficients
satisfy a recurrence relation that is similar to the one for binomial coefficients,

P o e o T

Arranging them in successive rows for n = 0, 1, ... gives the Tribonacci triangle (Alladi and Hoggatt Jr, 1977)

which is similar to Pascal’s triangle.
Finally, we express each biquadratic Lagrange interpolant as L; ; = T,Lj + R}j, that is, as the sum of the second degree Taylor
polynomial of L, ; about m (cf. Eq. (5)),

TE () = Ly (m) + h L5 m) + b, LV (m) + 2h§ COm) + b, LD (m) + h§ L (m), (10)

where x = (x,y) € B, h, = x —m,, and h, = y —m,, and the remainder

(m)+ = hh2L<‘2)(m)+ h2h2L(22)(m) a1

L 25 @D
R, (x) = h h,L; L L

2xJ’Ij

Note that simple algorithms for computing the exact ranges Tb(B) and Rb(B) exist (see Appendices B.2 and B.3). It then follows
from (7) and (8) that f(B) can be estimated by the recursive Lagrange form of order 3 and level n,

n+l
0y, f(B) := Ty (B)+ Ri (B)+[-1,11Us,,, Uy, := Y wQf, 12)
k=1

where the u; are defined as
k
L L -
Z [ ] T, (B + R, (B, k=1,..n-1,
and

and 0f©"3) for i + j € {n,n+ 1} are bounded range functions over B,

] |Uf(3(" 1)31)(B)| u, Z [ ] |Df(3("+1 1)31)(B)|

Theorem 4. The recursive Lagrange form Dgn fin (12) has cubic convergence.

Proof. By Theorem 5.1 in (MdBner and Reif, 2009), there exist constants C, ;, such that the partial derivatives of the error between
f and its biquadratic Lagrange interpolant L are bounded from above as

LFED@) - Ly 0l < Cpy [0 1B + @0 | F &I (B + 2n™+ | 13 (B)]
for all x € B and any 0 < k,/ < 2. Since B C B; and r = w(B)/2 < w,/2, this implies

1Ly m)] < €,
where the constant

Coy 1= 1SS B+ Cpy [y 1 OD By + 1w 114D (Bo) | + wy ™1 3By

6
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Fig. 3. Same function as in Fig. 1 (left), its bicubic Hermite interpolant (centre), and the remainder (right).

depends only on f and B,. By (11), we then have
1 1
IRGo(B) < C'w(B), €' = 2(Chy +Cly) + —w(B)C .

Similarly, we can bound the partial derivatives of the error between f®3/) and L, ; and conclude from (10) and (11) that |TiLj(B)|
and |R};(B)| are bounded from above by constants that depend only on f and B,. Since the range functions [If*"*/) are also bounded

over By, there exist constants &, that depend only on f and B, such that u; <, for k = 1,...,n+ 1. Recalling that Q; = V3 /2713,

we conclude that
V3 o5\
3) Uiy

" 216 & \ 2160

n
Uy, <C"w(B?, — C":= V3 > <
=0
Noticing that D]in f is a special case of the generalized Cornelius-Lohner form (3) withg = g = TOL0 and[R, = R(L) 0B +[=1,1]Us

the cubic convergence of Dlin f then follows from Theorem 2 and (4), because
w(R,(B)) < 2|0R,(B)| < ZIRRO(B)I +2U;, <2(C" + C"w(B)*. Od

If f is a polynomial of degree d, then we call Dlg f(B) := D]g’n 1 f(B) with n=[d/3] and u,; = u,,, = 0 the maximal Lagrange form
of order 3. This form depends only on the radius r of the square B and the (n+ 1)(n+2)/2 € O(d?) partial derivatives f>3) of f with
i,j >0andi+j < n, evaluated at the 9 nodes of the grid G(B), which is comparable to the (d + 1)(d +2)/2 evaluations at the midpoint
of B that are needed for the maximal Taylor forms [IZ f(B).

4. Recursive Hermite form

A range function with quartic convergence can be obtained similarly by deriving the bivariate version of the univariate recursive
Hermite form in (Hormann et al., 2023). By Theorem 2.1 in (M6Bner and Reif, 2009), the error between f and the bicubic polynomial
H, (see Fig. 3) that interpolates f, f1-9, fOD and f(1-) at the corners of the square B with radius r = (r, ), is bounded from above
by

1
Egg =0 (IF*Y B+ 17YB)) + Q- 174YB)L Qo= ot
With the same arguments as in Section 3 and under the assumption that f has bounded partial derivatives up to order 4n + 4, we can

H
bound E, from above by

n—1 k n n
k s -1 L
Egy< 2,04 ) H |Hyj (B +Q" Y m DB+ Y [’;_1] |fet=nanp), (13)
k=1 j=0 J j=1

