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Abstract

We study the problem of opportunistic approachability: a generalization of Blackwell approach-
ability where the learner would like to obtain stronger guarantees (i.e., approach a smaller set) when
their adversary limits themselves to a subset of their possible action space. Bernstein et al. (2014)
introduced this problem in 2014 and presented an algorithm that guarantees sublinear approachability
rates for opportunistic approachability. However, this algorithm requires the ability to produce cali-
brated online predictions of the adversary’s actions, a problem whose standard implementations require
time exponential in the ambient dimension and result in approachability rates that scale as 7-/9_In
this paper, we present an efficient algorithm for opportunistic approachability that achieves a rate of
O(T~"*) (and an inefficient one that achieves a rate of O(T~'/3)), bypassing the need for an online
calibration subroutine. Moreover, in the case where the dimension of the adversary’s action set is at
most two, we show it is possible to obtain the optimal rate of o(T~11%),
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1 Introduction

Blackwell’s approachability theorem has proven itself to be an incredibly valuable tool for tackling a
wide range of different problems in machine learning, economics, and game theory involving repeated
interactions with multi-objective constraints. At a high level, this theorem allows a learner repeatedly
taking decisions in an adversarial environment to steer the average value of a vector-valued payoff function
so that it “approaches” a certain set.

Slightly more formally, in the standard setting of Blackwell approachability, a learner and an adversary
play a repeated game for 7 rounds. Every round ¢ € {1,2,...,T}, the learner selects an action p, from
a convex action set $, and simultaneously the adversary selects an action ¢; from a convex action set L.
Upon doing so, the learner receives a vector-valued payoff u(p;, ;) € R%, for some bilinear function u(-, -).
The goal of the learner is to steer the average value % > u(ps, €r) of this payoff so that it converges to a
convex set S. If this is possible, the set is approachable.

Echoing von Neumann’s minimax theorem, Blackwell’s approachability theorem states that a convex set
S is approachable if and only if for every adversary action ¢ € L, there exists a response action p*(£) € P
such that u(p*(€), £) lies in S . In particular, this theorem implies that for any response function p* : £ — P,
it is possible for the learner to guarantee that the time-average value of u(p,, {;) converges to the convex
hull § = conv{u(p*(€),€) | £ € L}.

While Blackwell’s theorem provides a sharp characterization of when a set can be approached in the
worst-case sense, this guarantee can be overly restrictive in practice. In many situations, the adversary’s
behavior is not fully adversarial but instead follows some structured, stochastic, or cooperative pattern.
This motivates the notion of opportunistic approachability (Bernstein et al., 2014), which asks not whether
the learner can enforce convergence to S against all possible adversary strategies, but whether the learner
can exploit opportunities to approach S whenever the adversary’s play makes this feasible. In particular,
(one framing of) opportunistic approachability asks for a learning algorithm with the following “data-
dependent” guarantee: if the adversary only plays actions in the convex set O C L, then the learning
algorithm should guarantee that the time-average value of u(x;, y;) converges to the restricted set S(Q) =
convi{u(p*(y),y) | y € Q}. Importantly, the algorithm should accomplish this without any prior knowledge
of the set Q.

In their paper originating this notion, Bernstein et al. (2014) provide an algorithm for opportunistic ap-
proachability based on the technique of best responding to calibrated predictions of the adversaries actions
v;. While this algorithm does satisfy the requirements of opportunistic approachability, the rates of con-
vergence it guarantees to the set S (Q) are quite poor!. In particular, if d, = dim(£) is the dimension of
the adversary’s action set, then the algorithm of Bernstein et al. (2014) only guarantees that the distance
between %Z, u(py, £) and S(Q) is at most T-91/40) _ in other words, it requires at least 7 = 5o
rounds to guarantee ¢-convergence to the set S(Q). The algorithm is similarly computationally ineffi-
cient — obtaining a convergence rate of ¢ requires maintaining a set of weights, one for each point in an
o-discretization of the adversary’s action space.

