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Motivation
Common scenario in ML practice: 

• hypothesis set selected after receiving training sample. 

• original family restricted after observations. 

• ensemble family decided after receiving sample. 

• regularization chosen using labeled sample. 

• feature transformation or data normalization based on 
sample.
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Motivation
Standard learning bounds:  

• fixed hypothesis set. 

• selected before receiving training sample. 

• guarantees depend on the complexity of hypothesis set. 

Questions: 

• can we derive learning guarantees for sample-
dependent hypothesis sets? 

• existing techniques cannot be used; what tools and 
concepts should we use?
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Related Work
Luckiness framework (Shawe-Taylor et al., 1998): analysis of SRM 
over data-dependent hierarchies based on concept of 
luckiness. 

• can be viewed as a study of data-dependent hypothesis 
sets using luckiness functions and    -smallness. 

• algorithm-specific guarantees (Herbrich and Williamson, 2002): 
show some connection with stability, at the price of a 
strong condition on stability parameter,                  .

 4

!
<latexit sha1_base64="tA1j32UWco6j4euuTNdbl2dCq1s="></latexit>

� = o( 1
m )

<latexit sha1_base64="1XVuNCRHsoGdpHzWtV4FRXPOxZY="></latexit>



pageMohri@

Related Work
General bounds for binary classification (Gat 2001; Cannon et al., 

2002): expressed in terms a notion of shattering coefficients 
adapted to data-dependent setting. 

PAC-Bayes bounds (Dziugate and Roy, 2018): prior selected using 
training sample via a differentially private algorithm.
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This Talk
Setup. 

General sample-dependent guarantees. 

Hypothesis set stability guarantees. 

Applications.
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Learning Stages
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Learning Stages
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Special cases: 

• standard generalization:               . 

• algorithmic stability:                    .

HS = H
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Definitions
   input space,    output space,     distribution over           . 

Loss function                        , loss of                  on                  
denoted                                 . 

Expected and empirical losses: 

Family of losses of hypotheses                             :
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Setup
How can we derive learning bounds for data-dependent 
hypothesis sets? 

• straightforward idea: use                               ; but the 
family can be very rich and the bound uninformative. 

• alternative: for some supersample    of size            , 
consider the family                                   ; 

• learning guarantees based on the maximimum 
transductive Rademacher complexity.
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Transductive Rad. Complexity
Definition: transductive Rademacher complexity,
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General Learning Bound
Theorem: let                           be a family of data-dependent 
hypothesis sets and let    be the corresponding family of 
loss functions. Then, for  any          , with probability            
over the draw of a sample             , the following holds for 
all              :
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<latexit sha1_base64="Sseox9nCifmhLv4BGCjYchFQ4DE=">AAACFXicbVC7SkNBEJ0bX/EdtbRZDIKNyb2xMGXARrCJYFRMQti72Zgl+7jszhVCyF8IVvoR9nZia5PGD9HaTWLh68DA4ZwZZubEiRQOw/AtyMzMzs0vZBeXlldW19ZzG5vnzqSW8Roz0tjLmDouheY1FCj5ZWI5VbHkF3HvaOxf3HDrhNFn2E94U9FrLTqCUfTSVUT2SaPNJdJWLh8WwgnIXxJ9kXwF3h9Ho8xJtZX7aLQNSxXXyCR1rh6FCTYH1KJgkg+XGqnjCWU9es3rnmqquGsOJhcPya5X2qRjrC+NZKJ+nxhQ5Vxfxb5TUey6395Y/M+rp9gpNwdCJylyzaaLOqkkaMj4fdIWljOUfU8os8LfSliXWsrQh/RjS7HmvFRUpmtFEVVSVDI2pjf0QUW/Y/lLzkuF6KBQOvWJlWGKLGzDDuxBBIdQgWOoQg0YaLiFe3gI7oKn4Dl4mbZmgq+ZLfiB4PUT7Pqiuw==</latexit>

S 2 Zm
<latexit sha1_base64="JrSMG5a/Jp8QZyqHYjesuAW5noY=">AAACFnicbVC7SgNBFJ31GeMramkzGASrZDcWBiwM2FhGNA/cjWF2MkmGzGOZmRVCCPgTgpX+iZ2ktfUfRGy0dvIoTOKBC4dz7uXee8KIUW1c991ZWFxaXllNrCXXNza3tlM7u2UtY4VJCUsmVTVEmjAqSMlQw0g1UgTxkJFK2Dkf+pU7ojSV4tp0I1LjqCVok2JkrORfwYAKGOibW15Ppd2MOwKcJ96EpM++Pr8/7genxXrqJ2hIHHMiDGZIa99zI1PrIWUoZqSfDGJNIoQ7qEV8SwXiRNd6o5P78NAqDdiUypYwcKT+neghrnWXh7aTI9PWs95Q/M/zY9PM13pURLEhAo8XNWMGjYTD/2GDKoIN61qCsKL2VojbSCFsbEpTW7IlbaUsl21Fs4ZHWc5CKTt9G5Q3G8s8Kecy3nEmd+mmC3kwRgLsgwNwBDxwAgrgAhRBCWAgwQN4As/Oo/PivDqDceuCM5nZA1Nw3n4Bt8ylHw==</latexit>

h 2 HS
<latexit sha1_base64="nMgw98JP9jimX1RK0wDGMbbGpRk=">AAACFnicbVC7SgNBFJ31GaPRqKXNYAhYZXdjYcqAICkjmgdsljA7mWSHzGOZmRVCyGcIVtr5GRaC2Nr6I9ZOHoVJPHDhcM693HtPlDCqjed9OxubW9s7u5m97P5B7vAof3zS1DJVmDSwZFK1I6QJo4I0DDWMtBNFEI8YaUXD66nfeiBKUynuzSghIUcDQfsUI2OlIIYdKmBH17p33XzBK3kzwHXiL0ihmntPizfZ13o3/9PpSZxyIgxmSOvA9xITjpEyFDMyyXZSTRKEh2hAAksF4kSH49nJE1i0Sg/2pbIlDJypfyfGiGs94pHt5MjEetWbiv95QWr6lXBMRZIaIvB8UT9l0Eg4/R/2qCLYsJElCCtqb4U4RgphY1Na2uI2tJVcLmNFXcMTl7NIyuHEBuWvxrJOmuWSf1kq39rEKmCODDgD5+AC+OAKVEEN1EEDYCDBI3gGL86T8+Z8OJ/z1g1nMXMKluB8/QJKyaIo</latexit>

R(h)  bRS(h)+ max
U2Zm+n

2bR⇧
U,m(G)+3

q�
1
m + 1

n

�
log( 2� )+2

q�
1
m + 1

n

�3
mn.

<latexit sha1_base64="I8as10YsfpsuVPRTu/ZWNwzCWu0="></latexit>
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Proof Sketch
Symmetrization lemma (extends to data-dependent case, 
as observed by Gat (2001)), for               : 

Concentration bound: upper bound RHS in terms of  

• use extension of McDiarmid’s inequality to sampling 
without replacement (Cortes et al., 2008). 

• bound expectation in terms of Rademacher complexity.
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P
S⇠Dm


sup

h2HS

R(h)� bRS(h) > ✏

�
 2 P

S⇠D
m

T⇠D
n


sup

h2HS

bRT (h)� bRS(h) >
✏

2

�
.

<latexit sha1_base64="SJMCs3lTtQOYwkaMhywgimSbrXA="></latexit>

m✏2 � 2
<latexit sha1_base64="/1KNNdo3LyiK/wWDNZ6yWXbB8FY=">AAACGHicbVC7TgJBFJ3FF4IPxJJmIjGxgl0spCSxscREHgmsZHa4wISZnWVm1oQQvsPESv/Eztja+SOaWDk8CgFPcpOTc+7NuTlBxJk2rvvpJLa2d3b3kvup9MHh0XHmJFvXMlYUalRyqZoB0cBZCDXDDIdmpICIgEMjGF7P/MYDKM1keGfGEfiC9EPWY5QYK/kCt+G+hNt9GOFSJ5N3C+4ceJN4S5KvpDM/ze9srtrJfLW7ksYCQkM50brluZHxJ0QZRjlMU+1YQ0TokPShZWlIBGh/Mn96is+t0sU9qeyEBs/VvxcTIrQei8BuCmIGet2bif95rdj0yv6EhVFsIKSLoF7MsZF41gDuMgXU8LElhCpmf8V0QBShxva0klKsaSsVhRwoVjQiKgoeSDmc2qK89Vo2Sb1U8C4LpVvbWBktkEQ5dIYukIeuUAXdoCqqIYpG6BE9oxfnyXl13pz3xWrCWd6cohU4H79X+qKz</latexit>

P
(S,T )⇠U

|S|=m,|T |=n


sup

h2HU,m

bRT (h)� bRS(h) >
✏

2

�
,

<latexit sha1_base64="Hi8Ee5Dji6KB1nRbiwqMpEq6rX8="></latexit>
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Algorithmic Stability
Definition: for any two samples    and     differing by one 
point,  

Generalization bounds: 

• i.i.d. setting: 

• (Bousquet and Elisseeff, 2002):                           ; 

• (Feldman and Vondrak, 2018, 2019):                                  .   

• (Bousquet et al., 2019):                                 . 

• non-i.i.d. stationay (Rostamizadeh and MM, 2010);  

• non-stationary phi- and beta-mixing bounds (Kuznetsov and 

MM, 2017).
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S
<latexit sha1_base64="fQyQ4tQCbMx+7KEa0BhJ+cc77EQ=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Fgm6CaBuITZyWwyZGZnmZkVwpLSSrDSP7EIiJb+g99gb+3kUZjEAxcO59zLvfcEMaNKO86XlVlZXVvfyG7mtrZ3dvfy+wd1JRKJiYcFE7IZIEUYjYinqWakGUuCeMBII+hfjf3GPZGKiuhWD2Lic9SNaEgx0kaq3bTzBafoTACXiTsjhcuPUe374XhUbed/7joCJ5xEGjOkVMt1Yu2nSGqKGRnm7hJFYoT7qEtahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/ue1Eh2W/ZRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSLxXd82Kp5hQqZTBFFhyBE3AGXHABKuAaVIEHMCDgETyDF+vJerXerPdpa8aazRyCOVifv8XXoCA=</latexit>

S0
<latexit sha1_base64="ZwjRqhw7du3SVGt1yj6wR23zGqE=">AAACDXicbVC7TgJBFJ31ifhCLU3MRGK0YnexkE4SG0tQF0hgQ2aHWZgws7OZmTUhhNLOxEr/xITC0PoNfoO9tcOjEPAkNzk5597ce08QM6q043xZK6tr6xubqa309s7u3n7m4LCiRCIx8bBgQtYCpAijEfE01YzUYkkQDxipBt2bsV99JFJRET3oXkx8jtoRDSlG2kh39+fNTNbJORPAZeLOSPZ6NCx/P50MS83MT6MlcMJJpDFDStVdJ9Z+H0lNMSODdCNRJEa4i9qkbmiEOFF+f3LpAJ4ZpQVDIU1FGk7UvxN9xJXq8cB0cqQ7atEbi/959USHBb9PozjRJMLTRWHCoBZw/DZsUUmwZj1DEJbU3ApxB0mEtQlnbovtKSPZXHQktTWPbc4CIboDE5S7GMsyqeRz7mUuX3ayxQKYIgWOwSm4AC64AkVwC0rAAxiE4Bm8gjfrxXq3PqzRtHXFms0cgTlYn78r2aBR</latexit>

8z 2 Z, |L(h, z)� L(h0, z)|  �.
<latexit sha1_base64="BruZ1kEvuo+jOjy3neJYN5jZKMU="></latexit>

O(�
p
m+ 1p

m
)

<latexit sha1_base64="3MlTbukTk33cWSRFIFVLmW3oQhk="></latexit>

O(� log2(m) + 1p
m
)

<latexit sha1_base64="TEbkkFUXXyFrJ5+nk8TxH8PY8ZM="></latexit>

O(� log(m) + 1p
m
)

<latexit sha1_base64="599DfbhQSRAuNQk77NeWhmeOcic="></latexit>
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Hypothesis Set Stability
Definition: a family                            of data-dependent 
hypothesis sets is uniformly   -stable if for any two   
samples    and     differing by one point,

 18

H = (HS)S2Zm
<latexit sha1_base64="dHclqQ8in1cN+TsLVStpMKFO60Q="></latexit>

�
<latexit sha1_base64="vhVuqd35vyg2bRqK1aEaaysIkX4=">AAACEHicbVC7TgJBFJ3FF+ILpbTZSEisYBcLKUlsLDFxgQQ2ZnaYhQkzO5uZuyZkQ2dvYqV/YmdsLPwD/QC/wFg7PAoBT3KTk3Puzb33BDFnGhznw8qsrW9sbmW3czu7e/sH+cOjppaJItQjkkvVDrCmnEXUAwactmNFsQg4bQXDi4nfuqVKMxldwyimvsD9iIWMYDCS1w0o4Jt80Sk7U9irxJ2TYr1Quvt++/ps3OR/uj1JEkEjIBxr3XGdGPwUK2CE03Gum2gaYzLEfdoxNMKCaj+dHju2S0bp2aFUpiKwp+rfiRQLrUciMJ0Cw0AvexPxP6+TQFjzUxbFCdCIzBaFCbdB2pPP7R5TlAAfGYKJYuZWmwywwgRMPgtbKp42UkXIgWIVEHFF8EDK4dgE5S7Hskqa1bJ7Vq5emcRqaIYsOkYn6BS56BzV0SVqIA8RxNA9ekRP1oP1bL1Yr7PWjDWfKaAFWO+/UIyiFw==</latexit>