Py

where H, ; denotes the bicubic polynomial that interpolates f@i4/), f@i+140) f@i4i+h and f@+14/+D at the corners of B.
As in Section 3, it remains to split each bicubic Hermite interpolant into the third degree Taylor polynomial of H,; about m
and the remainder, H; ;= TiH. + RE‘Ij, noting that the exact ranges T,.I';(B) and R}‘II.(B) can be computed with simple procedures (see

Appendices B.4 and B.5). We can then estimate f(B) by the recursive Hermite form of order 4 and level n,

n+l
O, f(B) =T (B) + R (B)+ [-1,11Vy,, Vi, = ) 0,Qf, (14)
k=1
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where the v, are defined as

o=

Jj=0

H H — _
T B+ R (B, k=1,...n—1,

and

n—1
j—1

n . o n
o= Y [y, v, =Y
= [/] | f ( )l +1

J=1

] 0= By,

and 0f#4) for i + j € {n,n+ 1} are bounded range functions over Bj,.
Theorem 5. The recursive Hermite form Dfn fin (14) has quartic convergence.

Proof. By Theorem 5.1 in (M6Bner and Reif, 2009), there exist constants Cy ;, such that the partial derivatives of the error between
f and its bicubic Hermite interpolant H, are bounded from above as

1500 = HG @0l < Gy [0 £4D (B + @0 £ 59 (B + @ 49 By
for any 0 < k,/ < 3, hence
[Hy' (m)| < C'y,
Analogously to the proof of Theorem 4, we conclude that there exist constants C’ and C”, such that
IRY(B) < C'w(B), V4, < C"w(B),

and by noticing that Uﬂn f is a special case of the generalized Cornelius-Lohner form (3) with Jg = g = TOH0 and (R, = RoHo(B) +
[-1, 11V, ,, the quartic convergence of [I?,n f then follows from Theorem 2 and (4), because

w(@R,(B)) < 2(C" + C"yw(B)". O
If f is a polynomial of degree d, then we call D? f(B) := []f:n +1f(B) with n = |d/4] and v,y = v,,, = 0 the maximal Hermite form
of order 4. This form depends only on the radius r of the square B and the (n + 1)(n +2)/2 € O(d?) partial derivatives f@+k4+D) of f
withi,j >0andi+j <nand 0 < k,/ < 1, evaluated at the 4 corners of B, which is comparable to the number of evaluations needed
for the maximal Taylor forms []}; f(B) and the maximal Lagrange forms Dfn f(B).

5. Experiments

In this section, we validate the practicality and usefulness of our new range functions. We do this by reporting on the raw perfor-
mance of evaluating each range function on individual boxes. We evaluate these range functions in terms of efficiency and efficacy
as noted in the introduction. Our code, data, and Makefile experiments can be downloaded from our Core Library webpage (CoreLib
Home, 2019).

Our experimental platform is a Windows 11 laptop equipped with a 2.2 GHz Intel Core i7-14650HX processor and 32 GB of RAM.
All numerical experiments are implemented in Julia using standard IEEE 754 double-precision floating-point arithmetic (Float64), and
timings are obtained using Julia’s built-in benchmarking tools. Of independent interest is that our bivariate functions are implemented
as Straight-Line Programs (SLPs) or codelists in the sense of Automatic Differentiation (Griewank and Walther, 2008), and we perform
symbolic differentiation of codelists (in contrast to the standard numeric differentiation) to improve performance. We will report the
details of this implementation in a separate paper.

5.1. Test functions

Table 1 lists four bivariate polynomials for which the results reported below capture the typical behaviour observed in all our
experiments. For each test function f(x, y) we show the curve f(x, y) = 0 in the domain B, :=[-1.2, 1.21%, as well as the graph of f,
to give some intuition about the characteristics of these polynomials.

5.2. Convergence orders
Figs. 4 and 5 report and compare the tightness of the five range functions
0r Gf. Of Of O (15)

where f is the function “clover-4” (Fig. 4) or “grass” (Fig. 5) from Table 1 and Uﬁ f (for X € {T,L,H}) is based on the maximal X-form
of order m. We evaluate it over squares of varying radii around a specific midpoint. The plots confirm the asymptotic convergence
orders of the Taylor forms of orders m = 2, 3, 4, the Lagrange form of order 3, and the Hermite form of order 4, as stated in Theorems 3,
4, and 5, respectively. We further observe in Fig. 4, both from the plot and the data, that D% is consistently tighter than [g for r < 0.275
and significantly tighter for r < 0.035. Similarly, []f‘11 is tighter than D} for r < 0.02. While the convergence orders were confirmed in
all our tests, a different relative behaviour between []]3“ and Dg can be seen in Fig. 5. This reflects the fact that the Hausdorff distance

