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Abstract

Given a connected graph G = (V, E), V = Z?, on the lattice points
of the plane, let dg(p, q) and d(p, ¢) denote the graph distance and the
Euclidean distance between p and q respectively. In this note we prove
that for every ¢ > 0 there is a graph G = G, and a constant d = d,
such that

ldc(p, q) — d(p, )| < ed(p, q)

for every pair p,q¢ € V with d(p,¢) > d. It remains open whether or
not there is a graph G and a suitable constant K which satisfies

lde(p,q) — d(p,9)| < K

for all p,q € Z2%.

1 Defining the Graph

Let G denote the graph on Z?2 which can be obtained by joining two integer
points with an edge if and only if their Euclidean distance is 1. The idea for
the construction stems from the observation that, although sup = ——Q-Q’—gl \/—
if the straight line pq is almost parallel to the z—axis or to the y ams then
the graph distance in Gy and the Euclidean distance are very close to each
other. Therefore we are going to define a large number of square lattices
A; C Z? with various side lengths so that the directions of their axes are
fairly uniformly distributed in [0, 27). For every ¢, we shall construct a graph
G; similar to Gg, whose main nodes are the elements of A;, and we shall
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glue these graphs together. The most important property of G; will be that
dg,(p,q) and d(p, ¢) do not differ too much, whenever p, q € A; and the line
determined by p and ¢ is almost parallel to one of the axes of A;.

To be more precise, we need some notation. Let € > 0 be fixed, and
choose a set of vectors (a;,b;), 1 <1 < N, with the properties

(z) a;,b; are positive integers;

(i) {%t :a < i < N} is well distributed in {—1,+1] in the sense that for
every; ¢ € [—1,+1] there exists an ¢ with |z — gﬂ < 1655

(éi1) the length S; of (a1,b1) is at least K, and §; = v/ a? + b% > 55;_; for
2 < i< N, (where K, > 50 is a constant which will be fixed later).

Let A; C Z? denote the square lattice generated by (a;, b;), i.e.,
A; = {m(a;, ;) + n(-bi,a;) :m,n € Z*},1<i< N,
For simplicity, let
(m,n); = m(a;, b;) + n(—b;, a;) = (ma; — nb;, mb; + na;),

and let C;(m, n), the cell of (m,n); be defined as the convex hull of {(m, n);,
(m + 1L,n);,(m,n + 1);,(m + 1,n 4+ 1);}. Further, let (m,n); denote a
point (m/,n');_1 which is closest to (m,n); and whose cell C;_1(m',n’) C
Ci(m,n), (i > 2).

Assume recursively that for every j < i and for every pair of inte-
gers (m,n) we have already defined three paths Pr;(m,n), Puj(m,n) and
P;(m,n) which satisfy

1. Prj(m,n) connects (m,n); to (m + 1,n);,
Puj(m,n) connects (m,n); to (m,n +1);,
P;(m,n) connects (m,n); to (m,n)};

2. Prj(m,n)and Puj(m,n)havelength [§;], while the length of P;(m, n)

is [d((m, n);, (m,n)})];

3. All of these paths are internally disjoint from one another and from all
previously defined paths, i.e., they can only meet at their endpoints;

4. All internal vertices of Prj(m,n), Puj(m,n) and P;(m,n) are in the
interior of the cell C;(m,n).
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Observe that at this point of the construction the number of nonisolated
vertices in C;(m,n) is at most

Si + 2f Si+2v2S; 2 2 st

Yo (F——F2)4S,) < }:( )55_205}25 5

i<i J i<i i<i

provided that S; > 50. Hence, there are plenty of isolated vertices left
in C;(m,n) that can be used to form the paths Pr;(m,n), Pu;(m,n) and
P;(m,n) preserving the above properties.

Suppose that we have carried out the construction for all : < N, = N,
and consider the graph consisting of all paths already defined. For each

point p € Z? which remained isolated, we add an edge to the nearest point
of A,’.

2 Estimating the Distances

Since the length of every path which begins and ends at a vertex of some
A; is at least as large as the Euclidean distance between its endpoints, and
every internal vertex belongs to some A;,

da(p,q) > d(p,q) — 2V2SN.

Bounding d¢(p, ¢) from above is just a bit more complicated.

Lemma 1 For every point (m,n)y € Ay, the graph G contains a path
P(m,n) of length at most Sy, all of whose vertices are in the cell Cn(m, n)
and which visits at least one vertez p; of each Aj;, 1< j < N.

Proof: Consider the path, P(m,n), obtained by concatenating Py(m,n),
Pyn_1(m!,n'), Py_ao(m", n"),..., Py(m(N=2) n(N=2)) a5 defined in (1)-(4)
above. Its length is clearly at most )_; .y [25;] < Sy, and it visits exactly
one vertex of each A;, 1 << N. O

Lemma 2 For any two points ¢ = (mg,ng)i and y = (my,ny); of A;
1
dg(z,y) < (1+8)(1+ 7 )d(z,y)
1

where § = min(;E=, TERL) <
My x— Ity
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Proof: Using only paths Pr; and Pu;, we obtain that
da(z,y) < (Ime —myl+ |ns — ny|)[Si]
(14 8)/(ma — my)? + (nz — my )2Si(1 +

1
S;

1
E)

IA

(14 8)(1+ )d(z,y),

as desired.O

Lemma 3 Given any integer point p € Z% and 1 < i < N, there is a point
p; € A; such that dg(p,p;) < 105N and d(p,pi) < V2SN.

Proof: Let p € Cn(m,n). Clearly, there is a § < N such that p has graph
distance at most 2[$;] from some ¢; € A; N Cn(m,n). Let p; (p:) be the
vertex of A; (A;) which is on P(m,n), and whose existence is guaranteed by
Lemma 1. By Lemma 2 there is a path in G from ¢; to p; whose length is
at most 3d(p;, ¢;) < 3v25n < 55n. Thus

< da(p,q;) + da(g;,p;5) + da(pj, pi)
< 2[5;]+ 558+ SN
< 105y.

da(p, pi)

Since p,p; € Cn(m,n), d(p,p;) < V25N readily follows. O
To establish the result stated in the abstract it is sufficient to prove the
following

Theorem 1 There exists a constant de such that

da(p,q) < (1 + €)d(p, 9)
for every pair p,q € Z* whose Euclidean distance exceeds d..

Proof: Given p,q € 22, choose i so that tan@, the slope of the line de-
termined by p and ¢, differs from tan8; = %‘: by less than 155. Choose
pi = (mq,n1); and ¢ = (mg,n2); as in Lemma 3. Let o denote the angle

between the lines pq and p;q;. Then sina < f(%%, whence

V25N

353
tana < = = 2 7
/d 142&! _ 2512\[ d (p7Q) - 8SN
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Obviously,
|————| < tan(|§ - 6|+ a)
1

< tan(ys +a)
an(— + «
100
€
10°
provided that d(p, q) is so large that tan @ < 155. Thus, by Lemma 2,

€ 1
da(pi,¢:) < (1+ -1-6)(1 + E)d(?i,‘li)-

On the other hand, Lemma 3 implies that

dG(p’ (I) S dG(P,Pi) + dG(pi, ql) + dG(qi,q)
1
< 2085y + (14 35)(L+ )(dlp, 9) + 2v2S)
< (1+ed(p,9),

if 51 and d(p, ¢) are sufficiently large. O

Our thanks are due to Paul Erdds, who communicated the problem dis-
cussed in this note to us. The question originated in computer science. If the
Euclidean metrics could be approximated by graph metrics, then we could
run efficient graph algorithms for solving geometric problems on-screen.