8h 2 HS , 9h0 2 HS0 : 8z 2 Z, |L(h, z)� L(h0, z)|  �.
<latexit sha1_base64="G4CcptZ2bpRS76TtwjxxUsqh228="></latexit>

S
<latexit sha1_base64="fQyQ4tQCbMx+7KEa0BhJ+cc77EQ=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Fgm6CaBuITZyWwyZGZnmZkVwpLSSrDSP7EIiJb+g99gb+3kUZjEAxcO59zLvfcEMaNKO86XlVlZXVvfyG7mtrZ3dvfy+wd1JRKJiYcFE7IZIEUYjYinqWakGUuCeMBII+hfjf3GPZGKiuhWD2Lic9SNaEgx0kaq3bTzBafoTACXiTsjhcuPUe374XhUbed/7joCJ5xEGjOkVMt1Yu2nSGqKGRnm7hJFYoT7qEtahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/ue1Eh2W/ZRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSLxXd82Kp5hQqZTBFFhyBE3AGXHABKuAaVIEHMCDgETyDF+vJerXerPdpa8aazRyCOVifv8XXoCA=</latexit>

S0
<latexit sha1_base64="ZwjRqhw7du3SVGt1yj6wR23zGqE=">AAACDXicbVC7TgJBFJ31ifhCLU3MRGK0YnexkE4SG0tQF0hgQ2aHWZgws7OZmTUhhNLOxEr/xITC0PoNfoO9tcOjEPAkNzk5597ce08QM6q043xZK6tr6xubqa309s7u3n7m4LCiRCIx8bBgQtYCpAijEfE01YzUYkkQDxipBt2bsV99JFJRET3oXkx8jtoRDSlG2kh39+fNTNbJORPAZeLOSPZ6NCx/P50MS83MT6MlcMJJpDFDStVdJ9Z+H0lNMSODdCNRJEa4i9qkbmiEOFF+f3LpAJ4ZpQVDIU1FGk7UvxN9xJXq8cB0cqQ7atEbi/959USHBb9PozjRJMLTRWHCoBZw/DZsUUmwZj1DEJbU3ApxB0mEtQlnbovtKSPZXHQktTWPbc4CIboDE5S7GMsyqeRz7mUuX3ayxQKYIgWOwSm4AC64AkVwC0rAAxiE4Bm8gjfrxXq3PqzRtHXFms0cgTlYn78r2aBR</latexit>
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Diameter
Definition: the average diameter, diameter, and maximum 
diameter of a family                            of data-dependent 
hypothesis sets are defined by
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H = (HS)S2Zm
<latexit sha1_base64="dHclqQ8in1cN+TsLVStpMKFO60Q="></latexit>

E
S⇠Z

m

z⇠S


sup

h,h02HS

L(h0, z)� L(h, z)

�
 �

<latexit sha1_base64="kvWjFWb/q0QIvSwm08XvsFkus3g="></latexit>

sup
S2Zm

E
z⇠S


sup

h,h02HS

L(h0, z)� L(h, z)

�
 �

<latexit sha1_base64="7S+URr7ASFOwGrEh09H8Txiph+E="></latexit>

sup
S2Z

m

z2S


sup

h,h02HS

L(h0, z)� L(h, z)

�
 �max.

<latexit sha1_base64="tzpUNi+SDpke31/NQQDCU7QvKMA="></latexit>
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Rademacher Complexity
Notation: for samples                   and vector of Rademacher 
variables    ,          is defined as follows, and                         .
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S, T ⇠ Zm
<latexit sha1_base64="uVzmIRW2tS+TWlhUapjMlerb9io=">AAACHHicbVC7SgNBFJ31GeMjqyltBkPAQrK7sTBlwMYyYl6YxDA7mU2GzOwsM7NCCOn8C8FK/0RsxFbQD/ALxNrJozCJB+7lcM693MvxI0aVdt0Pa2V1bX1jM7GV3N7Z3UvZ+wdVJWKJSQULJmTdR4owGpKKppqReiQJ4j4jNb9/PvZrt0QqKsKyHkSkxVE3pAHFSBupbaeuTmAZNhXlpl3f8LadcXPuBHCZeDOSKaazd98vX5+ltv3T7AgccxJqzJBSDc+NdGuIpKaYkVGyGSsSIdxHXdIwNEScqNZw8vgIZo3SgYGQpkINJ+rfjSHiSg24byY50j216I3F/7xGrINCa0jDKNYkxNNDQcygFnCcAuxQSbBmA0MQltT8CnEPSYS1yWruilNRRnK46EnqaB45nPlC9EcmKG8xlmVSzee801z+0iRWAFMkwCE4AsfAA2egCC5ACVQABjG4B4/gyXqwnq1X6206umLNdtJgDtb7LwkqpYA=</latexit>

�
<latexit sha1_base64="1aTRRKSRArjGX7t7gRHgPl9zDKQ=">AAACEnicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Fgm4CaBJITZyWwy7MzOMjMrhCWlHyBY6Y8EC0Fs/QG/wd7ayaMwiQcuHM65l3vv8WNGlXacLyuztr6xuZXdzu3s7u0f5A+P6kokEhMPCyZk00eKMBoRT1PNSDOWBHGfkYYf3kz8xj2RioroTg9j0uGoH9GAYqSN1Gj7ivY56uYLTtGZAq4Sd04K12/j2vfD6bjazf+0ewInnEQaM6RUy3Vi3UmR1BQzMsq1E0VihEPUJy1DI8SJ6qTTc0fw3Cg9GAhpKtJwqv6dSBFXash908mRHqhlbyL+57USHZQ7KY3iRJMIzxYFCYNawMnvsEclwZoNDUFYUnMrxAMkEdYmoYUttqeMZHMxkNTWPLY584UIRyYodzmWVVIvFd3LYqnmFCplMEMWnIAzcAFccAUq4BZUgQcwCMEjeAYv1pP1ar1bH7PWjDWfOQYLsD5/Acokotg=</latexit>

ST,�
<latexit sha1_base64="t11NgBzBu3esl4lW82i7aGd2TNY=">AAACGXicbVC7TgJBFJ31BYIP1JJmIjGxMLCLhZREG0uMLJDASmaHASbM7GxmZk3Ihj/wA0ys9E/sjK2Vv2FhZeEsUAh4kpucnHNvzs3xQ0aVtu1Pa219Y3Mrld7OZHd29/ZzB4cNJSKJiYsFE7LlI0UYDYirqWakFUqCuM9I0x9dJX7znkhFRVDX45B4HA0C2qcYaSPd3Xbj+hns+IoOOJp0cwW7aE8BV4kzJ4Vq/usylX34qXVz352ewBEngcYMKdV27FB7MZKaYkYmmU6kSIjwCA1I29AAcaK8ePr1BJ4YpQf7QpoJNJyqfy9ixJUac99scqSHatlLxP+8dqT7FS+mQRhpEuBZUD9iUAuYVAB7VBKs2dgQhCU1v0I8RBJhbYpaSCm5ykglLoaSljQPS5z5QoySopzlWlZJo1x0zovlG9NYBcyQBnlwDE6BAy5AFVyDGnABBhI8gmfwYj1Zr9ab9T5bXbPmN0dgAdbHL/yMpEU=</latexit>

S
<latexit sha1_base64="fQyQ4tQCbMx+7KEa0BhJ+cc77EQ=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Fgm6CaBuITZyWwyZGZnmZkVwpLSSrDSP7EIiJb+g99gb+3kUZjEAxcO59zLvfcEMaNKO86XlVlZXVvfyG7mtrZ3dvfy+wd1JRKJiYcFE7IZIEUYjYinqWakGUuCeMBII+hfjf3GPZGKiuhWD2Lic9SNaEgx0kaq3bTzBafoTACXiTsjhcuPUe374XhUbed/7joCJ5xEGjOkVMt1Yu2nSGqKGRnm7hJFYoT7qEtahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/ue1Eh2W/ZRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSLxXd82Kp5hQqZTBFFhyBE3AGXHABKuAaVIEHMCDgETyDF+vJerXerPdpa8aazRyCOVifv8XXoCA=</latexit>

T
<latexit sha1_base64="2vlt7BRn7NQeXOb8tIBrG7iZauE=">AAACDHicbVC7SgNBFJ31GeMrainIYhCssruxMJ0BG8sEskkgWcLsZDYZMo9lZlYIS0orwUr/xCIgWvoPfoO9tZNHYRIPXDiccy/33hPGlCjtul/W2vrG5tZ2Zie7u7d/cJg7Oq4rkUiEfSSokM0QKkwJx74mmuJmLDFkIcWNcHA78Rv3WCoieE0PYxww2OMkIghqI1VrnVzeLbhT2KvEm5P8zce4+v1wNq50cj/trkAJw1wjCpVqeW6sgxRKTRDFo2w7UTiGaAB7uGUohwyrIJ0eOrIvjNK1IyFNcW1P1b8TKWRKDVloOhnUfbXsTcT/vFaio1KQEh4nGnM0WxQl1NbCnnxtd4nESNOhIRBJYm61UR9KiLTJZmGL4ysjOUz0JXE0ix1GQyEGIxOUtxzLKqkXC95VoVh18+USmCEDTsE5uAQeuAZlcAcqwAcIYPAInsGL9WS9Wm/W+6x1zZrPnIAFWJ+/x3+gIQ==</latexit>

�j = �1
<latexit sha1_base64="cSIw/mPl4uAi+JkoKBBEGTPXfIg=">AAACGHicbVC7TgJBFJ31BYIP1JJmIjGxEXaxkMaEaGOJiQsksCGzwyyMzOysM7MmZMMf2JtY6Z/YGVs7f8PCysLhUQh4kpucnHNvzs3xI0aVtu1Pa2V1bX0jld7MZLe2d3Zze/t1JWKJiYsFE7LpI0UYDYmrqWakGUmCuM9Iwx9cjv3GPZGKivBGDyPicdQLaUAx0kby2or2OOrcwnN44nRyBbtoTwCXiTMjhWr+6yKVffipdXLf7a7AMSehxgwp1XLsSHsJkppiRkaZdqxIhPAA9UjL0BBxorxk8vQIHhmlCwMhzYQaTtS/FwniSg25bzY50n216I3F/7xWrIOKl9AwijUJ8TQoiBnUAo4bgF0qCdZsaAjCkppfIe4jibA2Pc2llFxlpBIXfUlLmkclznwhBiNTlLNYyzKpl4vOabF8bRqrgCnSIA8OwTFwwBmogitQAy7A4A48gmfwYj1Zr9ab9T5dXbFmNwdgDtbHLyArozM=</latexit>

�j = +1
<latexit sha1_base64="Md3lBcfA5l8Vc3yZa1WuovySjPc=">AAACGHicbVC7SgNBFJ31lZj4iFqmGQyCICS7sTCNELSxjOAmgWQJs5PZZMzMzjozK4Qlf2AvWOmf2Imtnb9hYWXh5FGYxAMXDufcy7kcP2JUadv+tFZW19Y3UunNTHZre2c3t7dfVyKWmLhYMCGbPlKE0ZC4mmpGmpEkiPuMNPzB5dhv3BOpqAhv9DAiHke9kAYUI20kr61oj6POLTyHJ04nV7CL9gRwmTgzUqjmvy5S2YefWif33e4KHHMSasyQUi3HjrSXIKkpZmSUaceKRAgPUI+0DA0RJ8pLJk+P4JFRujAQ0kyo4UT9e5EgrtSQ+2aTI91Xi95Y/M9rxTqoeAkNo1iTEE+DgphBLeC4AdilkmDNhoYgLKn5FeI+kghr09NcSslVRipx0Ze0pHlU4swXYjAyRTmLtSyTernonBbL16axCpgiDfLgEBwDB5yBKrgCNeACDO7AI3gGL9aT9Wq9We/T1RVrdnMA5mB9/AIc2aMx</latexit>

ST,�
<latexit sha1_base64="t11NgBzBu3esl4lW82i7aGd2TNY=">AAACGXicbVC7TgJBFJ31BYIP1JJmIjGxMLCLhZREG0uMLJDASmaHASbM7GxmZk3Ihj/wA0ys9E/sjK2Vv2FhZeEsUAh4kpucnHNvzs3xQ0aVtu1Pa219Y3Mrld7OZHd29/ZzB4cNJSKJiYsFE7LlI0UYDYirqWakFUqCuM9I0x9dJX7znkhFRVDX45B4HA0C2qcYaSPd3Xbj+hns+IoOOJp0cwW7aE8BV4kzJ4Vq/usylX34qXVz352ewBEngcYMKdV27FB7MZKaYkYmmU6kSIjwCA1I29AAcaK8ePr1BJ4YpQf7QpoJNJyqfy9ixJUac99scqSHatlLxP+8dqT7FS+mQRhpEuBZUD9iUAuYVAB7VBKs2dgQhCU1v0I8RBJhbYpaSCm5ykglLoaSljQPS5z5QoySopzlWlZJo1x0zovlG9NYBcyQBnlwDE6BAy5AFVyDGnABBhI8gmfwYj1Zr9ab9T5bXbPmN0dgAdbHL/yMpEU=</latexit>

H
�
S,T = HST,�

<latexit sha1_base64="UYfLQi3AQA/9M5FPzhv2hpwNYwM="></latexit>
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Rademacher Complexity
Empirical Rademacher complexity of                           : 

Rademacher complexity of                           :
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bR⇧
S,T (H) =

1

m
E
�

"
sup

h2H�
S,T

mX

i=1

�ih(z
T
i )