8
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Table 1
Overview of the four polynomial test functions used in our numerical experiments.
name zero level set graph degree  f(x,y)
50210 — (249y° — 57)z® — (498y* — 227y* — 1)a®
{ ) _ 6 _ 4_ 9 2 4
clover-4 ) ( 10 (498y8 341y6 3y4 + 16)562 9
( —(249y° — 227y° — 3y* — 102y° — 1)z
—50y"% + 57y® + y® — 16y" + y* + 1
R —71z'% — (42492 — 79)z'° — (1059y" — 396y — 1)a®
7 ) —(1412y° — 793y* — 4y* — 1)2® — 202°
clover-5 1\ 12 —(1059y® — 793y° — 6y* — 3y* — 1)z + 202y%2>
N ) — (42490 — 396y° — 43° — 3y* — 2% — 1)2®
\_— —101y4:17 _ 71y12 + 79y10 + ys + ye + y4 + y2 +1
N —1562"® — (1406y* — 170)2'® — (5625y* — 1363y — 1)=**
| ~ LS —(13125y° — 4769y* — Ty? — 1)a'2 — (19688y® — 9538y° — 21y* — 6y — 1)a*°
( / —(19688y° — 11922y® — 35y° — 15y* — 5y* + 30)z®
clover-8 2 < 18 —(13125y'% — 9538y'° — 35y — 21y° — 11y* — 879y> — 1)2®
N ) —(5625y™ — 4769y — 21y — 15,° — 11y° + 2181y* — dgy® — 1)a*
i S —(1406y*° — 1363y — Ty'2 — 6y'° — 5y® — 879y° — 4y* — 3y* — 1)a?
—— —156y" +170y" + y" +y"? + "0 —305° + 0 +yt FyP 1
\\ 6
grass 1 12 1+ JJ(a=4%2 + ¢ — 220+ 1)
:j k=1
dn
r=20.1 r = 0.01
10y —07 - 07 —OF /
range di range dpp ,
1071
f [—1.3586,—0.9646] — [—1.07788547,—1.05241970] —
—4 ]
O07f [-1.4303,—0.6978] 0.2667 [—1.07824745, —1.04988220]  0.00253750 10
OFf [-1.3976,—0.8436] 0.1209 [—1.07792045, —1.05238265]  0.00003705 10784 - 0(?)
OYf [-1.3688,—0.8688] 0.0958 [—1.07789250,—1.05241267]  0.00000703 10-12] 00
T 2
Oif [-1.3630,—0.9397] 0.0249 [—1.07788591,—1.05241719]  0.00000252 1061 —0(rY) .
0y [-1.3621,-0.9508] 0.0138 [—1.07788571,—1.05241821]  0.00000149 ol — —r
107° 107 1073 107 107" 10°

Fig. 4. Concrete (rounded) values (left) and log-log plot (right) of the Hausdorff distance d;; between the exact range f(B,) of the test function “clover-4” over a square
B, with midpoint (0.1,0.2) and radius r € [0.00001, 1] and the approximate ranges Dﬁ /f(B,) given by maximal Taylor, Lagrange, and Hermite forms.

r = 0.005 r = 0.0005

range dy range dy

f [-61.874,—46.411] — [—60.5351611, —59.2710915] —
D;Ff [-73.566,—46.367] 11.6914 [—60.6614110,—59.2708307]  0.12624978
Dgf [—62.737, —46.391] 0.8625 [—60.5351831, —59.2710780]  0.00002195
Ijlgf [—62.639, —45.980] 0.7648 [—60.5355311, —59.2707216]  0.00036989
DIf [—61.926, —46.404] 0.0516  [—60.5351702, —59.2710910]  0.00000904
D}l{f [—61.947, —46.360] 0.0728 [—60.5351657, —59.2710865]  0.00000503

Fig. 5. Data and plot for a similar experiment as in Fig.

1012 i
108_
10*
100_

1074

107422

10—12

1075

107* 107% 1072 107! 10°

4, using the “grass” test function and a square with midpoint (0.1,0.1).
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Table 2
Performance comparison of the range functions in (15) for the 1024 boxes obtained by uniformly subdividing the square
[—1.2, 1.2]. For each test function, we highlight in green the best values under time, speedup, efficacy, and memory usage.

