Technical Appendix
Derivation of Bias Scan Score F'(.S)

To obtain the score function for a given subgroup S, Bias

Scan computes the generalized log-likelihood ratio F'(S) =

maxg P(D | H1(S,9))
P(D | Ho)

, assuming the following hypotheses:
Hy : odds(y;) =

Hy(S,q):  odds(y;) = %, Vs; € Dg,

odds(y;) = LN, Vs; € D\ Dg.
1—pi
This implies that the probability P(y;) = % =

% for s; € Dg under Hy(S,q), and P(y;) = p;

otherwise. We denote these probabilities by p} and p? respec-
tively, and derive the score F'(S):
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Here we focus on the case where the probabilities p; are
over-estimated, i.e., we identify biases where p; > P(y;) and
thus 0 < ¢ < 1. Thus we define F'(.5) as above for gy =
arg maxgy (ZSiEDs yilogq — ZSiGDs log(1
1, and otherwise we have ¢a;rr = 1 and thus F(S) = 0.

Bias Scan Algorithm

As described in Zhang and Neill (2016), Bias Scan detects in-
tersectional subgroups for which the classifier’s probabilistic
predictions p; are significantly biased as compared to the ob-
served binary outcomes y;, by searching for the rectangular
subgroup S € rect(X) which maximizes the log-likelihood
ratio score F'(S) derived above.

To optimize F'(.S) over rectangular subgroups, Bias Scan
performs a coordinate ascent procedure, optimizing F'(S)
over subsets of values for one attribute at a time until con-
vergence. This coordinate ascent procedure is repeated for
multiple iterations, starting from a different, randomly ini-
tialized rectangular subgroup on each iteration. Bias Scan
returns the maximum score F'* = maxg F'(S) and the corre-
sponding subgroup $* = arg maxg F/(S) over all iterations.

The Bias Scan algorithm consists of the following steps:

—Pi +qDi)) <

1. Initialize F* = 0 and S* = 0.
2. Choose an initial rectangular subgroup S = 51 x...xSg

by randomly selecting a subset of values S; C Vj, S; # 0,
for each attribute X ;. Mark all attributes as “unvisited”.

3. Randomly select an unvisited attribute X; and find 5" =

argmaxg, cv;,s,40 F'(S1 X ... x 8g). Let §" = 51 x
xS XS;- X Sjp1 X ... x Sq.

4. If F(S’) > F(S), then set S = S’ and mark all attributes
as “unvisited”.

5. If F(S) > F*, then set [* = F(S) and 5* = S.

6. Mark attribute X; as “visited”.

. Repeat steps 3-6 until all attributes are marked as “vis-

ited”.
8. Repeat steps 2-7 for a fixed, large number of iterations 1.

<

The optimization over subsets of values S; C V; in Step
3 can be performed efficiently, requiring a number of com-
putations of the score function which is linear rather than
exponential in the arity |V;| of that attribute, thanks to the
Linear Time Subset Scanning (LTSS) property of the Bias
Scan score function (Neill 2012). The statistical significance
of detected subgroups can be obtained by randomization test-
ing, performing the same search procedure on a large number
of datasets randomly generated under the null hypothesis H,
and then comparing the score F* for the original data to the
(1 — «) quantile of the distribution of F™* for the null data.
Further details are provided by Zhang and Neill (2016).

Proofs of Theorem 1 and Corollary 1

Theorem 1. Assume that a classifier is trained on data D
with differential sampling bias A > 1 for subgroup S and
makes predictions p; for unbiased test data D = {(x;,y;) }. If
Bias Scan is used to assess bias in p; as compared to vy;, then
under assumptions (Al)-(A3), as the number of training data
records | D| — oo, the Bias Scan score F(S) of subgroup S
converges to:

F(S) = Foa(S)— Y wilog A+ Y log(Ap+1-p),

si€Dg s;€Dgs
if A > GurE, and F(S) — 0 otherwise, where {us g is the
maximum likelihood estimate of q for Bias Scan assuming no
differential sampling bias (A = 1), satisfying
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Foa(S) = Z yilogqpre— Z log(1—p; +drrLEP:)
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is the Bias Scan score of subgroup S assuming no differential
sampling bias (A = 1).