"Bernstein et al. (2014) do not directly study the convergence rates or computational complexity of their algorithm, and use
the existence of online calibrated predictions as a black box. However, the standard algorithms for constructing d-dimensional
online calibrated predictions produce predictions with average calibration error 7-°/% and are computationally inefficient, and
the opportunistic approachability algorithms for Bernstein et al. (2014) inherit similar rates. We discuss this further in the related
work.



1.1 Our Results and Technical Overview

In this paper, we present several new algorithms for opportunistic approachability with polynomial rates
of convergence — i.e., that guarantee 6-convergence to the set S (Q) after at most 7 = poly(1/6) rounds.
Many of these algorithms are also computationally efficient, running in poly(1/6) time per round.

We distinguish between two variants of opportunistic approachability. In strict opportunistic approacha-
bility (the variant defined above), we require approachability to the set S (Q) only for convex sets Q which
contain every adversary action ¢;. In (&-)statistical opportunistic approachability, we require the stronger
guarantee of approachability to the set S (Q) for any convex set Q which contains at least a (1 — g) fraction
of all adversary actions ¢; (see Definition 2.7 for a precise definition).

We design algorithms for both settings of opportunistic approachability. Let dp = dim(%) equal the di-
mension of the learner’s action set. For strict opportunistic approachability, we first present an algorithm
(Theorem 3.3) achieving rate O(d;D/ 27-1/4) that runs in polynomial time per iteration, followed by an
algorithm (Theorem 4.2) with improved rate O(d;)/ 37-1/3), at the cost of a worse computational complex-
ity (possibly exponential in dp). Similarly, for e-statistical opportunistic approachability, we first present
a simple algorithm (Theorem 3.6) achieving rate O(d;)/ U4y gl 3d;,/ 3 ), followed by a slightly more
complex algorithm (Theorem 4.3) achieving the improved rate O(d;)/ 3713 4 gl 3d;,/ 3.

In contrast to the strictly opportunistic setting (where the algorithm of Theorem 3.3 both has polynomial
rates and is computationally efficient), all algorithms for the statistical opportunistic approachability gen-
erally require time exponential in the payoff dimension d. However, under some assumptions it is possible
to implement the O(7~!/#)-rate algorithm efficiently (for example, if the response function p* is Lipschitz)
— see Section 3.2 for additional details.

Our algorithms sidestep the need for a high-dimensional online calibration subroutine as used by Bernstein
et al. (2014). Instead, they employ a novel epoch-based framework that decomposes the learning task into
two coupled online learners operating at different timescales. In the outer loop of this framework, the outer
online learner outputs a direction vector in payoff space (trying to continually learn a direction in which
the current time-averaged payoff is maximally separated from a current “target payoff”” guaranteed to be
in the set S (Q)). In the inner loop of this framework, the inner online learner then produces actions to play
that minimize the loss in the direction vector output by the online learner.

Key to obtaining many of our results efficiently is the idea that we can relax the losses fed to both learners
in this framework: in fact, all that is necessary is that we have 1. a consistent target function that takes an
interval of losses played by the adversary and outputs an element U € R? guaranteed to belong to the final
target set, and 2. a valid loss rule F(p; 1) € R that upper bounds the largest possible payoff {4, u(p, {))
in the direction A obtainable by playing p against a worst-case loss €. For both settings of opportunistic
approachability, simple choices for these two functions lead to 7~/ rates, whereas more sophisticated
choices (combined with a more careful path-length based analysis of regret of the inner learner) lead to
T-173 rates.

Finally, we consider the question of whether it is possible to achieve the optimal rate of O(T~!/?), even in
the strictly opportunistic setting. We provide some positive evidence that this might be the case by con-
structing efficient algorithms with this rate when either the dimension d of the payoff is 1 (Theorem 5.1),
or when the dimension d s of the adversary’s action set is at most 2 (Theorem 5.3). Interestingly, the algo-
rithm of Theorem 5.3 adopts a convex geometric approach from Leme and Schneider (2018) to prove that
the myopic approach of assuming that the adversary will continue to play losses in the convex hull of the



losses already played achieves this optimal rate (unfortunately, this approach breaks down for dimensions
greater than 3, and does not appear to produce any rates better than the existing O(T~!/3) rate).