test function range function time (ms) speedup efficacy memory (MB)
clover-4 |:|§ (baseline) 195.98 1 1 141.70
g 197.92 0.99 1.1978 140.89
DI 233.58 0.84 1.1991 158.68
0 368.19 0.53 1.1950 251.10
[; Gshared) 179.67 1.09 122.66
D:I 546.54 0.36 1.1997 748.78
|:|:I (shared) 306.17 0.64 584.38
clover-5 |:|§ (baseline) 333.99 1 1 217.26
0 312.35 1.07 1.2223 216.45
DI 320.70 1.04 1.2229 235.58
0 592.08 0.56 1.2195 398.05
[; Gshared) 288.54 1.16 193.40
D:I 865.50 0.39 1.2240 1039.23
[0 (shared) 457.68 073 801.42
clover-8 |:|§ (baseline) 846.72 1 1 560.39
o0 857.81 0.99 1.2986 559.57
DI 848.14 1.00 1.2990 584.61
D]; 1514.08 0.56 1.2941 975.60
[; Gshared) 755.13 1.12 466.93
D:I 1928.57 0.44 1.3014 2222.16
D:I (shared) 988.37 0.86 1625.63
grass |:|§ (baseline) 838.99 1 1 492.87
'3r 901.25 0.93 1.1993 492.06
0 804.90 1.04 1.2014 511.20
D]; 1385.02 0.61 1.1890 807.83
[; Gshared) 662.46 1.27 381.26
D:I 1608.16 0.52 1.2008 1469.37
|:|4H (shared) 669.50 1.25 916.84

dy between the exact and the approximate range depends not only on the convergence order, but also on the convergence constant,
which in turn depends on the test function f. Here, we can deduce from the plots that the convergence constant of Dg for “clover-4”
is bigger than that of []I; for “clover-4”, but that this relation is inverted for “grass”.

5.3. Efficiency and efficacy

In Table 2, we evaluate the five range functions of (15) on the set of 1024 boxes obtained by subdividing the square B, = [-1.2, 1.2]
uniformly into a 32 x 32 grid. Let TotalTimeﬁ be the sum of the times for evaluating Uﬁ f(B) for each of these 1024 boxes. Similarly,
TotalWidthﬁ is the sum of the widths of the ranges for these 1024 boxes. Viewing the quadratically convergent [Irzr as the base line

TotalTimeg

method, we define the speedup ratio (i.e., efficiency ratio) of method Dﬁ as . Similarly, the efficacy ratio of method []f(n is

TotalTimef(n
TotalWidth]
TotalWidthX
1. The column “time (ms)” gives the average time in milliseconds over 10 runs for each method and test function, as measured by

Julia’s benchmarking tool.

One of the attractions of Lagrange and Hermite ranges is that in subdivision algorithms, their evaluations can share computations
(Hormann et al., 2021, 2023). In this case the evaluation of the test function and its partial derivatives at the corners and edge
midpoints of the 1024 boxes leads to amortized time and space complexity that is not reflected in the timing of individual evaluations.
So we added a second row in Table 2 for these two methods to show the improved speedup and memory usage when sharing is
turned on.

From the data in Table 2 we observe that the efficacy (tightness) is greater than 1 for all the methods with superior convergence
order, as expected. In fact, efficacy ratios lie in the range [1.19, 1.30]. At least for [g and D:{, this improvement does not come at a
significant loss in efficiency, since the speedups are only marginally less than 1 in some cases and often even greater than 1 (i.e., they

. Note that we define each ratio so that the method Dfl is better than the base line, if and only if the ratio is greater than

10
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clover-4 clover-5 clover-8 grass

Fig. 6. Efficacy comparison between EI§ and Elg

0.4
0.3
0.2

0.1

—0.1
-0.2

—0.3

—0.4

clover-4 clover-5 clover-8 grass

Fig. 7. Efficacy comparison between III;r and EI§

0.3
0.2

0.1

clover-4 clover-5 clover-8 grass

Fig. 8. Efficacy comparison between D’g and I:l;r

—-0.25

—-0.50

clover-4 clover-5 clover-8 grass

Fig. 9. Efficacy comparison between Df," and El:f.

are a strict improvement on the base line). Likewise, the memory usage is very similar for all three Taylor forms. Instead, for I]I; and
IIIEI (without sharing), the tradeoff is clearly visible, both in the speedup ratios, which are in the ranges [0.52,0.61] and [0.36,0.52],
respectively, and the memory usage. But speedup is roughly double (and memory roughly halved), if the data is shared.

We draw two general conclusions (within the limits of our test functions): (1) it appears that the efficacy grows with the conver-
gence order m, but the improvement from m = 3 to m = 4 is not significant; (2) the efficiency (both in terms of runtime and memory
usage) of the higher order Taylor forms Elg and EII is similar to the base line Elg, but the Lagrange form I]I3“ with data sharing is the most
efficient method.