Proof. As |D| — oo without differential sampling bias, the
number of training data records tends to infinity for each
x € support(fx). The classification model is consistent
by assumption (A1), and thus the estimated probability p;



converges to P(Y = 1|X = z) = p; forall z € S for the
training data. By assumption (A2), p; — P(Y = 1|X =
x) = p; for all € S for the test data, and the corresponding
set of test data records Dg is non-empty.

Similarly, as
for subgroup S, the number of training data records tends
to infinity for each = € support(fx). The classification
model is consistent by assumption (A1), and thus the es-

timated probability p; converges to P(Y = 1|X = z) =
AP(Y=1|X=x) _ Aps
AP(Y=1|X=2)+P(Y =0[X=1z) Ap,;—‘—pl—pi forall z € S for

the training data. By assumption (A2), p; — IF’(Y =1|X =

x) = ﬁ for all x € S for the test data, and Dy is
non-empty.

Next, we derive the relationship between the maximum
likelihood estimate of the g parameter for Bias Scan, with
and without differential sampling bias. We define:

> wilogg— > log(l—ﬁi+5ﬁi)>,

QMLE = argmax <
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By setting dF(S) =0 and dF(qS) = 0 for the cases with and

without dlfferentlal sampling bias respectively, we obtain:
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Plugging in the values of p; = p; and p; =
above, and simplifying, we obtain:
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We can now derive the Bias Scan score without differential
sampling bias as:

EJVMLE' =

Foa(S)= Y wilogdure — Y log(l —p; + qure pi)
8i€Ds si€Ds
> yilogdnre — Y log(1—pi+dure pi).
s;i€Dg s;€Dg

Note that F,,;4 is defined without enforcing the constraint
g < 1. Finally, we derive the Bias Scan score with differential
sampling bias (for detecting over-estimated probabilities) as:

F(S)= > wiloggure — »_ log(l —p; + Gure bi)
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if A > QMLE (and thus E]}\JLE = CjJWLE/A < 1), and
otherwise we have ¢y p = 1 and thus F(S) = 0. O

Corollary 1. Under the conditions of Theorem 1, as the
number of test data records |D| — oo, the normalized Bias
Scan score F(S)/|D| of subgroup S converges to:

()

D]

an increasing function of A.

Proof. From Theorem 1, we have

> yilog A+ Y log(Api+1-py),
s;€Dg si€Ds

F(S) — Fold(s)_

if A > Gure. As|D| = 00, ure — 1, and thus we have
both w.h.p. A > qvpe and Fold(S) — 0:

F(S) = Y (log(Ap; + 1 —p;) — yilog A),

s;€Dg
and
F(S) | |Ds|
——Es,epsllog(Ap; +1 —p;) — y;log A].
ID[ D] e

As |D| — oo, |Dg|/|D] = P(z € S), and E[y;] =
E[E[y; | z;]] = E[p;] for s; € Dg. Plugging in these values,
we obtain the given expression. To see that the expression
increases with A, assumption (A2) implies P(z € S) > 0,
and the first derivative

d(log(Ap; +1 — pi) pi i
dA Ap;+1—p; A

is positive for A > 1, given 0 < p; < 1 by assumption
(A3). O

—pilogA)

Proof of Theorem 2 (and associated Lemmas)

In this section, we derive a critical value h(«) of the Bias
scan score F'*, for a given Type-I error rate o, when no
differential sampling bias is present. Our approach is to upper
bound F* = maxge,ect(x) F(S) by the Bias Scan score
maximized over all subgroups, Fi¥ = F(S%), where S’ =
arg maxgcy F'(S). Additionally, as the number of training
datarecords |D| — oo, with no differential sampling bias, the
classifier’s predictions p; converge to p; for all test records
s, under assumptions (A1) and (A2), as in Theorem 1. Thus
we derive the distribution of F; under the null hypothesis,
Hy:P(y; =1) =p; forall s; € D.