#
.

<latexit sha1_base64="zt6zOynGitIToYg/T1wj7aM4b7g="></latexit>

R⇧
m(H) =

1

m
E

S,T⇠D
m

�

"
sup

h2H�
S,T

mX

i=1

�ih(z
T
i )

#
.

<latexit sha1_base64="gXpBdlHI5OU90ZAhJN3Ph0WNpTU="></latexit>

H = (HS)S2Zm
<latexit sha1_base64="dHclqQ8in1cN+TsLVStpMKFO60Q="></latexit>

H = (HS)S2Zm
<latexit sha1_base64="dHclqQ8in1cN+TsLVStpMKFO60Q="></latexit>
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Properties
Concentration: for a    -stable family     with                      , 
with high probability, 

Upper bound: let                                    , then,
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�
<latexit sha1_base64="vhVuqd35vyg2bRqK1aEaaysIkX4=">AAACEHicbVC7TgJBFJ3FF+ILpbTZSEisYBcLKUlsLDFxgQQ2ZnaYhQkzO5uZuyZkQ2dvYqV/YmdsLPwD/QC/wFg7PAoBT3KTk3Puzb33BDFnGhznw8qsrW9sbmW3czu7e/sH+cOjppaJItQjkkvVDrCmnEXUAwactmNFsQg4bQXDi4nfuqVKMxldwyimvsD9iIWMYDCS1w0o4Jt80Sk7U9irxJ2TYr1Quvt++/ps3OR/uj1JEkEjIBxr3XGdGPwUK2CE03Gum2gaYzLEfdoxNMKCaj+dHju2S0bp2aFUpiKwp+rfiRQLrUciMJ0Cw0AvexPxP6+TQFjzUxbFCdCIzBaFCbdB2pPP7R5TlAAfGYKJYuZWmwywwgRMPgtbKp42UkXIgWIVEHFF8EDK4dgE5S7Hskqa1bJ7Vq5emcRqaIYsOkYn6BS56BzV0SVqIA8RxNA9ekRP1oP1bL1Yr7PWjDWfKaAFWO+/UIyiFw==</latexit>

H
<latexit sha1_base64="XpgxvG9HSmtLpDP6vun3AL5hyf0=">AAACDnicbVC7TgJBFJ3FF+ILtTQxE4mJFexiIZ0kNpQQXSCBDZkdZmHCzM5mZtaEbCgtTaz0TwyN2voLfoO9tcOjEPAkNzk5597ce48fMaq0bX9ZqbX1jc2t9HZmZ3dv/yB7eFRXIpaYuFgwIZs+UoTRkLiaakaakSSI+4w0/MHNxG/cE6moCO/0MCIeR72QBhQjbaTbNq50sjk7b08BV4kzJ7nr93Ht++F0XO1kf9pdgWNOQo0ZUqrl2JH2EiQ1xYyMMu1YkQjhAeqRlqEh4kR5yfTUETw3ShcGQpoKNZyqfycSxJUact90cqT7atmbiP95rVgHJS+hYRRrEuLZoiBmUAs4+Rt2qSRYs6EhCEtqboW4jyTC2qSzsKXgKiMVuOhLWtA8KnDmCzEYmaCc5VhWSb2Ydy7zxZqdK5fADGlwAs7ABXDAFSiDCqgCF2DQA4/gGbxYT9ar9WZ9zFpT1nzmGCzA+vwFO0Kg6A==</latexit>

� = O(1/m)
<latexit sha1_base64="aOVa590VgbXLLh+RtmOzirWmrbw=">AAACGXicbVC7SgNBFJ31mfiM2gg2g0GITXY3FqYRgjZ2KrgqJDHMTibJkJmdZeauEJeAnyFY6Sf4B3ZiayX4HdZOEgtNPHDhcM69nMsJY8ENeN6HMzU9Mzs3n8kuLC4tr6zm1tYvjEo0ZQFVQumrkBgmeMQC4CDYVawZkaFgl2H3aOBf3jBtuIrOoRezuiTtiLc4JWCl61rIgOADfFLwXbnbyOW9ojcEniT+D8lXNm8/s3fPh6eN3FetqWgiWQRUEGOqvhdDPSUaOBWsv1BLDIsJ7ZI2q1oaEclMPR1+3cc7VmniltJ2IsBD9fdFSqQxPRnaTUmgY8a9gfifV02gVa6nPIoTYBEdBbUSgUHhQQW4yTWjIHqWEKq5/RXTDtGEgi3qT4obGCu5UnU0d0HGrhShUt2+Lcofr2WSXJSK/l6xdGYbK6MRMmgLbaMC8tE+qqBjdIoCRJFG9+gRPTkPzovz6ryNVqecn5sN9AfO+zf68aMQ</latexit>

��� bR⇧
S,T (H)�R⇧

m(H)
���  O(1/

p

2m).
<latexit sha1_base64="BZ8XRNYLNkQX4q+4j54u7G76vHc="></latexit>

R⇧
m(H) 

1

m
E

S,T⇠D
m

�


sup

h2HS,T

mX

i=1

�ih(z
T
i )

�
= E

S,T⇠D
m

h
bRT (HS,T )

i
.

<latexit sha1_base64="GASNCtsKcXC28QE+eq718+bgzgI="></latexit>

HS,T =
S

U✓S[T
U2Zm

HU
<latexit sha1_base64="5BI78pIGXoisTQNhMY6cmfoAmIc="></latexit>
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Example
For       defined by
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HS
<latexit sha1_base64="4tbPJYB4M17a0tgBSjGLzwJ7ARk=">AAACEHicbVDLTgJBEJz1iSiKevQykZB4gl08yJHExHDE6AIJbMjsMAsT5rGZmTUhG77BxJP+gN/gzejRP/BHPDs8DgJW0kmlqjvdXWHMqDau++1sbG5t7+xm9rL7B7nDo/zxSVPLRGHiY8mkaodIE0YF8Q01jLRjRRAPGWmFo+up33ogSlMp7s04JgFHA0EjipGxkt/V9d5dL19wS+4McJ14C1Ko5T6T4k32tdHL/3T7EiecCIMZ0rrjubEJUqQMxYxMst1EkxjhERqQjqUCcaKDdHbsBBat0oeRVLaEgTP170SKuNZjHtpOjsxQr3pT8T+vk5ioGqRUxIkhAs8XRQmDRsLp57BPFcGGjS1BWFF7K8RDpBA2Np+lLWVfW6nM5VDRsuFxmbNQytHEBuWtxrJOmpWSd1mq3HqFWhXMkQFn4BxcAA9cgRqogwbwAQYUPIJn8OI8OW/Ou/Mxb91wFjOnYAnO1y9LhKAS</latexit>

HS =

⇢
x 7! wS · x : wS =

Pm
i=1 ↵ixS

i , k↵k1  ⇤1

�
,

<latexit sha1_base64="y5f/sQA9vmqtooUTjTnNVXv82e4="></latexit>

bR⇧
S,T (H)  rT rS[T⇤1

q
2 log(4m)

m  r2S[T⇤1

q
2 log(4m)

m .
<latexit sha1_base64="4Gi9LHEqNcoulnHWBVu/6PAwdDg="></latexit>

rT =
qPm

i=1 kxT
i k2

2

m
<latexit sha1_base64="+oCVYxecYibfqOvRdPgFmJX4pV4="></latexit>

rS[T = maxx2S[T kxk2,
<latexit sha1_base64="2li8Dt7BIwDgVX8tjQqIa+pYg5M="></latexit>

and
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Hypothesis Stability Bound
Theorem: let                           be a    -stable family and let    
be the corresponding family of loss functions. Then, for  
any          , with probability at least          over the draw of a 
sample             , the following holds for all              :
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H = (HS)S2Zm
<latexit sha1_base64="dHclqQ8in1cN+TsLVStpMKFO60Q="></latexit>

�
<latexit sha1_base64="vhVuqd35vyg2bRqK1aEaaysIkX4=">AAACEHicbVC7TgJBFJ3FF+ILpbTZSEisYBcLKUlsLDFxgQQ2ZnaYhQkzO5uZuyZkQ2dvYqV/YmdsLPwD/QC/wFg7PAoBT3KTk3Puzb33BDFnGhznw8qsrW9sbmW3czu7e/sH+cOjppaJItQjkkvVDrCmnEXUAwactmNFsQg4bQXDi4nfuqVKMxldwyimvsD9iIWMYDCS1w0o4Jt80Sk7U9irxJ2TYr1Quvt++/ps3OR/uj1JEkEjIBxr3XGdGPwUK2CE03Gum2gaYzLEfdoxNMKCaj+dHju2S0bp2aFUpiKwp+rfiRQLrUciMJ0Cw0AvexPxP6+TQFjzUxbFCdCIzBaFCbdB2pPP7R5TlAAfGYKJYuZWmwywwgRMPgtbKp42UkXIgWIVEHFF8EDK4dgE5S7Hskqa1bJ7Vq5emcRqaIYsOkYn6BS56BzV0SVqIA8RxNA9ekRP1oP1bL1Yr7PWjDWfKaAFWO+/UIyiFw==</latexit>

G
<latexit sha1_base64="46ClJEdQ8oXn9z8axHlUeBVCaNA=">AAACDnicbVC7TgJBFJ3FF+ILtTQxG4mJFexiIZ0kFlpCdIEENmR2mIUJ89jMzJqQDaWliZX+iaFRW3/Bb7C3dngUAp7kJifn3Jt77wkiSpR2nC8rtbK6tr6R3sxsbe/s7mX3D2pKxBJhDwkqZCOAClPCsaeJprgRSQxZQHE96F+N/fo9looIfqcHEfYZ7HISEgS1kW5b6LqdzTl5ZwJ7mbgzkrt8H1W/H45HlXb2p9URKGaYa0ShUk3XibSfQKkJoniYacUKRxD1YRc3DeWQYeUnk1OH9qlROnYopCmu7Yn6dyKBTKkBC0wng7qnFr2x+J/XjHVY8hPCo1hjjqaLwpjaWtjjv+0OkRhpOjAEIknMrTbqQQmRNunMbSl4ykgFJnqSFDSLCowGQvSHJih3MZZlUivm3fN8serkyiUwRRocgRNwBlxwAcrgBlSABxDogkfwDF6sJ+vVerM+pq0pazZzCOZgff4COZqg5w==</latexit>

� > 0
<latexit sha1_base64="QuejjwnA6efHy7h8bcyvG8ucNKQ=">AAACFXicbVC7SgNBFJ31GeMramkzGASr7K4WCoIKNpYRzAOTILOzEzNkHsvMXSGEgB8hWOmf2ImW1v6DiI3WTh6FUQ9cOJxzL/feEyWCWwiCV29icmp6ZjYzl51fWFxazq2slq1ODWUlqoU21YhYJrhiJeAgWDUxjMhIsErUPu77lStmLNfqDDoJa0hyqXiTUwJOOq/HTADBBzi4yOWDQjAA/kvCEckffrx/vl0/7xcvcl/1WNNUMgVUEGtrYZBAo0sMcCpYL1tPLUsIbZNLVnNUEclsozu4uIc3nRLjpjauFOCB+nOiS6S1HRm5TkmgZX97ffE/r5ZCc6/R5SpJgSk6XNRMBQaN++/jmBtGQXQcIdRwdyumLWIIBRfS2Ba/ZJ3kS90y3AeZ+FJEWrd7Lqjwdyx/SXm7EO4Utk+D/NEeGiKD1tEG2kIh2kVH6AQVUQlRpNANukP33q334D16T8PWCW80s4bG4L18A37ypG8=</latexit>

1� �
<latexit sha1_base64="Sseox9nCifmhLv4BGCjYchFQ4DE=">AAACFXicbVC7SkNBEJ0bX/EdtbRZDIKNyb2xMGXARrCJYFRMQti72Zgl+7jszhVCyF8IVvoR9nZia5PGD9HaTWLh68DA4ZwZZubEiRQOw/AtyMzMzs0vZBeXlldW19ZzG5vnzqSW8Roz0tjLmDouheY1FCj5ZWI5VbHkF3HvaOxf3HDrhNFn2E94U9FrLTqCUfTSVUT2SaPNJdJWLh8WwgnIXxJ9kXwF3h9Ho8xJtZX7aLQNSxXXyCR1rh6FCTYH1KJgkg+XGqnjCWU9es3rnmqquGsOJhcPya5X2qRjrC+NZKJ+nxhQ5Vxfxb5TUey6395Y/M+rp9gpNwdCJylyzaaLOqkkaMj4fdIWljOUfU8os8LfSliXWsrQh/RjS7HmvFRUpmtFEVVSVDI2pjf0QUW/Y/lLzkuF6KBQOvWJlWGKLGzDDuxBBIdQgWOoQg0YaLiFe3gI7oKn4Dl4mbZmgq+ZLfiB4PUT7Pqiuw==</latexit>

S 2 Zm
<latexit sha1_base64="JrSMG5a/Jp8QZyqHYjesuAW5noY=">AAACFnicbVC7SgNBFJ31GeMramkzGASrZDcWBiwM2FhGNA/cjWF2MkmGzGOZmRVCCPgTgpX+iZ2ktfUfRGy0dvIoTOKBC4dz7uXee8KIUW1c991ZWFxaXllNrCXXNza3tlM7u2UtY4VJCUsmVTVEmjAqSMlQw0g1UgTxkJFK2Dkf+pU7ojSV4tp0I1LjqCVok2JkrORfwYAKGOibW15Ppd2MOwKcJ96EpM++Pr8/7genxXrqJ2hIHHMiDGZIa99zI1PrIWUoZqSfDGJNIoQ7qEV8SwXiRNd6o5P78NAqDdiUypYwcKT+neghrnWXh7aTI9PWs95Q/M/zY9PM13pURLEhAo8XNWMGjYTD/2GDKoIN61qCsKL2VojbSCFsbEpTW7IlbaUsl21Fs4ZHWc5CKTt9G5Q3G8s8Kecy3nEmd+mmC3kwRgLsgwNwBDxwAgrgAhRBCWAgwQN4As/Oo/PivDqDceuCM5nZA1Nw3n4Bt8ylHw==</latexit>

h 2 HS
<latexit sha1_base64="nMgw98JP9jimX1RK0wDGMbbGpRk=">AAACFnicbVC7SgNBFJ31GaPRqKXNYAhYZXdjYcqAICkjmgdsljA7mWSHzGOZmRVCyGcIVtr5GRaC2Nr6I9ZOHoVJPHDhcM693HtPlDCqjed9OxubW9s7u5m97P5B7vAof3zS1DJVmDSwZFK1I6QJo4I0DDWMtBNFEI8YaUXD66nfeiBKUynuzSghIUcDQfsUI2OlIIYdKmBH17p33XzBK3kzwHXiL0ihmntPizfZ13o3/9PpSZxyIgxmSOvA9xITjpEyFDMyyXZSTRKEh2hAAksF4kSH49nJE1i0Sg/2pbIlDJypfyfGiGs94pHt5MjEetWbiv95QWr6lXBMRZIaIvB8UT9l0Eg4/R/2qCLYsJElCCtqb4U4RgphY1Na2uI2tJVcLmNFXcMTl7NIyuHEBuWvxrJOmuWSf1kq39rEKmCODDgD5+AC+OAKVEEN1EEDYCDBI3gGL86T8+Z8OJ/z1g1nMXMKluB8/QJKyaIo</latexit>

R(h)  bRS(h) + min{2R⇧
m(G),� +�}+ [1 + 2�m]

s
log 1

�

2m
.