11
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5.4. Pairwise efficacy comparison over a landscape

While the previous table uses an aggregate TotalWidthi(n to measure the efficacy of Di; against the base line, let us now compare
the relative efficacy of two range functions Uﬁ f and [I: f over the entire landscape of 1024 boxes as follows. For each box B in the
32 %32 grid of B, =[-1.2, 1.2]%, we compute the value

w ()

WX(B) :=log, —
w ([In f(B))

Thus, the first range Di f is tighter than the second [I: f, if and only if W,:,( ¥ < 0. We can now visualize their relative tightness over
the entire landscape of 1024 boxes by mapping the values W,f,(,? to a colour scale that ranges from dark green (for the smallest value)
to dark red (for the largest value). In general, green hues indicate boxes for which [E(n f is tighter, while boxes for which D: f is tighter
are in red hues, and yellow hues are used for boxes where both ranges are similar. For example, a mostly green landscape as in Fig. 6
indicates that the first function is generally tighter than the second.

We consider four such pairwise comparisons of methods (over all four test functions), which confirm the observations from Table 2.
Fig. 6 shows that [Ig gives significantly tighter ranges than the baseline []g, essentially for all 1024 boxes. The absence of red hues
in Fig. 7 further shows that DI is generally tighter than [If, but the predominantly yellow landscape also indicates that the average
improvement is not very substantial. However, the green hues along the outlines of the clovers and grass suggest that [IZ is tighter
near the zero set of f and would be more effective in tracing these curves. Fig. 8 shows that the two third-order methods [I% and Dg
can both outperform each other in terms of tightness and neither can be declared a clear winner in general. The outcome seems to
depend a lot on the local shape of the function over each box. As we can see in Fig. 9, a similar verdict holds for the two fourth-order
methods DZI and [II.

5.5. Experimental limitations

Although Theorem 2 provides a complete CL theory that can be implemented in practical arithmetic models (say, bigFloat li-
braries), our implementation adopts the “standard expedient” of computing with the IEEE arithmetic model (Julia’s Float64). At
present, our SLP implementation only supports polynomial functions. Nevertheless, the underlying theory developed in this paper ap-
plies to general analytic functions. More precisely, to compute [If (B) = Ug(B) +[R,(B), we compute [g(B) (and similarly for R,(B))
as follows: If g(B) = [a,b] and g(x,y) is a low degree polynomial, then we have exact algebraic expressions for a and b (see the
Appendices). Then a valid range function would be Jg(B) = [d@ — ¢, b+ ] where 4, b are IEEE evaluations of the expressions for a, b and
la —dl,|b — b| < e. Although & could be determined for any g, we took the shortcut of ignoring this e-correction. Let us suppose that all
these errors are less than some ¢,. Is this amount of error still “correct”? This question can only be answered in specific applications
of these range functions.

6. Conclusion

This paper initiates the study of range functions with superior convergence order for bivariate functions. Our experimental study
shows the practicality of these functions for cubic and quartic convergence orders. Similar to the univariate setting (Hormann et al.,
2021, 2023), the sweet spot, that is, the best trade-off between efficiency and efficacy, and ease of implementation, seems to be the
cubic convergence order, since fourth-order methods give only marginally tighter ranges, are generally slower, and more complicated
to implement (see Appendices B.4 and B.5).

We conclude with some directions for future work:

« Clearly, the ideas presented in this paper extend to higher convergence orders and to multivariate functions. In particular,
Lagrange interpolation at the nodes of a regular m x m grid with m > 3 can be used to define recursive Lagrange forms with order
m convergence, and similarly for Hermite interpolation of higher order partial derivatives at the corners of the box. However,
the practicality of such extensions may not be obvious and ought to be explored.

This paper reports the raw performance of our range functions on individual boxes. A more holistic evaluation would be to
compare them in the context of an application. As in (Hormann et al., 2021, 2023), our Lagrange and Hermite forms are
expected to outshine Taylor forms in subdivision applications such as curve tracing (Plantinga and Vegter, 2004; Lin and Yap,
2011; Lin et al., 2013). We plan to write follow-up papers, in which we will also include details about our SLP implementation.
Moreover, we will extend our framework so as to handle more general functions beyond polynomials.

The concept of levels may also be exploited in applications. For the root isolation application, Hormann et al. (2023) showed
empirically that for several classes of polynomials, for a given convergence order m, there is an optimal level n (m < n < d) with
optimal speedup.
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Appendix A. Exact ranges of univariate polynomials with low degree

We recall the following results from (Hormann et al., 2021). Let I = [a, b] be a real interval with radius r = (b — a)/2 and midpoint
m = (a + b)/2. Given a polynomial p over I, let

ay = min{p(a), p(b)}, By := max{p(a), p(b)}

be the minimal and the maximal value of p at the endpoints of I.

A.1. Linear polynomials
The exact range of the linear polynomial
p(x) =co+ci(x —m)
is p(I) = [ay, By], because p is monotonic. The range can also be expressed as

p) =co+r[—1,1]c;.