We conclude with two open questions:

1. Does there exist an efficient algorithm that achieves a O(T ~!/?) rate for strictly opportunistic approach-
ability in high dimensions (d > 3)? Alternatively, can we prove a lower bound of Q(7~!/3)?

2. Is statistically opportunistic approachability fundamentally harder than strictly opportunistic approach-
ability? Does there exist a computationally efficient algorithm for statistically opportunistic approach-
ability that achieves polynomial rates of convergence?

1.2 Related Work

High-Dimensional Calibration The original algorithms of Bernstein et al. (2014) for opportunistic ap-
proachability require a subroutine for calibrated predictions of the adversary’s actions. Such a subroutine
was first shown to exist by Foster and Vohra (1998), who used this to construct the first algorithms for min-
imizing swap regret (and hence converging to correlated equilibria) in games. This algorithm suffers from
an exponential dependence on the dimension d of the adversary’s action set (i.e., producing ¢-calibrated
predictions required at least T = 6% rounds). For a while, it was an open question whether this ex-
ponential dependence was necessary (Abernethy and Mannor, 2011); this was largely resolved by recent
work showing that although it is possible to construct algorithms producing d-calibrated predictions in
T = d*1/9 rounds, there is no such algorithm with 7' polynomial in both d and 1/ (Peng, 2025; Fishelson
et al., 2025).

Other Algorithms for Blackwell Approachability We briefly survey here other known algorithms for
solving the Blackwell approachability problem and how they relate to the two-stage framework we intro-
duce in this paper.

Perhaps the most common technique for constructing an online learning algorithm for the approachability
problem is the reduction to online linear optimization popularized by Abernethy et al. (2011), also implicit
in the original construction of Blackwell (1956) and several follow-up works (Mannor and Perchet, 2013;
Kwon, 2016; Dann et al., 2023). This reduction relies on a sub-algorithm that produces a low-regret
sequence H; of half-spaces containing the target set S, and then playing actions p; that guarantee that each
individual payoft u(p,, €) lies in H, (regardless of the choice of adversary action £). In some ways this is
analogous to the outer loop of our framework (which also chooses directions in utility space). One major
difference, however, is that the outer loop of our procedure produces directions in utility space, whereas this
sub-algorithm produces half-spaces (directions with achievable target values); this distinction is important,
as we cannot tell whether a given half-space is valid until we have identified the final target set S (Q) (the
inner learner in our framework can perhaps be thought of as trying to learn the optimal half-space in a
given direction).

Another method for solving approachability instances is provided by Bernstein and Shimkin (2015) in their
study of response-based approachability (i.e., approachability instances defined in terms of a response
function p* : £ — P). The algorithm they propose avoids the need to do online linear optimization over
the set of half-spaces containing the target set (a task that can be computationally challenging (Bernstein
and Shimkin, 2015; Daskalakis et al., 2025)). Similar to the outer loop of our framework, their algorithm



identifies an approachability direction by looking at the displacement between the current time-average
payoff and some target payoff guaranteed to be in S. Like the Abernethy et al. (2011) reduction, this does
not immediately generalize to opportunistic approachability due to the difficulty of guaranteeing a specific
action p is optimal for a given (scalar) payoff function without knowledge of the adversary’s set of actions

0.

Applications of (Opportunistic) Approachability As mentioned, Blackwell approachability is an in-
credibly powerful tool for the design of online algorithms. Among many other applications, in recent
years this has allowed researchers to design learning algorithms with strong strategic robustness properties
in general games (Arunachaleswaran et al., 2025), online prediction algorithms with strong downstream
guarantees (Okoroafor et al., 2024, 2025), fair online learning algorithms (Chzhen et al., 2021), and rein-
forcement learning algorithms satisfying multi-objective constraints (Miryoosefi et al., 2019).