<latexit sha1_base64="3jCDamMzC6Kll+NUp1raYmXMz+Y="></latexit>



pageMohri@

Proof Sketch
Mc-Diarmid’s inequality applied to              where 

• proof of                -sensitivity of              . 

• upper bound on                          in terms of Rademacher 
complexity.
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 (S, S0) = sup
h2HS

R(h)� bRS0(h).
<latexit sha1_base64="birIxSbXdjaYwYBEAes85zAHyco="></latexit>

 (S, S)
<latexit sha1_base64="aNrEAmQvzrez0a/WIg/xU60pV4U=">AAACFXicbVBLS0JBFJ5rL7WX1SZoMySBQXjvtUUupTYtDfNBKjJ3HHVwHpeZuYGJ0I8IWtWPaN8u2rYO+h2tGx+LtD448PF953DO+YKQUW0879OJLS2vrK7FE8n1jc2t7dTObkXLSGFSxpJJVQuQJowKUjbUMFILFUE8YKQa9C/GfvWWKE2luDaDkDQ56graoRgZK900ippmSiewdNxKpb2sNwH8S/wZSRf2774S9y/nxVbqu9GWOOJEGMyQ1nXfC01ziJShmJFRshFpEiLcR11St1QgTnRzOLl4BI+s0oYdqWwJAyfq74kh4loPeGA7OTI9veiNxf+8emQ6+eaQijAyRODpok7EoJFw/D5sU0WwYQNLEFbU3gpxDymEjQ1pbotb1lZyuewp6hoeupwFUvZHNih/MZa/pJLL+qfZ3JVNLA+miIMDcAgywAdnoAAuQRGUAQYCPIAn8Ow8Oq/Om/M+bY05s5k9MAfn4weKSaHR</latexit>

( 1
m +�)

<latexit sha1_base64="Lv2vEgVEoakq2qBOEsvwPB3KEHk="></latexit>

 (S, S)
<latexit sha1_base64="aNrEAmQvzrez0a/WIg/xU60pV4U=">AAACFXicbVBLS0JBFJ5rL7WX1SZoMySBQXjvtUUupTYtDfNBKjJ3HHVwHpeZuYGJ0I8IWtWPaN8u2rYO+h2tGx+LtD448PF953DO+YKQUW0879OJLS2vrK7FE8n1jc2t7dTObkXLSGFSxpJJVQuQJowKUjbUMFILFUE8YKQa9C/GfvWWKE2luDaDkDQ56graoRgZK900ippmSiewdNxKpb2sNwH8S/wZSRf2774S9y/nxVbqu9GWOOJEGMyQ1nXfC01ziJShmJFRshFpEiLcR11St1QgTnRzOLl4BI+s0oYdqWwJAyfq74kh4loPeGA7OTI9veiNxf+8emQ6+eaQijAyRODpok7EoJFw/D5sU0WwYQNLEFbU3gpxDymEjQ1pbotb1lZyuewp6hoeupwFUvZHNih/MZa/pJLL+qfZ3JVNLA+miIMDcAgywAdnoAAuQRGUAQYCPIAn8Ow8Oq/Om/M+bY05s5k9MAfn4weKSaHR</latexit>

E
S⇠Dm

[ (S, S)]
<latexit sha1_base64="Z8v/z0TVbrvIA/cgf8X3d8d0YO0="></latexit>
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Hypothesis Stability Bound
Theorem: let                           be a    -stable family and let    
be the corresponding family of loss functions. Then, for  
any          , with probability at least          over the draw of a 
sample             , the following holds for all              :
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H = (HS)S2Zm
<latexit sha1_base64="dHclqQ8in1cN+TsLVStpMKFO60Q="></latexit>

�
<latexit sha1_base64="vhVuqd35vyg2bRqK1aEaaysIkX4=">AAACEHicbVC7TgJBFJ3FF+ILpbTZSEisYBcLKUlsLDFxgQQ2ZnaYhQkzO5uZuyZkQ2dvYqV/YmdsLPwD/QC/wFg7PAoBT3KTk3Puzb33BDFnGhznw8qsrW9sbmW3czu7e/sH+cOjppaJItQjkkvVDrCmnEXUAwactmNFsQg4bQXDi4nfuqVKMxldwyimvsD9iIWMYDCS1w0o4Jt80Sk7U9irxJ2TYr1Quvt++/ps3OR/uj1JEkEjIBxr3XGdGPwUK2CE03Gum2gaYzLEfdoxNMKCaj+dHju2S0bp2aFUpiKwp+rfiRQLrUciMJ0Cw0AvexPxP6+TQFjzUxbFCdCIzBaFCbdB2pPP7R5TlAAfGYKJYuZWmwywwgRMPgtbKp42UkXIgWIVEHFF8EDK4dgE5S7Hskqa1bJ7Vq5emcRqaIYsOkYn6BS56BzV0SVqIA8RxNA9ekRP1oP1bL1Yr7PWjDWfKaAFWO+/UIyiFw==</latexit>

G
<latexit sha1_base64="46ClJEdQ8oXn9z8axHlUeBVCaNA=">AAACDnicbVC7TgJBFJ3FF+ILtTQxG4mJFexiIZ0kFlpCdIEENmR2mIUJ89jMzJqQDaWliZX+iaFRW3/Bb7C3dngUAp7kJifn3Jt77wkiSpR2nC8rtbK6tr6R3sxsbe/s7mX3D2pKxBJhDwkqZCOAClPCsaeJprgRSQxZQHE96F+N/fo9looIfqcHEfYZ7HISEgS1kW5b6LqdzTl5ZwJ7mbgzkrt8H1W/H45HlXb2p9URKGaYa0ShUk3XibSfQKkJoniYacUKRxD1YRc3DeWQYeUnk1OH9qlROnYopCmu7Yn6dyKBTKkBC0wng7qnFr2x+J/XjHVY8hPCo1hjjqaLwpjaWtjjv+0OkRhpOjAEIknMrTbqQQmRNunMbSl4ykgFJnqSFDSLCowGQvSHJih3MZZlUivm3fN8serkyiUwRRocgRNwBlxwAcrgBlSABxDogkfwDF6sJ+vVerM+pq0pazZzCOZgff4COZqg5w==</latexit>

� > 0
<latexit sha1_base64="QuejjwnA6efHy7h8bcyvG8ucNKQ=">AAACFXicbVC7SgNBFJ31GeMramkzGASr7K4WCoIKNpYRzAOTILOzEzNkHsvMXSGEgB8hWOmf2ImW1v6DiI3WTh6FUQ9cOJxzL/feEyWCWwiCV29icmp6ZjYzl51fWFxazq2slq1ODWUlqoU21YhYJrhiJeAgWDUxjMhIsErUPu77lStmLNfqDDoJa0hyqXiTUwJOOq/HTADBBzi4yOWDQjAA/kvCEckffrx/vl0/7xcvcl/1WNNUMgVUEGtrYZBAo0sMcCpYL1tPLUsIbZNLVnNUEclsozu4uIc3nRLjpjauFOCB+nOiS6S1HRm5TkmgZX97ffE/r5ZCc6/R5SpJgSk6XNRMBQaN++/jmBtGQXQcIdRwdyumLWIIBRfS2Ba/ZJ3kS90y3AeZ+FJEWrd7Lqjwdyx/SXm7EO4Utk+D/NEeGiKD1tEG2kIh2kVH6AQVUQlRpNANukP33q334D16T8PWCW80s4bG4L18A37ypG8=</latexit>

1� �
<latexit sha1_base64="Sseox9nCifmhLv4BGCjYchFQ4DE=">AAACFXicbVC7SkNBEJ0bX/EdtbRZDIKNyb2xMGXARrCJYFRMQti72Zgl+7jszhVCyF8IVvoR9nZia5PGD9HaTWLh68DA4ZwZZubEiRQOw/AtyMzMzs0vZBeXlldW19ZzG5vnzqSW8Roz0tjLmDouheY1FCj5ZWI5VbHkF3HvaOxf3HDrhNFn2E94U9FrLTqCUfTSVUT2SaPNJdJWLh8WwgnIXxJ9kXwF3h9Ho8xJtZX7aLQNSxXXyCR1rh6FCTYH1KJgkg+XGqnjCWU9es3rnmqquGsOJhcPya5X2qRjrC+NZKJ+nxhQ5Vxfxb5TUey6395Y/M+rp9gpNwdCJylyzaaLOqkkaMj4fdIWljOUfU8os8LfSliXWsrQh/RjS7HmvFRUpmtFEVVSVDI2pjf0QUW/Y/lLzkuF6KBQOvWJlWGKLGzDDuxBBIdQgWOoQg0YaLiFe3gI7oKn4Dl4mbZmgq+ZLfiB4PUT7Pqiuw==</latexit>

S 2 Zm
<latexit sha1_base64="JrSMG5a/Jp8QZyqHYjesuAW5noY=">AAACFnicbVC7SgNBFJ31GeMramkzGASrZDcWBiwM2FhGNA/cjWF2MkmGzGOZmRVCCPgTgpX+iZ2ktfUfRGy0dvIoTOKBC4dz7uXee8KIUW1c991ZWFxaXllNrCXXNza3tlM7u2UtY4VJCUsmVTVEmjAqSMlQw0g1UgTxkJFK2Dkf+pU7ojSV4tp0I1LjqCVok2JkrORfwYAKGOibW15Ppd2MOwKcJ96EpM++Pr8/7genxXrqJ2hIHHMiDGZIa99zI1PrIWUoZqSfDGJNIoQ7qEV8SwXiRNd6o5P78NAqDdiUypYwcKT+neghrnWXh7aTI9PWs95Q/M/zY9PM13pURLEhAo8XNWMGjYTD/2GDKoIN61qCsKL2VojbSCFsbEpTW7IlbaUsl21Fs4ZHWc5CKTt9G5Q3G8s8Kecy3nEmd+mmC3kwRgLsgwNwBDxwAgrgAhRBCWAgwQN4As/Oo/PivDqDceuCM5nZA1Nw3n4Bt8ylHw==</latexit>

h 2 HS
<latexit sha1_base64="nMgw98JP9jimX1RK0wDGMbbGpRk=">AAACFnicbVC7SgNBFJ31GaPRqKXNYAhYZXdjYcqAICkjmgdsljA7mWSHzGOZmRVCyGcIVtr5GRaC2Nr6I9ZOHoVJPHDhcM693HtPlDCqjed9OxubW9s7u5m97P5B7vAof3zS1DJVmDSwZFK1I6QJo4I0DDWMtBNFEI8YaUXD66nfeiBKUynuzSghIUcDQfsUI2OlIIYdKmBH17p33XzBK3kzwHXiL0ihmntPizfZ13o3/9PpSZxyIgxmSOvA9xITjpEyFDMyyXZSTRKEh2hAAksF4kSH49nJE1i0Sg/2pbIlDJypfyfGiGs94pHt5MjEetWbiv95QWr6lXBMRZIaIvB8UT9l0Eg4/R/2qCLYsJElCCtqb4U4RgphY1Na2uI2tJVcLmNFXcMTl7NIyuHEBuWvxrJOmuWSf1kq39rEKmCODDgD5+AC+OAKVEEN1EEDYCDBI3gGL86T8+Z8OJ/z1g1nMXMKluB8/QJKyaIo</latexit>

R(h)  bRS(h) + min

(
2R⇧

m(G) + (1 + 2�m)
q

1
2m log( 1� ),

p
e (� +�) + 4

q
( 1
m + 2�) log( 6� ),

47(3� +�max) log(m) log( 5m
3

� ) +
q

4
m log( 4� )

)
.

<latexit sha1_base64="eDUs45Noj8tW9eNhaxL4pm8AtFw="></latexit>
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Proof
Proof of second statement: uses a differential privacy-
based technique, as in (Feldman and Vondrak, 2018). A key part 
consists of bounding                              in terms of    . 