A.2. Quadratic polynomials
To determine the exact range p(I) = [a, ] of the quadratic polynomial
p(x) =co+ci(x —m)+cy(x — m)z,
we first set  := g, f := f,. Next, we observe that the extremum of p occurs at

x*=m-—,
2¢cy
which is inside I, if and only if |¢;| < 2|¢,|r. If x* ¢ I, then p is monotonic on I and our initial assignment of « and g gives the correct
range. Otherwise, we check the sign of ¢, to see if p has a minimum (¢, > 0) or a maximum (¢, < 0) at x* and accordingly replace «
or f with

2
“

x)=cy— —.
p(x™) 0 4c,

Note that the special case of p being linear (or constant) with ¢, = 0 is handled correctly by this procedure.

A.3. Cubic polynomials
To find the exact range p(I) = [a, #] of the cubic polynomial
p(x) =co+ci(x —m)+cy(x — m)2 +c3(x— m)3,
we distinguish between the case ¢; = 0, in which we use the procedure in Appendix A.2, and the case ¢; # 0, in which we first set

a :=ayand f := f,. If the discriminant A = c% —c;c3 of the quadratic equation p’(x) = 0 is non-positive, then p is monotonic on 7 and

the initial assignment of « and g gives the correct range. Otherwise, p has a local maximum at x* and a local minimum at x~, where

+ CZi\/Z
T=m—-—.

3¢y

X
It remains to check if these stationary points lie inside I and to adjust « and f accordingly.

Appendix B. Exact ranges of bivariate polynomials with low degree

Let B = [a,, b,]X[a,, b,] be a real, rectangular box with midpoint (m,,m,) = (a, +b,,a,+b,)/2 and radii (r,,r,) = (by —ay,b,—a,)/2.
Given a bivariate polynomial p over B, let

ay 1= min{p(ay, ay), p(ay, by), p(by, a,), p(b,., b))},
By 1= max{p(ay,a,),play,b,),p(b,,a,),p(by,b,)}

be the minimal and the maximal value of p at the corners of B.

B.1. Linear polynomials

The exact range of the linear polynomial

p(x,y) = coo + ¢ o(x —my) + ¢ (y —my)

is p(B) = [« By], because p is monotonic in x and in y. The range can also be expressed as
p(B) = co + [=1, 1(reley ol +ryleg i Ds

13
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and if B is a square with radius r = r, = r, then this simplifies to

p(B) = ¢y +rl=1,11(c; gl + lco 1 D-

For example, if p is the linear Taylor polynomial T; of f about the midpoint m = (m,,m,) of B, then the coefficients to be used in
the procedure above are

coo=fm, co=r"0m), ¢y =rOYm.

B.2. Quadratic polynomials
To determine the exact range p(B) = [a, ] of the quadratic polynomial
P(x, ) = co o+ ¢ o(x = my) +co (= my) + ey 0(x — mx)2 +o(x—m)(y—my)+cor(y— my)z’

we initially set & := oy, f := §, and then search for extrema on the boundary of B. To this end, we consider the four univariate
quadratic polynomials

p(x) =p(x,ay), x€I =]ab.],
p(x) = p(x,by),  x €I, =]ay, bl
3 =pa,y), y€Ilz=la,b)]
ps(») =p(by,y),  y€ly=layb,)]

analyse them as described in Appendix A.2, and update « and # accordingly.
To further check for extrema inside B, we compute the discriminant of p,

Pxx  Pxy
Pyx Py

D =

_ 2
p =4cy 000 — €} ;-

If D, < 0, then the unique stationary point of p is a saddle point, and if D, = 0, then p either has no stationary points or there exists
a line of infinitely many stationary points with a common critical value. In both cases we can be sure that p obtains its minimal and
maximal value on the boundary of B, and the exact range p(B) is correctly determined by the previous boundary analysis.

If D, > 0, then p has a unique stationary point at

(2e19¢02 — Co,1€1,152€0,1€2,0 — €1,0€1,1)

D,

(K y*) = (mymy) —

>

which is inside B, if and only if
[2¢19c02 = coac1,1] < Dpry and [2¢,102,0 = c1pc1,1] < Dpry.

In this case, we check the sign of ¢, to see if p has a minimum (¢, , > 0) or a maximum (¢, < 0) at (x*, y*) and accordingly replace
a or f with

2 2
€102 T €1o,1€1,1 €520

Db,

px*,y") = €00 —

Note that the special case of p being linear (or constant) with ¢, = ¢; | = ¢y, = 0 is handled correctly by this procedure.
For example, if p is the quadratic Taylor polynomial 7, of f about the midpoint m = (m,,m,) of B, then the coefficients to be used
in the procedure above are

¢ = f(m), co=r1m), ¢, = ODm),

1 1
a0 =5/%0m), ey =TPm), cop = 3/ (m).