For any covariate profile x, we define the associated set
of test data records D, = {(z;,y;)} € D : x; = z, and
the aggregate quantities y(z) = > . ¥; and n(z) =
Zg ep, 1- We assume that the predicted probabilities p;
are identical for all s; € D,, since these data records have
the same values for all predictor variables, and denote this
probability by p(z ) We can then write the Bias Scan score
of a subgroup F(.5)

F(S) = +(q),
(S) 012?2‘127 @)

z€eS
where

12(q) = y(x)log (q) — n(z)log(gp(x) + 1 — p(z))

is the total contribution of data records with covariate profile
x to the score of subgroup S for a given value of ¢g. Then the
maximum score over all subgroups can be written as

F —
~ R Z 72 (@)

= Imax max
0<g<1SCV Z (@)
x€S

= max Z Y2 (@) 1{v2(q) > 0},

0<g<1
1 zeV

thus including all and only those covariate profiles which
make a positive contribution to the score for the given value
of ¢ ;.. Given these definitions, we now consider the proba-
bility that a given covariate profile = will have v, (g",;.) > 0,
and thus be included in S7;:

Lemma 1. Under the null hypothesis Hy, as n(x) —
0o, the probability that covariate profile x is included

in the highest scoring subgroup S converges to 1 —

Z _ o _ _Z
i) (2 p(z)(1 p(x))) where ¢, = 1 m and
D is the Gaussian cdf.

Proof. Covariate profile = is included in S} if and only
if PY-'L(qmle) = y( )1Og (qmle) - ( )log(qr;blep(x) +1-

p(z)) > 0. Given 0 < g, < 1, we have:
]P)(’yx(qmle) > 0)
_p(y@) _ log(d,.p(x) +1—p(x))
-# (15 - )

1ngj;knle
V@) (= G p(@) (1~ pla)
—F (n<x> <p(@) >

2
_p (W) S NE —p(x») |

where ¢(z) = ’/Wf?p(@) (% —p(x)). Here we

have used a second order Taylor expansion for g, ., since
g%, converges to 1 as n(x) — oo. Next, since y(z) ~
Binomial(n(z), p(x)) under Hy, t(x) — Gaussian(0,1)
as n(z) — oo, and P(y,(q},.) > 0) converges to 1 —

o (5 p(z)(1 — p(x ))) where @ is the Gaussian cdf. [
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Lemma 2. Under the null hypothesis Hy, as n(x) — 00,
the expectation and variance of vy (qy0)1{Vz (¢y.) > 0}
are upper bounded by constants k1 ~ 0.202 and kT ~ 0.274
respectively.

— oo, YP(x) =

p(a;)a(i(w)) (% —p(x)) — Gaussian(0, 1). Moreover,
conditional on 'yg;(q~mle) > 0 1/1( ) has its right tail truncated
at f = —*\/ )(1 = p(x)), giving E[Y(z) | 72 (Tp,.) >

] (_ﬁ)’ and Var ( ) | ’yil?(qmle) > 0] =

Proof. From Lemma 1, as n(z)

1 - ﬁh( B) — h(—B)%, where h(z) = 255 is the
Gaussian hazard function. Since y(z) = n(x)p(z) +

z)\/n(x)p(z)(1 — p(z)), this implies:

E [W) @) > o]

= —h(=F)Vp(x)(1 - p(x));

Var y(x)’:((z))p() ‘7$(Q7nle) > 0]
= (1= Bh(=B) = h(=B)*)p(x)(1 — p(z)).

Next, as in Lemma 1, we can use a second-order Taylor
expansion to write:

’Yw(zljnle)

= y(z)log @y — () 10g(qpep(x) + 1 — p())

log(gpep(z) +1 —p(x))
log 7,7

= y(x) log a:nle - n(x) 1Og Z]:@le

= (y(x) = n(z)p(x))log ¢rze

4 (1= Ghe) (og gy )n(2)p(2) (1 — p(x))
2

= (y(x) — n(z)p z)( Z )

1

. ( ) ( %> )
= Z(y N ) 2)(1 - p(x)),

where we have used log g*,,, — —(1 — ¢ Z

qmle) = 7\/@

as

n(z) = oo.
Then for the expectation we have:

E[’Vﬂf(af:nle) ‘ ’Yx(aTrLle) > O]

y(&) ~n(elp(e) | _ 72

| W )1 pte)
= Zh(~B)V/PE L~ p(a)) — 5-pl)(1 ~ p(z)
= —28h(-p) — 28°.