Proof of third statement: uses the observation that an 
algorithm choosing a predictor in        is                    -stable, 
and the stability bound of (Feldman and Vondrak, 2018).
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E
S⇠Dpm

k=A(S)

[ (Sk, Sk)]

<latexit sha1_base64="XcUe85TJ0gcHbFxG+clHkYZMIQU="></latexit>

�
<latexit sha1_base64="mD53zcxEVF/Qjh01Xf79e2EL8i8=">AAACD3icbVC7SgNBFJ2Nrxhf0ZQ2iyFglezGwpQBG8sIbhJIFpmdzGaHzGOZmRXCks5asNI/sRMrwU/QD/ALxNrZJIVJPHDhcM693HtPEFOitON8WLm19Y3Nrfx2YWd3b/+geHjUViKRCHtIUCG7AVSYEo49TTTF3VhiyAKKO8HoIvM7t1gqIvi1HsfYZ3DISUgQ1JnURxG5KZadqjOFvUrcOSk3S5W777evz9ZN8ac/EChhmGtEoVI914m1n0KpCaJ4UugnCscQjeAQ9wzlkGHlp9NbJ3bFKAM7FNIU1/ZU/TuRQqbUmAWmk0EdqWUvE//zeokOG35KeJxozNFsUZhQWws7e9weEImRpmNDIJLE3GqjCEqItIlnYUvNU0aqMRFJUtMsrjEaCDGamKDc5VhWSbtedc+q9SuTWAPMkAfH4AScAhecgya4BC3gAQQicA8ewZP1YD1bL9brrDVnzWdKYAHW+y99naGl</latexit>

HS
<latexit sha1_base64="/pHrgIUKInQ67fH4W3KI2zLa+4c=">AAACEHicbVDLTgJBEJz1iSiKevQykZB4gl08yJHExHDE6AIJbMjsMAsT5rGZmTUhG77BxJP+gN/gzejRP/BHPDs8DgJW0kmlqjvdXWHMqDau++1sbG5t7+xm9rL7B7nDo/zxSVPLRGHiY8mkaodIE0YF8Q01jLRjRRAPGWmFo+up33ogSlMp7s04JgFHA0EjipGxkt/V9d5dL19wS+4McJ14C1Ko5T6T4k32tdHL/3T7EiecCIMZ0rrjubEJUqQMxYxMst1EkxjhERqQjqUCcaKDdHbsBBat0oeRVLaEgTP170SKuNZjHtpOjsxQr3pT8T+vk5ioGqRUxIkhAs8XRQmDRsLp57BPFcGGjS1BWFF7K8RDpBA2Np+lLWVfW6nM5VDRsuFxmbNQytHEBuWtxrJOmpWSd1mq3NrEqmCODDgD5+ACeOAK1EAdNIAPMKDgETyDF+fJeXPenY9564azmDkFS3C+fgFLNKAR</latexit>

(� +�max)
<latexit sha1_base64="4ovQAv2iLv5R6k0I629tYihnBIQ="></latexit>
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Applications
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Bagging
Description: 

•    batches                   each of size    by sampling with 
replacement from   . 

• algorithm     trained on each sample                   . 

•                  , for some           . 

• return convex combination                         ; thus,
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k
<latexit sha1_base64="5nNfyN8zSY7j8ii200QwiDEdcBY=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Fgm4CaBJITZyWwy7MzOMjMrhCWllWClf2IREC39B7/B3trJozCJBy4czrmXe+/xY0aVdpwvK7O2vrG5ld3O7ezu7R/kD4/qSiQSEw8LJmTTR4owGhFPU81IM5YEcZ+Rhh/eTPzGPZGKiuhOD2PS4agf0YBipI1UC7v5glN0poCrxJ2TwvXHuPb9cDqudvM/7Z7ACSeRxgwp1XKdWHdSJDXFjIxy7USRGOEQ9UnL0Ahxojrp9NARPDdKDwZCmoo0nKp/J1LElRpy33RypAdq2ZuI/3mtRAflTkqjONEkwrNFQcKgFnDyNexRSbBmQ0MQltTcCvEASYS1yWZhi+0pI9lcDCS1NY9tznwhwpEJyl2OZZXUS0X3sliqOYVKGcyQBSfgDFwAF1yBCrgFVeABDAh4BM/gxXqyXq03633WmrHmM8dgAdbnL+2XoDg=</latexit>

B1, . . . , Bk
<latexit sha1_base64="fphVaVTWGKDtq3X7zZ+i9Z0vYY8=">AAACHXicbVC7SgNBFJ31GeNrNaXNYAhYhGQ3FlqG2FhGMFFIwjI7mSRDZnaWmbtCCOn8DMFK/0QrsRX9AL9ArJ08Ck08cOFwzr2cywljwQ143ruztLyyurae2khvbm3v7Lp7+3WjEk1ZjSqh9HVIDBM8YjXgINh1rBmRoWBXYf9s7F/dMG24ii5hELOWJN2IdzglYKXAdSuBn8dN0VZg8rgS9AM36xW8CfAi8WckW87kbr+ePz+qgfvdbCuaSBYBFcSYhu/F0BoSDZwKNko3E8NiQvukyxqWRkQy0xpOPh/hnFXauKO0nQjwRP19MSTSmIEM7aYk0DPz3lj8z2sk0DltDXkUJ8AiOg3qJAKDwuMacJtrRkEMLCFUc/srpj2iCQVb1p+UYs1YqShVT/MiyLgoRahUf2SL8udrWST1UsE/LpQubGOnaIoUOkCH6Aj56ASV0Tmqohqi6AbdoQf06Nw7T86L8zpdXXJmNxn0B87bD3zjpbY=</latexit>

p
<latexit sha1_base64="WH64U4YXx/ldh1x7hWFj74znQhk=">AAACDHicbVC7TgJBFJ3FF+ILpbTZSEis2F0spCSxsYTEBRLYkNlhFibMYzMza0I2dHYmVvondsaWf9AP8AuMtcOjEPAkNzk5597ce08YU6K0635Yma3tnd297H7u4PDo+CR/etZUIpEI+0hQIdshVJgSjn1NNMXtWGLIQopb4ehm5rfusVRE8Ds9jnHA4ICTiCCojdSIe/miW3bnsDeJtyTFWqH08D39+qz38j/dvkAJw1wjCpXqeG6sgxRKTRDFk1w3UTiGaAQHuGMohwyrIJ0fOrFLRunbkZCmuLbn6t+JFDKlxiw0nQzqoVr3ZuJ/XifRUTVICY8TjTlaLIoSamthz762+0RipOnYEIgkMbfaaAglRNpks7LF8ZWRHCaGkjiaxQ6joRCjiQnKW49lkzQrZe+qXGmYxKpggSw4BxfgEnjgGtTALagDHyCAwSN4Bi/Wk/VqvVnvi9aMtZwpgBVY018vH6Bn</latexit>

S
<latexit sha1_base64="fQyQ4tQCbMx+7KEa0BhJ+cc77EQ=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Fgm6CaBuITZyWwyZGZnmZkVwpLSSrDSP7EIiJb+g99gb+3kUZjEAxcO59zLvfcEMaNKO86XlVlZXVvfyG7mtrZ3dvfy+wd1JRKJiYcFE7IZIEUYjYinqWakGUuCeMBII+hfjf3GPZGKiuhWD2Lic9SNaEgx0kaq3bTzBafoTACXiTsjhcuPUe374XhUbed/7joCJ5xEGjOkVMt1Yu2nSGqKGRnm7hJFYoT7qEtahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/ue1Eh2W/ZRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSLxXd82Kp5hQqZTBFFhyBE3AGXHABKuAaVIEHMCDgETyDF+vJerXerPdpa8aazRyCOVifv8XXoCA=</latexit>

A
<latexit sha1_base64="Qbt+9frSNUYJxsaJuUWmYfgcGkM=">AAACDnicbVC7TgJBFJ3FF+ILtTQxG4mJFexiIZ0YG0uILpDAhswOszBhHpuZWROyobQ0sdI/MTRq6y/4DfbWDo9CwJPc5OSce3PvPUFEidKO82WlVlbX1jfSm5mt7Z3dvez+QU2JWCLsIUGFbARQYUo49jTRFDciiSELKK4H/euxX7/HUhHB7/Qgwj6DXU5CgqA20m0LXbWzOSfvTGAvE3dGcpfvo+r3w/Go0s7+tDoCxQxzjShUquk6kfYTKDVBFA8zrVjhCKI+7OKmoRwyrPxkcurQPjVKxw6FNMW1PVH/TiSQKTVggelkUPfUojcW//OasQ5LfkJ4FGvM0XRRGFNbC3v8t90hEiNNB4ZAJIm51UY9KCHSJp25LQVPGanARE+SgmZRgdFAiP7QBOUuxrJMasW8e54vVp1cuQSmSIMjcALOgAsuQBncgArwAAJd8AiewYv1ZL1ab9bHtDVlzWYOwRysz18vqqDh</latexit>

A(Bj)
<latexit sha1_base64="XRlylalBA3wwsFyEaVuCKEU6aTg=">AAACE3icbVC7TgJBFJ3FBwg+UEuajcQEG3YXCykRG0tMXCCBDZkdZmFkZmczM2tCNvyBlYmV/omdsfUD/A0LKwuHRyHgSW5ycs69ufceP6JEKtv+NFIbm1vb6cxONre7t3+QPzxqSh4LhF3EKRdtH0pMSYhdRRTF7UhgyHyKW/7oauq37rGQhIe3ahxhj8FBSAKCoNJSu4suS/Xe3VkvX7TL9gzmOnEWpFgrfNXTuYefRi//3e1zFDMcKkShlB3HjpSXQKEIoniS7cYSRxCN4AB3NA0hw9JLZvdOzFOt9M2AC12hMmfq34kEMinHzNedDKqhXPWm4n9eJ1ZB1UtIGMUKh2i+KIipqbg5fd7sE4GRomNNIBJE32qiIRQQKR3R0hbLlVqyGB8KYikWWYz6nI8mOihnNZZ10qyUnfNy5UYnVgVzZEABnIAScMAFqIFr0AAuQICCR/AMXown49V4M97nrSljMXMMlmB8/AJ+VaFM</latexit>

Pk
i=1 wiA(Bi)

<latexit sha1_base64="9x82NvqP2UuWgH0xXztC0UuAgQU="></latexit>

HS :=

⇢ kX

i=1

wiA(Bi) : w 2 �C/k
k

�
.

<latexit sha1_base64="r1ioRhXDrI5ulaBcZWB35H7Pe2o="></latexit>

wi  C/k
<latexit sha1_base64="3FLIkW0eGmbDnPto+b1qPlW1GnY=">AAACF3icbVDLSgMxFM3UV1tfVTeCm2ARXHVm6sIui924rGAf0A4lk2ba0GQyJhmlDgW/QnCl3+APuBO3LgW/w7XpY2FbD1w4nHMv53L8iFGlHefLSq2srq1vpDPZza3tnd3c3n5diVhiUsOCCdn0kSKMhqSmqWakGUmCuM9Iwx9Uxn7jlkhFRXithxHxOOqFNKAYaSO17zoUthm5gRV70MnlnYIzAVwm7ozky4f335mH14tqJ/fT7goccxJqzJBSLdeJtJcgqSlmZJRtx4pECA9Qj7QMDREnyksmP4/giVG6MBDSTKjhRP17kSCu1JD7ZpMj3VeL3lj8z2vFOih5CQ2jWJMQT4OCmEEt4LgA2KWSYM2GhiAsqfkV4j6SCGtT01yKXVNGsrnoS2prHtmc+UIMRqYod7GWZVIvFtyzQvHKzZdLYIo0OALH4BS44ByUwSWoghrAIAKP4Bm8WE/Wm/VufUxXU9bs5gDMwfr8BdOloxU=</latexit>

C � 1
<latexit sha1_base64="EwiVHO+4tE/n5JKbbWWKnakQrdc=">AAACE3icbVDLTgIxFO34RPAx4pJNIzFxxczgQpYkbFxi4sAkQEindKChnY5tx4RM+AkTV/on7oxbP8Af0cSV5bEQ8CQ3OTnn3tx7T5gwqrTrflpb2zu7e/u5g3zh8Oj4xD4ttpRIJSY+FkzIIESKMBoTX1PNSJBIgnjISDscN2Z++4FIRUV8pycJ6XE0jGlEMdJGChqwOyT30OvbZbfizgE3ibck5XrB/gm+i6Vm3/7qDgROOYk1ZkipjucmupchqSlmZJrvpookCI/RkHQMjREnqpfN753CC6MMYCSkqVjDufp3IkNcqQkPTSdHeqTWvZn4n9dJdVTrZTROUk1ivFgUpQxqAWfPwwGVBGs2MQRhSc2tEI+QRFibiFa2OL4yksPFSFJH88ThLBRiPDVBeeuxbJJWteJdVaq3XrleAwvkQAmcg0vggWtQBzegCXyAAQOP4Bm8WE/Wq/VmvS9at6zlzBlYgfXxC+QSoOY=</latexit>
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Bagging
Analysis: 

• loss assumed   -Lipschitz. 

• sampling without replacement. 

• learning bound: whp, for all              , 

• For                    and                , bound converging 
regardless of the stability of algorithm    . 