B.3. Biquadratic polynomials
The exact range of the biquadratic polynomial
P, Y) = o + € 0(x = my) + co (V= my) + ¢ 0(x = m) + ¢y (x = m)(y = my) + oo (v = m,)
+op (= m )P (v = my) + ¢ o(x = m)Y — m)* + ¢y (x — m)*(y — my)*

can only be computed numerically, since determining the stationary points of p requires finding the roots of a polynomial of degree
five. Instead, we propose to split p into the quadratic Taylor polynomial g of p about m and the remainder r = p — ¢, that is,

(%, ) = €31 (x = m )2y — my) + ¢ 5(x — m(y — m)* + ey (x — m )P (y — my)?,

and to approximate the range of p by ¢(B) +r(B) 2 p(B). While the range of ¢ can be computed as described in Appendix B.2, a careful
analysis of r (finding the stationary points, checking the discriminant, etc.) reveals that it does not have isolated local extrema. The
range of r can hence be found by analyzing r over the boundary of B, as explained in the first step of the procedure in Appendix B.2.
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For example, if p is the biquadratic Lagrange interpolant of f at {a,,m,,b,} X {a,,m,.b,}, then the coefficients of p are

co = f . _ = o _fip=Tip
00 = J115 e 0=
o 21 =2f11+ fou - J2p = fop = fa0+ fop _fip=2h+ fie
2,0 2r)2( > 1,1 4rx ry 5 0,2 —21‘5 N
fon=2f12+ foo— fa0+2f10— foo JFop =2f21+ fo0 = fop +2f01 — foo
€1 = 42 , 12 = 2
rxry rxry

=2 10+ fop =200 + 4 11 = 201 + fo0 = 2f10 + fop

2= 4r2r2 ’
Ty
where

fij=fme+(@G—=Drem,+(G—Dry), 0<i,j<2.

B.4. Cubic polynomials
To determine the exact range p(B) = [a, f] of the cubic polynomial
PO Y) = ¢+ € 0(x = my) + ¢ (= my) + ¢ 0(x —m)* + ¢y 1 (x = m)(y = my) + coa(y — m)?
+ezo(x —m) + gy (x = m )Py —my) + ¢ o(x — m)(y — m) + o3y — my)?,

we initially set a := «, § := f, and then search for extrema on the boundary of B, adjusting « and g accordingly, as in Appendix B.2,
but taking into account that the four polynomials are cubic and must be analysed with the procedure in Appendix A.3. To further
check for extrema inside B, we have to determine the common roots of the first order partial derivatives of p. To this end, we express
the latter as polynomials in x,

Ax) = pIOx +my, y+ m,) = agx’ + a;x + ay, B(x) 1= pOV(x+m,y+ my) = box® + byx + by,
with coefficients in y,

ay 1= 3c3, ay; 1=2cy0+2¢1, ay t=cgte ¥yt clyzyz,

by :=¢p1, by i=c 1 +2¢0), by 1=c¢p +2¢00y+ 300’3y2,
and consider the determinant of the Sylvester matrix,

a a a O
0 ay a
by b b
0 by by by

a
02 = (aghy — aybg)* — (aghy — aybo)(ayby — asby).

The roots of this quartic polynomial (in y) are the y-coordinates of the stationary points of p, and they can be found, for example, using
Ferrari’s method. To find the corresponding x-coordinates, we need to substitute each of the (up to four) roots into the coefficients of
A(x) and solve for x. While A certainly vanishes at the resulting (up to eight) pairs of coordinates, we must further check that B(x)
also evaluates to zero, which reduces the number of stationary points of p to at most four, as guaranteed by Bézout’s theorem. For
those stationary points that lie inside B, we finally use the second derivative test to determine if they are local extrema and update
« and g accordingly.

For example, if p is the cubic Taylor polynomial 7; of f about the midpoint m = (m,, m,) of B, then the coefficients to be used in
the procedure above are

coo = f(m), cro=r"0m), ey = OVm),
1 1
= Ef(2,0)(m)’ o = f(l'l)(m), con = Ef(O,Z)(m).
1 1 1 1
0= fO0m), ey =3/P0m), ey =50 Pm), s = oS m).