Then, since P(7,(q},;.) > 0) =1 — ®(—73) from Lemma 1,
we know:
E[Fyx(qmle)l{ry$(a;knle) > O}]
= (1= @(=5))(~28h(-p) — 26)
= —20¢(-f) - 26*(1 — 2(-4))
< k1,

since this expression attains a maximum value of k; =~
0.202456 at 5 ~ —0.61.
For the variance, we have:

Var[ya (Guie) [ 72 (Gnie) > 0]

v | Y@ — n(x)p(x)]
n(a)
= 2°(1 = Bh(=B) — h(~B)*)p(z)(1 - p(x))

= 45%(1 = Bh(=p) — h(~B)?).

Then, we know:

Var[vz (G71¢) H{ Ve (Grnie) > 03]
= Var[ye (Gmie) | V2 (Gnie) > OIP (Y2 (Guie) > 0) +

E[Ya (@e) | Vo (@e) > 01°P(Ya(Gie) > 0)
(1 = P(12(mie) > 0))

— 43*(1 = Bh(=B) — h(=B)*)(1 — B(=5)) +
(=2Bh(=p) — 26%)*(1 — ®(-5))2(~5)

= 45%(1 — ®(=B))(1 — Bh(=B) — h(=B)*+
(B + h(=5))*@(-B))

< k3,

since this expression attains a maximum value of k3 ~
0.273709 at B8 ~ —0.98.
O

Theorem 2. Assume that a classifier is trained on unbiased
training data D and makes predictions p; for unbiased test
data D = {(z;,y;)}, and Bias Scan is used o assess bias in
Pi as compared to y;. Let F* = maxge,ect(x) F(S) be the
Bias Scan score, maximized over all rectangular subgroups S.
Then under assumptions (Al )-(A4), as the number of training
data records | D| — oo and the number of test data records
|D| — oo, for a given Type-I error rate o > 0, there exists
a critical value h(a) and constants k1 = 0.202, ko ~ 0.523
such that
P(F* > h(a)) < a,

where
h(a) = kyM + ka® (1 — )V M, 3)
and ® is the Gaussian cdf.

Proof. As |D| — oo without differential sampling bias, the
number of training data records tends to infinity for each

x € support(fx). The classification model is consistent by

assumption (A1), and thus the estimated probability p; con-
verges to P(Y = 1|X = z) = p; for all z € S for the train-
ing data. By assumption (A2), p;, > P(Y =1|X =z) = p;
for all x € S for the test data, and the corresponding set
of test data records Dg is non-empty. As shown above,
F* < Fp = %y v (@) > 0}, where
E]v:%le = argimaXo<g<i ngv ’Vx(a)]-{')/z(@ > 0} and
Y2(q) = y(z)logq — n(z)log(gp(z) + 1 — p(z)). From
Lemma 2, for each of the M unique covariate profiles x
in the test data, we know that v, (¢, )1{Vz(q%,;.) > 0}
is drawn from a censored Gaussian distribution, with mean
ptz < ki and variance 02 < k3, where k1 ~ 0.202 and ky ~
1/0.274 ~ 0.523. Moreover, since a censored Gaussian with
bounded variance has bounded fourth moment, we know that
the Lyapunov condition holds. Thus, from the Lyapunov CLT,
FuSaevits Gaussian(0, 1),

vV 2sev 2

and by assumption (4) we know that M is large enough for
F to be approximately Gaussian. Then since F* < FF,
te < ki Vo, and 02 < k3 Vo, we have:

P(F* > h(a))
=P(F* > k1M + k@ 1 (1 — a)VM)
<P(ES > kM + k@11 — )V M)

—P F;><Zk1>+q> (1—a) |> K3
zeV eV

<P F;><Zum>+¢> (1—a) [> o2
zeV zeV

=1-®(@ (1 —a))

we know that for large M,

O

Proofs of Theorems 3 and 4

Theorem 3. Assume that a classifier is trained on data D
with differential sampling bias A > 1 for rectangular sub-
group ST and makes predictions p; for unbiased test data
D = {(x;,y:)}, and Bias Scan is used to assess bias in p; as
compared to y;. Let F* = maxXgeect(x) F(S) be the Bias
Scan score, and let h(«) be the score threshold for detection
at a fixed Type-I error rate of «, as given in Equation (3).
Then for any o > 0 and A > 1, under assumptions (Al )-(A4),
as the number of training data records |D| — oo and the
number of test data records |D| — oo, P(F* > h(a)) — 1.