Any application of Blackwell approachability can in theory benefit from the additional guarantees provided
by opportunistic approachability. We highlight two specific applications here for which these additional
guarantees are particularly meaningful.

o Approximately approaching unapproachable sets: It is not uncommon to have an online learning
problem with a set of desired constraints that are not possible to guarantee simultaneously (i.e., a target
set that is not in general approachable). This is the case for example in fair online learning: Chzhen
et al. (2021) present three fairness desiderata that they prove are not simultaneously attainable. Mannor
et al. (2014) provide examples of other approachability instances where this is the case.

In such cases, one may wish to approach the target set as closely as possible. By setting the response
function p*(€) to be the response to £ that minimizes the distance to the target set, opportunistic ap-
proachability guarantees that one does approach the target set if the adversary limits themselves to a
“feasible” convex subset of strategies Q.

e Stronger profile swap regret guarantees: Arunachaleswaran et al. (2025) recently introduced the
notion of profile swap regret in general linear games, an efficiently minimizable regret notion with the
property that any no-profile-swap-regret player is “non-manipulable” (no opponent can extract more
per-round utility from them than they could obtain against a rational opponent in a single-shot game).
Interestingly, minimizing profile swap regret corresponds exactly to the response-based approachability
problem where u(p, ) = p ® £ and p*({) is the best response to the action €. Running an opportunistic
approachability algorithm therefore provides stronger non-manipulability guarantees in settings where
the opponent’s true action set is unknown.

2 Model and Preliminaries

2.1 Notation

We write [T] to denote the set {1,2,...,T}, || - || to denote the £, norm, and B;(r) ¢ R? to denote the
d-dimensional ¢, ball of radius r. The support function for a set S at 4 € R< is denoted by os(1) =
sup,. (s, 1). We note that the distance of a point x € R? to S can be written as dist(x,S) = sup,.p () X)—
os(A).



2.2 Blackwell Approachability and Opportunistic Approachability

Blackwell’s approachability theorem (Blackwell, 1956) extends repeated two-player zero-sum games to
settings involving vector-valued payoffs. In this model, at each timestep t = 1,2,...,T of the game, the
learner selects an action p; € P C R and the adversary selects an action £, € L C R4, The learner
then receives a vector-valued payoff u(p;, £;), for some bi-affine payoff function u : P x £ — R¢. We will
assume the action sets $ and £ are compact and convex subsets, and that « is bounded so that ||u(p, £)|| < 1
for any p € P and ¢ € L. We will further assume that the action set # of the learner is in isotropic position
(and in particular assume that By, (1) C P C By, (dp), where B,(r) denotes the d-dimensional ball of radius
r centered at the origin).

The learner’s goal is to select actions {p,}[TZI (adaptively, choosing p; based on the current history

(p1,€1,s- .., p—1, 1)) such that their average payoff vector converges to a given closed convex target
set S C R?. This convergence must be guaranteed regardless of the adversary’s choices {{’t}tT:l. For a given
closed convex set S, the learner aims to ensure that:

T
1
dist[f Zu(p,,a),s] 50 as T —> oo (1)

t=1

A closed convex set S is approachable if the learner can guarantee this convergence property against any
strategy of the adversary. Blackwell’s theorem provides a fundamental characterization of approachable
sets: a closed convex set S C R is approachable if and only if there exists a response function p* : £ — P
such which satisfies u(p*(£),£) € S.

This characterization motivates the framework of response-based approachability (Bernstein and Shimkin,
2015), where we define an approachability instance via a response function p* : £ — %. Given such a
function, the goal of the player is to approach the convex hull of the set of responses to each £ € £, that is
to approach the set

S(L) = conv{u(p*(€),€) | L € L}

Opportunistic approachability (Bernstein et al., 2014) is a refinement of response-based approachability
that also begins with a desired response function p* : £ — P for the learner, but where the learner’s target
set is contingent on the adversary’s actual behavior over time. For any closed, convex set O, define

S(Q) = conv{u(p"(6),0) | £ € O}

The goal of the learner in opportunistic approachability is to guarantee that, if Q is a convex set con-
taining (asymptotically) all points of the adversary’s action sequence, then the average payoff vector
%ZL u(p;, €;) converges to the set S(Q). That is, the learner is “opportunistic” — they steer their av-
erage payoff to the smallest achievable set S(Q) that is consistent with the adversary’s actual, possibly
restricted, play. Note that S(Q) C S(JL), so the target is indeed potentially smaller (better) when the ad-
versary restricts their play (Q € £). Formally, Bernstein et al. (2014) define the objective of opportunistic
approachability as follows.