B.5. Bicubic polynomials
For a bicubic polynomial

px, ) = cog + ¢ o(x —my) + ¢y (y —my) + ¢y p(x — mx)2 +ep(x=m)y—my) +cor(y = my)2 +e30(x = m,()3 +ey(x = mx)z(y -m,)
+epp(x —m)(y - my)2 +co3(y— mx)3 +oeg(x— mx)3(y —my)+cy,(x — mx)z(y - my)2 +eps3(x —m)(y - mx)3 +e3,(x — mx)S(y - my)2
(e —m) (y—m) + e —m ) (y—m),
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we proceed as for biquadratic polynomials in Appendix B.3. We split p into the cubic Taylor polynomial ¢ of p about m and the
remainder r = p — g, that is,

r(x,¥) = e31(x = m PP (v — my) + ¢y (x — m)*(y — my)* + ¢ 3(x — m)(y — m,)?
+ e300 = m) (v = my)? + ey 3 = m)A(y —my) + o350 —m ) (v —m,),
and approximate the range of p by ¢(B) + r(B) 2 p(B). While the range of ¢ can be computed as described in Appendix B.4, a
slight variation of this procedure can be used to determine the range of r. The restriction of r to the boundary of B gives four cubic
polynomials, whose extrema are determined in the same way. To find the extrema of r inside B, we observe that the first order partial
derivatives of r are

r0x 4 my,y+m,) = yA(x), rOD(x + my,y+my) = xB(x),

where

A(x) ::a0x2+alx+az, B(x) ::b0x2+b1x+b2

are polynomials in x with coefficients in y,

. 2 . 2 ) 2
ag i=3c3) + 3¢50y +3¢33)7, ay i=2¢05y+2¢33y", a t=cp3y

by 1= c3p +2¢35y 4 3c3307, by =230y + 3637, by 1= 3¢13%,

The determinant of the corresponding Sylvester matrix is y* D(y), where D is a quartic polynomial, leading to at most four stationary
points of r, which need to be further checked. The additional stationary point of r at (m,,m,) can be ignored, because r(m,,m,) = 0,
and this value is already contained in the ranges of the boundary polynomials, because r(x,m,) = r(m,,y) = 0 for any x,y € R.

For example, if p is the bicubic Hermite interpolant of f at the corners of B, then the coefficients of p are

oot oat 10t 1

3 Y Y y Yy xy xy xy xy
+ +f({0+f({l_f1)i0_fl)i1 + +f0,0_f0,1+f1,0_f1,1 + +/0‘0_f0,1_f1,0+f1,1

Cnn =
0,0 4 Sr;l Sr;l l6r;] r;l ?
X X X X Yy Y Y Y Xy Xy Xy Xy

o= “JooToa ot 1 | oo o e | oot oat o Sont ou ot 1
Lo 8ry/3 8 16,151 /3 16751 ?
X X X X Y Y Y Y Xy Xy Xy Xy

eni = “footfoi~hot i | foot ot o i | oo oo, “foomfoat et ia
0.1 8r,/3 16r,r51/3 8 16r! ’
_fX _ X X X _ Xy Xy Xy _ Xy

_ Soo~fout ot s 00t out 1071
€20 — e — 0

rx 16r,ry

X X X X y Y Y Yy Xy Xy Xy Xy

c +f0.o’f0,1 ’-fl,()*fl,l +f0.0’f0.1 +f1.0’f1‘1 +f0,0+f0,17f1‘07f1.1 +f0.0+f0‘1+f1.0+f1,1
L1 16r,r,/9 16r,/3 16r./3 16r57 ’
Yy y y Y Xy Xy Xy Xy

_f0,0+f0,1_f1,0+f1,1 _/0‘0+f0‘1+f1,0_f1,1
0,2 8r 16r,r7! ?

y yix

X X X X y y Y Y Xy Xy Xy Xy

Can = +f0,o+f0,1’f1,0’f1,1 +f0.0+f0.1+f1.0+f1‘1 +fo,o’fo,l’fl,oJrfl.l +f0.0’f0‘1+f1,o’f1,1
3.0 8r)3( 8r§ lﬁrir;l 16r§r;1 ?

€1

oo~ fou~ ot/ 1

léryr, /3

+Hoo~for it i

Hootfol~fio~/i

16r,

oo~ fort o

B

€12 16ryr,/3 16r,, ’
X X X X y y y 24 Xy Xy Xy Xy

c +f0,o_f0,1+f1,0_f1,1 +f0,0_f0.1_f1‘0+f1‘1 +f0,0+f0,1+f1,0+f1,1 +f0‘0+f0,1_f1,0_f1,1
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XY _ pXY_ XY XY
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X X X X y y Y Y Xy Xy Xy Xy
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X wxoagx _px
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Y Y Y Y
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2,3 16rx,3 16rxr5
— — X _£X X _ X y Y _ ¢V _gY Xy Xy Xy Xy
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where
fij = flmg+Qi—Drym,+Q2j = Dry),

1= Y 0m, + Qi = Dre,my +2j = Dry),

1= rOP0m, + Qi Dremy, +(2j = Dry),

115 = OO, + Qi = Dryomy +(2j = Dry),

for0<i,j<1.

Data availability
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