Proof. By Corollary 1, as |D| — oo, F(ST)/|D| converges
to P(z € ST)EsieDST [log(Ap; + 1 — p;) — p;log Al,
which is greater than zero because P(z € ST) > 0 by
assumption (A2), 0 < p; < 1 by assumption (A3), and
log(Ap;+1—p;)—p;log A > 0when A > 1land 0 < p; <
1. By Theorem 2, as |D| — oo, for any a > 0, h(cx) con-
verges to a constant independent of | D|. Thus h(«)/|D| — 0
and P(F(ST) > h(a)) — 1. Finally, since subgroup S7
is rectangular, F* = maxge,eqt(x) F(S) > F(ST), and
P(F* > h(a)) — 1. O



Theorem 4. Assume that a classifier is trained on data D
with differential sampling bias A > 1 for rectangular sub-
group ST and makes predictions p; for unbiased test data
D = {(x;,y;)}, and Bias Scan is used to assess bias in
pi as compared to y;. Let F* = maXgerect(x) F(S) be
the Bias Scan score, and let h(«) be the score threshold
for detection at a fixed Type-I error rate of o, as given in
Equation (3). Further, assume Dgr is fixed, with finite size

|Dgr| and (ZsieDST yi) < |Dgr|. Then for any a > 0,
under assumptions (Al )-(A4), as the number of training data

records |D| — oo, there exists Aypresy, > 1 such that, if
A> Athresh; then ]P)(F* > h(Oé)) — 1, where

Ath'resh = maX(L Q_l(h(a) - Fold(ST)))7
QA)= > (log(Api+1—p;) —yilogA),

si€Dgr

and F,14(ST) is the Bias Scan score of subgroup ST assum-
ing no differential sampling bias (A = 1).

Proof. From Theorem 1, for finite | D gr |, we have F(ST) —
Foa(ST)+Q(A) for A > Garrg and |D| — oo. We derive:

dQ Di Yi
dA Z (Api—l-l—pi A)

si€Dgr

=% > @i

s$i€Dgr

Since 0 < p; < 1 by assumption (A3), all p; are increasing
with A. Moreover, since ZsieDST (i —yi) = 0 for A =
(jMLE, ZsieDST (pi — yi) > 0 for all A > (jIVILE~ This
implies that Q(A) is increasing, and therefore invertible, on
the interval A > qMLE-

Next we show Q(A) — oo as A — oo. For some small
positive € ~ 0, let A denote the minimum value of A >
Gy E such that ZSiEDST (pi — yi) > €. Then for any A’ >

A, we have:

d
QA = QA + /A 99 1

/ £ an

=Q(A )+elogA' log A,)
=Cilog A"+ Cy

for constants C; and Cp, and thus Q(A) increases as
O(lOgA) for A > qAMLE.

Now, since F,;4(ST) is independent of A, we know
that F,;4(ST) + Q(A) is continuous and increasing for
A > Gyres and lima o0 Forg(ST) + Q(A) = oo. Since
Faa(ST) + Q(A) = 0 at A = Guyrp, there must ex-
ist a single intermediate value of A > {arg such that
Faa(ST)+Q(A) = h(a),ie, A = Q7 (h(a)—Fuq(ST)).
Then we set Agpresn = max(1, Q7 (h(a) — Fpq(ST))).
This implies that F(ST) — F,4(ST) + Q(A) > h(a),

and P(F(ST) > h(a)) — 1, for A > Aypresn. Fi-
nally, assuming that subgroup S” is rectangular, F’* =
maxgerect(x) F(S) > F(ST), and P(F* > h(a)) — 1
for A > Aipresh. O]