Definition 2.1 (Statistically/Strictly Q-Restricted Adversary (Bernstein et al., 2014)). Let Q be a closed
convex subset of L. We say that the sequence of pure actions {{,};° | played by an adversary is statistically



Q-restricted if the average distance of the actions to Q converges to zero:
1 &
lim — Z dist(¢, Q) = 0.
Toeo T ‘=

We say the adversary’s play is strictly Q-restricted if €, € Q for all t.

Definition 2.2 (Statistically/Strictly Opportunistic Learner Strategy (Bernstein et al., 2014)). Let p* :
L — P be a desired response function. We say that a learner’s strategy is statistically opportunistic
with respect to p* if, for any Q C L and any sequence of pure actions {€;};°, played by a statistically
Q-restricted adversary, the learner’s strategy guarantees that the average payoff converges to the set

S(Q) = conv{u(p*(£),€) | € € Q). That is,

T—oo T
=1

T
lim dist (l Z u(ps, €), S(Q)] =0,

Similarly, a learner’s strategy is strictly opportunistic with respect to p* if this guarantee holds against
any strictly Q-restricted adversary.

2.3 Finite Time Opportunistic Approachability

Bernstein et al. (2014) define their notion of statistically Q-restricted opportunistic approachability only
in the limit as 7 — oo. In this paper, we are interested in finite-time guarantees, and therefore need to
modify these definitions for finite time horizons. It is straightforward to adapt the definition of a strictly
opportunistic learner strategy to the finite time setting by simply requiring every adversary action ¢; to lie
in the restriction set Q. Formally:

Definition 2.3 (Finite-time Strictly Opportunistic Learner). We say an algorithm is strictly opportunistic
at a rate of y(T) if, for any sequence of adversary actions {f,}tT:I, its average payoff vector i = %u(pl, &)
satisfies

dist (ar,S(Q) < ¥(T)

Jor O = conv({li}re[ry)-
On the other hand, there is some subtlety in how exactly to adapt the limit-based definition of a statistically

Q-restricted adversary to finite time. For example, the following lemma shows that a straightforward
translation of Definition 2.1 to finite time is not possible?.

Lemma 2.1. There exists an approachability problem instance such that for any learner, any T > 0, and
any € > 0, there exists an oblivious adversary {f,}tT:] and convex set Q such that % Zthl dist(¢;, Q) < e,
but dist(iir, S(Q)) > 3.

roof. Define P = L = [-2,2], the utility to be u(p, ) = pf € R, and define the response function via
P Define = L = [-2,2], the utili be u(p, f) = pl € R, and define th function vi

‘0= 1 ifte[-2,1)
PRI= if £ €[1,2]

Intuitively, the issue is that the response function p* can be discontinuous, causing two s-restricted sets to have very different
target sets.



The adversary will pick the loss sequence ¢; = 1 for all ¢ € [T].

Now consider the (singleton) sets O = {1 — ¢} and Q; = {1 + &}. Note that both 0— and Q. satisfy
%Zthl dist({,, Q) < &. However, note that S(Q_) = {-1} and S(Q,) = {1}, and so at least one of
dist(ur,S(Q-)) and dist(ir, S (Q+)) must be larger than 1/2. O

To work around this we consider a stronger, but still natural, notion of Q-restrictedness, which will guar-
antee the existence of a statistically opportunistic learner strategy for sufficiently small €. We do this
by considering the closed convex subsets of £ which contain all but an e-fraction of {;},[r, that is
%Zthl I[¢;, ¢ Q] < & Helly’s theorem (Danzer et al., 1963) then implies that for sufficiently small
e = 0(1/d), the intersection of all such subsets will be non-empty (Lemma B.2). Let this intersection be
Q- If O were known to the learner, then employing standard Blackwell approachability algorithms
to approach the set S(Q7 ) (ignoring rounds where u(p*({,),{;) € S(Q:)) guarantees approachability
to S (Qfm) with a rate of O(1/ VT). Next, we formally define this intersection and the target set for the
approachability problem.