• Somewhat similar but not comparable bound by (Elisseeff 

et al., 2005).
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µ
<latexit sha1_base64="guoEF63MjYixNAK4x+tgkARWBDY=">AAACDnicbVC7SgNBFJ2Nrxhf0ZQ2iyFgld2NhSkDNpYR3SSQLGF2MpsMmccyMyuEJZ2tYKV/Yid24i/oB/gFYu3kUZjEAxcO59zLvfeEMSVKu+6HlVlb39jcym7ndnb39g/yh0cNJRKJsI8EFbIVQoUp4djXRFPciiWGLKS4GQ4vJn7zFktFBL/RoxgHDPY5iQiC2kjXHZZ080W37E5hrxJvToq1Qunu++3rs97N/3R6AiUMc40oVKrtubEOUig1QRSPc51E4RiiIezjtqEcMqyCdHrq2C4ZpWdHQpri2p6qfydSyJQasdB0MqgHatmbiP957URH1SAlPE405mi2KEqorYU9+dvuEYmRpiNDIJLE3GqjAZQQaZPOwhbHV0ZymBhI4mgWO4yGQgzHJihvOZZV0qiUvbNy5cokVgUzZMExOAGnwAPnoAYuQR34AIE+uAeP4Ml6sJ6tF+t11pqx5jMFsADr/RfPlaFJ</latexit>

h 2 HS
<latexit sha1_base64="nMgw98JP9jimX1RK0wDGMbbGpRk=">AAACFnicbVC7SgNBFJ31GaPRqKXNYAhYZXdjYcqAICkjmgdsljA7mWSHzGOZmRVCyGcIVtr5GRaC2Nr6I9ZOHoVJPHDhcM693HtPlDCqjed9OxubW9s7u5m97P5B7vAof3zS1DJVmDSwZFK1I6QJo4I0DDWMtBNFEI8YaUXD66nfeiBKUynuzSghIUcDQfsUI2OlIIYdKmBH17p33XzBK3kzwHXiL0ihmntPizfZ13o3/9PpSZxyIgxmSOvA9xITjpEyFDMyyXZSTRKEh2hAAksF4kSH49nJE1i0Sg/2pbIlDJypfyfGiGs94pHt5MjEetWbiv95QWr6lXBMRZIaIvB8UT9l0Eg4/R/2qCLYsJElCCtqb4U4RgphY1Na2uI2tJVcLmNFXcMTl7NIyuHEBuWvxrJOmuWSf1kq39rEKmCODDgD5+AC+OAKVEEN1EEDYCDBI3gGL86T8+Z8OJ/z1g1nMXMKluB8/QJKyaIo</latexit>

R(h)  bRS(h)+2µ

r
2p log(4m)

m
+

"
1+2

"
p+

s
2pm log( 1� )

k

#
·Cµ�A

#s
log 2

�

2m
.

<latexit sha1_base64="+LwFUxXUf8yZh3ylG90/MIG4U9M="></latexit>

p = o(
p
m)

<latexit sha1_base64="nlhKjJGa7/T4enDee2Hir1IaA40=">AAACHHicbVC7SgNBFJ31mcRHojaCzaAIsUl2Y2EaIWhjGcE8IAlhdjIxQ2Z21pm7QlwC/odgpT/gN9iJrSD4HdZOHoUmHrhwOOdezuX4oeAGXPfTWVhcWl5ZTSRTa+sbm+nM1nbVqEhTVqFKKF33iWGCB6wCHASrh5oR6QtW8/vnI792y7ThKriCQchaklwHvMspASu1M+kQn2KVbZobDbEcHrUzB27OHQPPE29KDkq7d1/J+5ezcjvz3ewoGkkWABXEmIbnhtCKiQZOBRummpFhIaF9cs0algZEMtOKx48P8aFVOrirtJ0A8Fj9fRETacxA+nZTEuiZWW8k/uc1IugWWzEPwghYQCdB3UhgUHjUAu5wzSiIgSWEam5/xbRHNKFgu/qTkq8YK+Wl6mmeBxnmpfCV6g9tUd5sLfOkWsh5x7nCpW2siCZIoD20j7LIQyeohC5QGVUQRRF6QE/o2Xl0Xp03532yuuBMb3bQHzgfP9d4pKE=</latexit>

k = !(p)
<latexit sha1_base64="SPhQQcv6z0F8YMW9pLUbVd5yJTU=">AAACGHicbVC7SgNBFJ31mcRX1EawGQxCbJLdWJhGCNpYRnCTQLKE2clsMmRmZ52ZFeIS8C8EK/0Fv8BObO0Ev8PayaMwiQcuHM65l3M5fsSo0rb9ZS0tr6yurafSmY3Nre2d7O5eTYlYYuJiwYRs+EgRRkPiaqoZaUSSIO4zUvf7lyO/fkekoiK80YOIeBx1QxpQjLSRvD48hy3BSRflo5N2NmcX7DHgInGmJFc5uP9OP7xeVNvZn1ZH4JiTUGOGlGo6dqS9BElNMSPDTCtWJEK4j7qkaWiIOFFeMn56CI+N0oGBkGZCDcfq34sEcaUG3DebHOmemvdG4n9eM9ZB2UtoGMWahHgSFMQMagFHDcAOlQRrNjAEYUnNrxD3kERYm55mUoquMlKRi56kRc2jIme+EP2hKcqZr2WR1EoF57RQujaNlcEEKXAIjkAeOOAMVMAVqAIXYHALHsEzeLGerDfr3fqYrC5Z05t9MAPr8xcaFaMy</latexit>

A
<latexit sha1_base64="Qbt+9frSNUYJxsaJuUWmYfgcGkM=">AAACDnicbVC7TgJBFJ3FF+ILtTQxG4mJFexiIZ0YG0uILpDAhswOszBhHpuZWROyobQ0sdI/MTRq6y/4DfbWDo9CwJPc5OSce3PvPUFEidKO82WlVlbX1jfSm5mt7Z3dvez+QU2JWCLsIUGFbARQYUo49jTRFDciiSELKK4H/euxX7/HUhHB7/Qgwj6DXU5CgqA20m0LXbWzOSfvTGAvE3dGcpfvo+r3w/Go0s7+tDoCxQxzjShUquk6kfYTKDVBFA8zrVjhCKI+7OKmoRwyrPxkcurQPjVKxw6FNMW1PVH/TiSQKTVggelkUPfUojcW//OasQ5LfkJ4FGvM0XRRGFNbC3v8t90hEiNNB4ZAJIm51UY9KCHSJp25LQVPGanARE+SgmZRgdFAiP7QBOUuxrJMasW8e54vVp1cuQSmSIMjcALOgAsuQBncgArwAAJd8AiewYv1ZL1ab9bHtDVlzWYOwRysz18vqqDh</latexit>
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Stochastic Strongly-Convex Opt.
Description: 

• uniform convergence bounds do not hold for the 
stochastic convex optimization problem in general (Shalev-

Shwartz et al., 2010). 

• 1st stage:     stochastic strongly-convex optimization 
algorithms each returning      ,             ; these algorithms 
are                  -sensitive (Shalev-Shwartz et al., 2010). 

• 2nd stage: choose ensemble from
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K
<latexit sha1_base64="aYV2ee8piWI8aoglEx9SUKepjUM=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Ag2CbhJIC5hdjKbDJnZWWZmhbCktBKs9E8sAqKl/+A32Fs7eRQm8cCFwzn3cu89Qcyo0o7zZWVWVtfWN7Kbua3tnd29/P5BXYlEYuJhwYRsBkgRRiPiaaoZacaSIB4w0gj6V2O/cU+koiK61YOY+Bx1IxpSjLSRajftfMEpOhPAZeLOSOHyY1T7fjgeVdv5n7uOwAknkcYMKdVynVj7KZKaYkaGubtEkRjhPuqSlqER4kT56eTQITw1SgeGQpqKNJyofydSxJUa8MB0cqR7atEbi/95rUSHZT+lUZxoEuHpojBhUAs4/hp2qCRYs4EhCEtqboW4hyTC2mQzt8X2lJFsLnqS2prHNmeBEP2hCcpdjGWZ1EtF97xYqjmFShlMkQVH4AScARdcgAq4BlXgAQwIeATP4MV6sl6tN+t92pqxZjOHYA7W5y+4l6AY</latexit>

bwS
j

<latexit sha1_base64="cTULvKLR6nGa5s0VqJUTC/Ec74s=">AAACE3icbVC7SgNBFJ2NrxhfUcHGZkgQrJLdWJgyYGMZ0TwgWcPsZDYZM49lZlYJIT8hWGnnZwgWYusH2Nj5C9ZOHoVJPHDhcM693HtPEDGqjet+Ooml5ZXVteR6amNza3snvbtX1TJWmFSwZFLVA6QJo4JUDDWM1CNFEA8YqQW9s5FfuyVKUymuTD8iPkcdQUOKkbFSvdmFd9eXrZtWOuvm3DHgIvGmJFvKPL9mvr8Oyq30T7MtccyJMJghrRueGxl/gJShmJFhqhlrEiHcQx3SsFQgTrQ/GN87hEdWacNQKlvCwLH6d2KAuNZ9HthOjkxXz3sj8T+vEZuw6A+oiGJDBJ4sCmMGjYSj52GbKoIN61uCsKL2Voi7SCFsbEQzW/IVbaU8l11F84ZHec4CKXtDG5Q3H8siqRZy3kmucGETK4IJkuAQZMAx8MApKIFzUAYVgAED9+ARPDkPzovz5rxPWhPOdGYfzMD5+AUmFKJa</latexit>

j 2 [K]
<latexit sha1_base64="NUbp/x10NdWnd10b8SU5fKtfJf4=">AAACFHicbVBNS0JBFJ1nX2pfVpugzZAErfQ9W+RSahO0MeipoQ+ZN446OR+PmXmBidB/CFrVn2jdLtq2D/odrRs/FqkduHA4517uvSeMGNXGdb+cxNLyyupaMpVe39jc2s7s7Fa0jBUmPpZMqlqINGFUEN9Qw0gtUgTxkJFq2Dsf+dU7ojSV4tr0IxJw1BG0TTEyVrq5hQ0qYP0yaGaybs4dAy4Sb0qypf3779TD61m5mflptCSOOREGM6R13XMjEwyQMhQzMkw3Yk0ihHuoQ+qWCsSJDgbjg4fwyCot2JbKljBwrP6dGCCudZ+HtpMj09Xz3kj8z6vHpl0MBlREsSECTxa1YwaNhKPvYYsqgg3rW4KwovZWiLtIIWxsRjNb8r62Up7LrqJ5w6M8Z6GUvaENypuPZZFUCjnvJFe4sokVwQRJcAAOwTHwwCkogQtQBj7AgINH8AxenCfnzXl3PiatCWc6swdm4Hz+AoT1odw=</latexit>

� = O( 1
m )

<latexit sha1_base64="HMW6qHa5MqJIZ7/jNxbmdz9dlQU="></latexit>

HS =

8
<

:

KX

j=1

↵j bwS
j : ↵ 2 �K \ B1(↵0, r)

9
=

; ,

<latexit sha1_base64="lKH+kdMa9UH/sIQUr9pf80tsDeY="></latexit>

with                     .r = 1
2µD

p
m

<latexit sha1_base64="1y5RtLwdMNhjLXHfuk8A1NlsqPE="></latexit>
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Analysis: 

• loss assumed   -Lipschitz. 

•       is shown to be      -stable. 

• average diameter bound:                . 

• learning bound: whp, for all              ,
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Stochastic Strongly-Convex Opt.

µ
<latexit sha1_base64="guoEF63MjYixNAK4x+tgkARWBDY=">AAACDnicbVC7SgNBFJ2Nrxhf0ZQ2iyFgld2NhSkDNpYR3SSQLGF2MpsMmccyMyuEJZ2tYKV/Yid24i/oB/gFYu3kUZjEAxcO59zLvfeEMSVKu+6HlVlb39jcym7ndnb39g/yh0cNJRKJsI8EFbIVQoUp4djXRFPciiWGLKS4GQ4vJn7zFktFBL/RoxgHDPY5iQiC2kjXHZZ080W37E5hrxJvToq1Qunu++3rs97N/3R6AiUMc40oVKrtubEOUig1QRSPc51E4RiiIezjtqEcMqyCdHrq2C4ZpWdHQpri2p6qfydSyJQasdB0MqgHatmbiP957URH1SAlPE405mi2KEqorYU9+dvuEYmRpiNDIJLE3GqjAZQQaZPOwhbHV0ZymBhI4mgWO4yGQgzHJihvOZZV0qiUvbNy5cokVgUzZMExOAGnwAPnoAYuQR34AIE+uAeP4Ml6sJ6tF+t11pqx5jMFsADr/RfPlaFJ</latexit>

HS
<latexit sha1_base64="/pHrgIUKInQ67fH4W3KI2zLa+4c=">AAACEHicbVDLTgJBEJz1iSiKevQykZB4gl08yJHExHDE6AIJbMjsMAsT5rGZmTUhG77BxJP+gN/gzejRP/BHPDs8DgJW0kmlqjvdXWHMqDau++1sbG5t7+xm9rL7B7nDo/zxSVPLRGHiY8mkaodIE0YF8Q01jLRjRRAPGWmFo+up33ogSlMp7s04JgFHA0EjipGxkt/V9d5dL19wS+4McJ14C1Ko5T6T4k32tdHL/3T7EiecCIMZ0rrjubEJUqQMxYxMst1EkxjhERqQjqUCcaKDdHbsBBat0oeRVLaEgTP170SKuNZjHtpOjsxQr3pT8T+vk5ioGqRUxIkhAs8XRQmDRsLp57BPFcGGjS1BWFF7K8RDpBA2Np+lLWVfW6nM5VDRsuFxmbNQytHEBuWtxrJOmpWSd1mq3NrEqmCODDgD5+ACeOAK1EAdNIAPMKDgETyDF+fJeXPenY9564azmDkFS3C+fgFLNKAR</latexit>

µ�
<latexit sha1_base64="v6K5Mo9Vi6r+WrwcXgFYuahlMP4=">AAACFHicbVC7TgJBFJ3FF+ILpbSZSEisYBcLKUlsLDGRh2EJmR0GmDCzs5m5a0IInX9gYqV/Yme0tNcP8AuMtcOjEPAkNzk5597ce08QCW7AdT+cxNr6xuZWcju1s7u3f5A+PKoZFWvKqlQJpRsBMUzwkFWBg2CNSDMiA8HqweBi4tdvmTZchdcwjFhLkl7Iu5wSsNKNL2PsBwxIO5118+4UeJV4c5ItZ3J3329fn5V2+sfvKBpLFgIVxJim50bQGhENnAo2TvmxYRGhA9JjTUtDIplpjaYHj3HOKh3cVdpWCHiq/p0YEWnMUAa2UxLom2VvIv7nNWPollojHkYxsJDOFnVjgUHhyfe4wzWjIIaWEKq5vRXTPtGEgs1oYUuhaqxUkKqveQFkVJAiUGowtkF5y7Gsklox753li1c2sRKaIYmO0Qk6RR46R2V0iSqoiiiS6B49oifnwXl2XpzXWWvCmc9k0AKc918x7qOd</latexit>

�  1p
m

<latexit sha1_base64="ovDS7/VKss6097Kds3BnqNzpAow="></latexit>

h 2 HS
<latexit sha1_base64="nMgw98JP9jimX1RK0wDGMbbGpRk=">AAACFnicbVC7SgNBFJ31GaPRqKXNYAhYZXdjYcqAICkjmgdsljA7mWSHzGOZmRVCyGcIVtr5GRaC2Nr6I9ZOHoVJPHDhcM693HtPlDCqjed9OxubW9s7u5m97P5B7vAof3zS1DJVmDSwZFK1I6QJo4I0DDWMtBNFEI8YaUXD66nfeiBKUynuzSghIUcDQfsUI2OlIIYdKmBH17p33XzBK3kzwHXiL0ihmntPizfZ13o3/9PpSZxyIgxmSOvA9xITjpEyFDMyyXZSTRKEh2hAAksF4kSH49nJE1i0Sg/2pbIlDJypfyfGiGs94pHt5MjEetWbiv95QWr6lXBMRZIaIvB8UT9l0Eg4/R/2qCLYsJElCCtqb4U4RgphY1Na2uI2tJVcLmNFXcMTl7NIyuHEBuWvxrJOmuWSf1kq39rEKmCODDgD5+AC+OAKVEEN1EEDYCDBI3gGL86T8+Z8OJ/z1g1nMXMKluB8/QJKyaIo</latexit>

E
z⇠D


L

✓ KX

j=1

↵j bwS
j , z

◆�

 1

m

mX

i=1

L

✓ KX

j=1

↵i bwS
j , z

S
i

◆
+

r
e

m
+

p
eµ� + 4

q⇥
1
m + 2µ�

⇤
log

⇥
6
�

⇤
.

<latexit sha1_base64="POPWMVucnMO0/gePNmVqqRoKhbs="></latexit>
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Δ-Sensitive Mappings
Description: 

• 1st stage: learning mapping                        that is    
-sensitive with                   . 

• 2nd stage: select hypothesis from  

Analysis: 

• loss assumed   -Lipschitz. 

• then                           is            -stable, with                        . 

• learning bound: whp, for all              ,
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�S : X ! RN
<latexit sha1_base64="FieA0gcsyNr+X3Ff3/grFC/IW2w="></latexit>

�
<latexit sha1_base64="PE5SDHmRUV3Z8YuSxC5P8OSCxNg=">AAACEXicbVC7SgNBFJ2NrxhfUUtBFoNgld2NhekMaGGZgHlAEsLsZDYZM7OzzNwVQkhpL1jpl8RGxNYv8BvsrZ08CpN44MLhnHu59x4/4kyD635ZiZXVtfWN5GZqa3tndy+9f1DRMlaElonkUtV8rClnIS0DA05rkaJY+JxW/d7V2K/eU6WZDG+hH9GmwJ2QBYxgMFKlcU054FY642bdCexl4s1I5vJtVPp+OB4VW+mfRluSWNAQCMda1z03guYAK2CE02GqEWsaYdLDHVo3NMSC6uZgcu3QPjVK2w6kMhWCPVH/Tgyw0LovfNMpMHT1ojcW//PqMQT55oCFUQw0JNNFQcxtkPb4dbvNFCXA+4Zgopi51SZdrDABE9DcFqesjeQI2VXMARE5gvtS9oYmKG8xlmVSyWW982yu5GYKeTRFEh2hE3SGPHSBCugGFVEZEXSHHtEzerGerFfr3fqYtias2cwhmoP1+Qu/HqJF</latexit>

� = O( 1
m )

<latexit sha1_base64="43k2kGqohE76h72aRpbqQPthOtY="></latexit>

HS =
�
x 7! w · �S(x) : kwk  �

 
.

<latexit sha1_base64="FUvxMdELY+bs8y/WUMw2cIqLSO8="></latexit>

µ
<latexit sha1_base64="guoEF63MjYixNAK4x+tgkARWBDY=">AAACDnicbVC7SgNBFJ2Nrxhf0ZQ2iyFgld2NhSkDNpYR3SSQLGF2MpsMmccyMyuEJZ2tYKV/Yid24i/oB/gFYu3kUZjEAxcO59zLvfeEMSVKu+6HlVlb39jcym7ndnb39g/yh0cNJRKJsI8EFbIVQoUp4djXRFPciiWGLKS4GQ4vJn7zFktFBL/RoxgHDPY5iQiC2kjXHZZ080W37E5hrxJvToq1Qunu++3rs97N/3R6AiUMc40oVKrtubEOUig1QRSPc51E4RiiIezjtqEcMqyCdHrq2C4ZpWdHQpri2p6qfydSyJQasdB0MqgHatmbiP957URH1SAlPE405mi2KEqorYU9+dvuEYmRpiNDIJLE3GqjAZQQaZPOwhbHV0ZymBhI4mgWO4yGQgzHJihvOZZV0qiUvbNy5cokVgUzZMExOAGnwAPnoAYuQR34AIE+uAeP4Ml6sJ6tF+t11pqx5jMFsADr/RfPlaFJ</latexit>

H = (HS)S2Zm
<latexit sha1_base64="bAc0yIBLwqrRDjqRU1LSvVYp9y4="></latexit>

(µ��)
<latexit sha1_base64="0Go3T1dQ//V6I7WzodghjBeTbhw=">AAACIHicbVC7SgNBFJ31nfiK2gg2g0GITbIbCy2DWlgqGA1kQ7g7mSRDZnaWmbtCDAH/RLDS1q+wE0vF77B2klj4OnDhcM69nMuJEiks+v6rNzU9Mzs3v5DJLi4tr6zm1tYvrE4N41WmpTa1CCyXIuZVFCh5LTEcVCT5ZdQ7GvmXV9xYoeNz7Ce8oaATi7ZggE5q5jYKoUpp2AGlgIbHXCLsNnN5v+iPQf+S4IvkK5vX75mbx8PTZu4jbGmWKh4jk2BtPfATbAzAoGCSD7NhankCrAcdXnc0BsVtYzB+fkh3nNKibW3cxEjH6veLAShr+ypymwqwa397I/E/r55i+6AxEHGSIo/ZJKidSoqajpqgLWE4Q9l3BJgR7lfKumCAoevrR0qpap1UUrprRAlVUlIy0ro3dEUFv2v5Sy7KxWCvWD4L8pUDMsEC2SLbpEACsk8q5ISckiphpE9uyT158O68J+/Ze5msTnlfNxvkB7y3T5DUpgY=</latexit>

h 2 HS
<latexit sha1_base64="nMgw98JP9jimX1RK0wDGMbbGpRk=">AAACFnicbVC7SgNBFJ31GaPRqKXNYAhYZXdjYcqAICkjmgdsljA7mWSHzGOZmRVCyGcIVtr5GRaC2Nr6I9ZOHoVJPHDhcM693HtPlDCqjed9OxubW9s7u5m97P5B7vAof3zS1DJVmDSwZFK1I6QJo4I0DDWMtBNFEI8YaUXD66nfeiBKUynuzSghIUcDQfsUI2OlIIYdKmBH17p33XzBK3kzwHXiL0ihmntPizfZ13o3/9PpSZxyIgxmSOvA9xITjpEyFDMyyXZSTRKEh2hAAksF4kSH49nJE1i0Sg/2pbIlDJypfyfGiGs94pHt5MjEetWbiv95QWr6lXBMRZIaIvB8UT9l0Eg4/R/2qCLYsJElCCtqb4U4RgphY1Na2uI2tJVcLmNFXcMTl7NIyuHEBuWvxrJOmuWSf1kq39rEKmCODDgD5+AC+OAKVEEN1EEDYCDBI3gGL86T8+Z8OJ/z1g1nMXMKluB8/QJKyaIo</latexit>

R(h)  bRS(h) + 2R⇧
m(G) + (1 + 2µ��m)

q
1

2m log( 1� ).
<latexit sha1_base64="fnM7DO07XI3ZawVzWf06CT5Fg58="></latexit>

µ�� = O( 1
m )

<latexit sha1_base64="PjZiSgCMYdNF1nJctP8P5MOpuyE="></latexit>
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Distillation
Description: 

• 1st stage: train a very complex 
model on the training sample    
returning                   ; algorithm 
assumed   -sensitive: 

• 2nd stage: select hypothesis from 
a less complex family     with 

 34

S
<latexit sha1_base64="fQyQ4tQCbMx+7KEa0BhJ+cc77EQ=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Fgm6CaBuITZyWwyZGZnmZkVwpLSSrDSP7EIiJb+g99gb+3kUZjEAxcO59zLvfcEMaNKO86XlVlZXVvfyG7mtrZ3dvfy+wd1JRKJiYcFE7IZIEUYjYinqWakGUuCeMBII+hfjf3GPZGKiuhWD2Lic9SNaEgx0kaq3bTzBafoTACXiTsjhcuPUe374XhUbed/7joCJ5xEGjOkVMt1Yu2nSGqKGRnm7hJFYoT7qEtahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/ue1Eh2W/ZRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSLxXd82Kp5hQqZTBFFhyBE3AGXHABKuAaVIEHMCDgETyDF+vJerXerPdpa8aazRyCOVifv8XXoCA=</latexit>

f⇤
S : X ! R

<latexit sha1_base64="nYcV928TmoccZ2MKnT1ovrJ7zNg="></latexit>

�
<latexit sha1_base64="+pqbol8gQ7uGObB1fBnLtRrE3kE=">AAACEHicbVC7TgJBFJ31ifhCKW02EhIr2MVCShIbS0xcIIENmR1mYcLMzmbmrgnZ0NmbWOmf2BkbC/9AP8AvMNYOj0LAk9zk5Jx7c+89QcyZBsf5sNbWNza3tjM72d29/YPD3NFxQ8tEEeoRyaVqBVhTziLqAQNOW7GiWAScNoPh5cRv3lKlmYxuYBRTX+B+xEJGMBjJ6wQUcDdXcErOFPYqceekUMsX777fvj7r3dxPpydJImgEhGOt264Tg59iBYxwOs52Ek1jTIa4T9uGRlhQ7afTY8d20Sg9O5TKVAT2VP07kWKh9UgEplNgGOhlbyL+57UTCKt+yqI4ARqR2aIw4TZIe/K53WOKEuAjQzBRzNxqkwFWmIDJZ2FL2dNGKgs5UKwMIi4LHkg5HJug3OVYVkmjUnLPS5Vrt1Crohky6ASdojPkogtUQ1eojjxEEEP36BE9WQ/Ws/Vivc5a16z5TB4twHr/BVDcohg=</latexit>

f⇤
S

f⇤
S0

h0h

HS

HS0

H
<latexit sha1_base64="SCBSnMOsYUSbp/scJWIRaUmsWic=">AAACDnicbVC7TgJBFJ3FF+ILtTQxG4mJFexiIZ0kNpQQXSCBDZkdZmHCPDYzsyZkQ2lpYqV/YmjU1l/wG+ytHR6FgCe5yck59+bee4KIEqUd58tKra1vbG6ltzM7u3v7B9nDo7oSsUTYQ4IK2QygwpRw7GmiKW5GEkMWUNwIBjcTv3GPpSKC3+lhhH0Ge5yEBEFtpNu2qnSyOSfvTGGvEndOctfv49r3w+m42sn+tLsCxQxzjShUquU6kfYTKDVBFI8y7VjhCKIB7OGWoRwyrPxkeurIPjdK1w6FNMW1PVX/TiSQKTVkgelkUPfVsjcR//NasQ5LfkJ4FGvM0WxRGFNbC3vyt90lEiNNh4ZAJIm51UZ9KCHSJp2FLQVPGanARF+SgmZRgdFAiMHIBOUux7JK6sW8e5kv1txcuQRmSIMTcAYugAuuQBlUQBV4AIEeeATP4MV6sl6tN+tj1pqy5jPHYAHW5y9WIqD5</latexit>

HS =
�
h 2 H : k(h� f⇤

S)k1  �
 
.

<latexit sha1_base64="JrPX4oPymc0Pj+IuSQQT5IAQ9U4="></latexit>

�
<latexit sha1_base64="+pqbol8gQ7uGObB1fBnLtRrE3kE=">AAACEHicbVC7TgJBFJ31ifhCKW02EhIr2MVCShIbS0xcIIENmR1mYcLMzmbmrgnZ0NmbWOmf2BkbC/9AP8AvMNYOj0LAk9zk5Jx7c+89QcyZBsf5sNbWNza3tjM72d29/YPD3NFxQ8tEEeoRyaVqBVhTziLqAQNOW7GiWAScNoPh5cRv3lKlmYxuYBRTX+B+xEJGMBjJ6wQUcDdXcErOFPYqceekUMsX777fvj7r3dxPpydJImgEhGOt264Tg59iBYxwOs52Ek1jTIa4T9uGRlhQ7afTY8d20Sg9O5TKVAT2VP07kWKh9UgEplNgGOhlbyL+57UTCKt+yqI4ARqR2aIw4TZIe/K53WOKEuAjQzBRzNxqkwFWmIDJZ2FL2dNGKgs5UKwMIi4LHkg5HJug3OVYVkmjUnLPS5Vrt1Crohky6ASdojPkogtUQ1eojjxEEEP36BE9WQ/Ws/Vivc5a16z5TB4twHr/BVDcohg=</latexit>

kf⇤
S � f

⇤
S0k  � = O( 1

m ).
<latexit sha1_base64="CCPqJYFvOIqLxHe5itrey5rpdag="></latexit>
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Distillation
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�
<latexit sha1_base64="+pqbol8gQ7uGObB1fBnLtRrE3kE=">AAACEHicbVC7TgJBFJ31ifhCKW02EhIr2MVCShIbS0xcIIENmR1mYcLMzmbmrgnZ0NmbWOmf2BkbC/9AP8AvMNYOj0LAk9zk5Jx7c+89QcyZBsf5sNbWNza3tjM72d29/YPD3NFxQ8tEEeoRyaVqBVhTziLqAQNOW7GiWAScNoPh5cRv3lKlmYxuYBRTX+B+xEJGMBjJ6wQUcDdXcErOFPYqceekUMsX777fvj7r3dxPpydJImgEhGOt264Tg59iBYxwOs52Ek1jTIa4T9uGRlhQ7afTY8d20Sg9O5TKVAT2VP07kWKh9UgEplNgGOhlbyL+57UTCKt+yqI4ARqR2aIw4TZIe/K53WOKEuAjQzBRzNxqkwFWmIDJZ2FL2dNGKgs5UKwMIi4LHkg5HJug3OVYVkmjUnLPS5Vrt1Crohky6ASdojPkogtUQ1eojjxEEEP36BE9WQ/Ws/Vivc5a16z5TB4twHr/BVDcohg=</latexit>

f⇤
S

f⇤
S0

h0h

HS

HS0

Analysis: 

•                assumed in                        . 

• loss assumed   -Lipschitz. 

•                  is      -stable. 

• learning bound: whp, for all              ,

f⇤
S0 � f⇤

S
<latexit sha1_base64="g9DxhVY6+bqWyg06XnsBUH38y5Q=">AAACHXicbZDLSgMxFIYz9V5vo24EN8EiimA7U0W7LLhxWam1Qq0lk2ba0GQyJGeEMnTlawiu9E3cieBKfBHXppeFtx8OfPznHM7hD2LBDXjeh5OZmp6ZnZtfyC4uLa+sumvrl0YlmrIaVULpq4AYJnjEasBBsKtYMyIDwepB73TYr98ybbiKLqAfs6YknYiHnBKwVst1w5v9VlrdHeADPMRqy815eW8k/Bf8CeTKm8fwRo/uKi3387qtaCJZBFQQYxq+F0MzJRo4FWyQvU4MiwntkQ5rWIyIZKaZjj4f4B3rtHGotK0I8Mj9vpESaUxfBnZSEuia372h+V+vkUBYaqY8ihNgER0fChOBQeFhDLjNNaMg+hYI1dz+immXaELBhvXjSqFmrFWQqqt5AWRckCJQqjewQfm/Y/kLl8W8f5gvntvESmisebSFttEe8tEJKqMzVEE1RNEtukeP6Ml5cJ6dF+d1PJpxJjsb6Iec9y/xaKQB</latexit>

H
<latexit sha1_base64="Fk9biJIP18Ce531JgqA2RkWV6Gg=">AAACDnicbVC7TgJBFJ3FF+ILtTQxE4mJFexiIZ0kNpQQXSCBDZkdZmHCzM5mZtaEbCgtTaz0TwyN2voLfoO9tcOjEPAkNzk5597ce48fMaq0bX9ZqbX1jc2t9HZmZ3dv/yB7eFRXIpaYuFgwIZs+UoTRkLiaakaakSSI+4w0/MHNxG/cE6moCO/0MCIeR72QBhQjbaTbtqp0sjk7b08BV4kzJ7nr93Ht++F0XO1kf9pdgWNOQo0ZUqrl2JH2EiQ1xYyMMu1YkQjhAeqRlqEh4kR5yfTUETw3ShcGQpoKNZyqfycSxJUact90cqT7atmbiP95rVgHJS+hYRRrEuLZoiBmUAs4+Rt2qSRYs6EhCEtqboW4jyTC2qSzsKXgKiMVuOhLWtA8KnDmCzEYmaCc5VhWSb2Ydy7zxZqdK5fADGlwAs7ABXDAFSiDCqgCF2DQA4/gGbxYT9ar9WZ9zFpT1nzmGCzA+vwFVdKg+A==</latexit>

)
<latexit sha1_base64="Y5MPAKBHmsxIS5XFJukRNG+Fw7k=">AAACFnicbVC7TgJBFJ3FF+ILtTQxG4mJFexiIZ0kNpZg5JEsGzI7DDBhZmczc1dDCKWfYGKlv0FFZ2xt/QZ7a4dHIeBJbnJyzr25954g4kyD43xZibX1jc2t5HZqZ3dv/yB9eFTVMlaEVojkUtUDrClnIa0AA07rkaJYBJzWgt7NxK89UKWZDO+hH1Ff4E7I2oxgMJLXuGOdLmCl5GMznXGyzhT2KnHnJHM9HpW/n05HpWb6p9GSJBY0BMKx1p7rROAPsAJGOB2mGrGmESY93KGeoSEWVPuD6clD+9woLbstlakQ7Kn6d2KAhdZ9EZhOgaGrl72J+J/nxdAu+AMWRjHQkMwWtWNug7Qn/9stpigB3jcEE8XMrTbpYoUJmJQWtuQq2kg5IbuK5UBEOcEDKXtDE5S7HMsqqeaz7mU2X3YyxQKaIYlO0Bm6QC66QkV0i0qoggiS6Bm9ojfrxRpb79bHrDVhzWeO0QKsz19BTKS2</latexit> h0 2 HS0

<latexit sha1_base64="STlWy5UyaAOztehlRGby2o5ccUk=">AAACHHicbVBLS0JBGJ1rL7PMWy3bDInYSu+1RS6FIFwa5QNUZO446uA8LjNzA7n4S4JW1Q+JdtE26I+0bnwsUjvwweGc7+N8nCBkVBvP+3YSW9s7u3vJ/dTBYfoo4x6fNLSMFCZ1LJlUrQBpwqggdUMNI61QEcQDRprB+HrmNx+I0lSKezMJSZejoaADipGxUs/NjPKwQwXs6GovvstPe27WK3hzwE3iL0m2kn6Lcjep11rP/en0JY44EQYzpHXb90LTjZEyFDMyTXUiTUKEx2hI2pYKxInuxvPHpzBnlT4cSGVHGDhX/17EiGs94YHd5MiM9Lo3E//z2pEZlLsxFWFkiMCLoEHEoJFw1gLsU0WwYRNLEFbU/grxCCmEje1qJaVY11YqcjlStGh4WOQskHI8K8pfr2WTNEoF/7JQurWNlcECSXAGzsEF8MEVqIAqqIE6wCACj+AZvDhPzrvz4XwuVhPO8uYUrMD5+gWGB6PH</latexit>

µ
<latexit sha1_base64="guoEF63MjYixNAK4x+tgkARWBDY=">AAACDnicbVC7SgNBFJ2Nrxhf0ZQ2iyFgld2NhSkDNpYR3SSQLGF2MpsMmccyMyuEJZ2tYKV/Yid24i/oB/gFYu3kUZjEAxcO59zLvfeEMSVKu+6HlVlb39jcym7ndnb39g/yh0cNJRKJsI8EFbIVQoUp4djXRFPciiWGLKS4GQ4vJn7zFktFBL/RoxgHDPY5iQiC2kjXHZZ080W37E5hrxJvToq1Qunu++3rs97N/3R6AiUMc40oVKrtubEOUig1QRSPc51E4RiiIezjtqEcMqyCdHrq2C4ZpWdHQpri2p6qfydSyJQasdB0MqgHatmbiP957URH1SAlPE405mi2KEqorYU9+dvuEYmRpiNDIJLE3GqjAZQQaZPOwhbHV0ZymBhI4mgWO4yGQgzHJihvOZZV0qiUvbNy5cokVgUzZMExOAGnwAPnoAYuQR34AIE+uAeP4Ml6sJ6tF+t11pqx5jMFsADr/RfPlaFJ</latexit>

HS
<latexit sha1_base64="/pHrgIUKInQ67fH4W3KI2zLa+4c=">AAACEHicbVDLTgJBEJz1iSiKevQykZB4gl08yJHExHDE6AIJbMjsMAsT5rGZmTUhG77BxJP+gN/gzejRP/BHPDs8DgJW0kmlqjvdXWHMqDau++1sbG5t7+xm9rL7B7nDo/zxSVPLRGHiY8mkaodIE0YF8Q01jLRjRRAPGWmFo+up33ogSlMp7s04JgFHA0EjipGxkt/V9d5dL19wS+4McJ14C1Ko5T6T4k32tdHL/3T7EiecCIMZ0rrjubEJUqQMxYxMst1EkxjhERqQjqUCcaKDdHbsBBat0oeRVLaEgTP170SKuNZjHtpOjsxQr3pT8T+vk5ioGqRUxIkhAs8XRQmDRsLp57BPFcGGjS1BWFF7K8RDpBA2Np+lLWVfW6nM5VDRsuFxmbNQytHEBuWtxrJOmpWSd1mq3NrEqmCODDgD5+ACeOAK1EAdNIAPMKDgETyDF+fJeXPenY9564azmDkFS3C+fgFLNKAR</latexit>

µ�
<latexit sha1_base64="v6K5Mo9Vi6r+WrwcXgFYuahlMP4=">AAACFHicbVC7TgJBFJ3FF+ILpbSZSEisYBcLKUlsLDGRh2EJmR0GmDCzs5m5a0IInX9gYqV/Yme0tNcP8AuMtcOjEPAkNzk5597ce08QCW7AdT+cxNr6xuZWcju1s7u3f5A+PKoZFWvKqlQJpRsBMUzwkFWBg2CNSDMiA8HqweBi4tdvmTZchdcwjFhLkl7Iu5wSsNKNL2PsBwxIO5118+4UeJV4c5ItZ3J3329fn5V2+sfvKBpLFgIVxJim50bQGhENnAo2TvmxYRGhA9JjTUtDIplpjaYHj3HOKh3cVdpWCHiq/p0YEWnMUAa2UxLom2VvIv7nNWPollojHkYxsJDOFnVjgUHhyfe4wzWjIIaWEKq5vRXTPtGEgs1oYUuhaqxUkKqveQFkVJAiUGowtkF5y7Gsklox753li1c2sRKaIYmO0Qk6RR46R2V0iSqoiiiS6B49oifnwXl2XpzXWWvCmc9k0AKc918x7qOd</latexit>

R(h)  bRS(h) + 2R⇧
m(G) + (1 + 2µ�m)

q
1

2m log( 1� ).
<latexit sha1_base64="CAJPXe3CMuhNbUP7dvWuhyfLv0M="></latexit>

h 2 HS
<latexit sha1_base64="nMgw98JP9jimX1RK0wDGMbbGpRk=">AAACFnicbVC7SgNBFJ31GaPRqKXNYAhYZXdjYcqAICkjmgdsljA7mWSHzGOZmRVCyGcIVtr5GRaC2Nr6I9ZOHoVJPHDhcM693HtPlDCqjed9OxubW9s7u5m97P5B7vAof3zS1DJVmDSwZFK1I6QJo4I0DDWMtBNFEI8YaUXD66nfeiBKUynuzSghIUcDQfsUI2OlIIYdKmBH17p33XzBK3kzwHXiL0ihmntPizfZ13o3/9PpSZxyIgxmSOvA9xITjpEyFDMyyXZSTRKEh2hAAksF4kSH49nJE1i0Sg/2pbIlDJypfyfGiGs94pHt5MjEetWbiv95QWr6lXBMRZIaIvB8UT9l0Eg4/R/2qCLYsJElCCtqb4U4RgphY1Na2uI2tJVcLmNFXcMTl7NIyuHEBuWvxrJOmuWSf1kq39rEKmCODDgD5+AC+OAKVEEN1EEDYCDBI3gGL86T8+Z8OJ/z1g1nMXMKluB8/QJKyaIo</latexit>
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Extensions
Almost everywhere hypothesis set stability. 

Randomized algorithms. 

Data-dependent priors. 

Many other applications.
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Conclusion
Broad analysis of generalization with data-dependent 
hypothesis sets: 

• hypothesis set stability learning guarantees. 

• applications to many scenarios in practice. 

• other extensions: local Rademacher complexity bouds, 
model selection bounds. 

• non-i.i.d. learning bounds: stationary beta-mixing 
processes, discrepancy-based bounds for non-stationary 
processes. 

• general learning bound for data-dependent hypothesis 
sets.
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