&

Definition 2.4 (Adversary Q-sets). Given a sequence of adversary losses {{;}ic7 and a parameter & > 0,
let T be any subset of T such that its size |T'| is at least (1 — &)|T|. Let

Q°({tiher) = {conv({liker) | T/ CT AT I 2 (1 - o)IT I} 2

Definition 2.5 (Intersection of Adversary Q-sets). Given a sequence of adversary actions {{},e7 and a
parameter & > 0: The intersection set, Qi ({{iher), is the intersection of all possible adversary Q-sets:

o (ther)= () ©
0eQ®({¢rhrer)

Definition 2.6 (Opportunistic Target Set). Given the intersection set Q% ({{i}ie) from Definition 2.5, the

opportunistic target set is the set of ideal payoffs corresponding to the actions within the intersection set:

Stulliler) =S (Qfm({ft}ze'r)) = conv{u(p (), 0) | € € Of ({i}er)}-

When we take the Opportunistic Target Set over the full sequence ({f,}thl), the explicit dependence on this
will be omitted for brevity (e.g., S ).

int

Note that aiming for S(Q7 ) is a stronger objective than what is strictly required for an opportunistic

strategy. A sufficient condition would be to guarantee that the average payoff lies in the intersection
of all target sets, (gegs S(Q). This is the approach taken in Bernstein and Shimkin (2015). However,
since O € Q for all Q € Q7 it follows that S(Qf ) € S(Q). Therefore, S(Q7 ) € MNgeq: S(Q). By
successfully approaching the smaller set S (Q7 ), a learner automatically guarantees closeness to every set

S(Q) for Q € Q°.

Definition 2.7 (Finite-time Statistically Opportunistic Learner). Given a parameter € > 0, we say an

algorithm is e-statistically opportunistic at a rate of y(T) and error rate a(g) if, for any sequence of

T

. _ 1 .
i its average payoff vector ur = ¥, u(p;, €;) satisfies

adversary actions {{;}

dist (ar,S5,) < ¥ (T) +a(e).



2.4 Online Optimization Oracles

Our algorithm will rely on online optimization learners as subroutines.

Definition 2.8 (Online Optimization (OO) Oracle). An OO oracle is an algorithm that operates over a
convex action set A. It interacts with an environment over T rounds as follows: in eachroundt =1,...,T,
the oracle first chooses an action x; € A, and then receives a loss function f; : A — R. The oracle provides
guarantees on the regret

T T
Regy = ., fi(x) —min }_ fi(x)
t=1 t=1

Typically, this guarantee is on the order of Regr = O( NT). If the loss functions f; are convex, we call this
an Online Convex Optimization (OCO) oracle.

One important example of an OO Oracle is that of Online Gradient Descent.

Lemma 2.2 (OCO Guarantee Theorem 3.1 of Hazan (2023)). Online Gradient Descent implements an
online convex optimization oracle with a regret bound that scales as O (GD NT ) where G is a uniform
bound on the norm of the gradients of the loss functions (i.e., ||Vfi(x)|| < G) and D is the diameter of the
convex action set A.

3 An Algorithmic Framework for Opportunistic Approachability

The algorithms in this paper share a common structure. This section introduces a general, epoch-based
framework that serves as a blueprint for these algorithms. The framework is epoch-based and operates
over L epochs, each lasting 7, = T/L timesteps. It involves two collaborating online learners: an outer
learner and an inner learner. The outer learner operates on the slow timescale of epochs (i.e each timestep
corresponds to a single epoch). At the start of each epoch e, it chooses a direction vector, 1, € B,4(1). This
vector defines the objective for the inner learner. A new inner learner is instantiated at the start of each
epoch with a fixed direction A, from the outer learner and its goal is to choose actions p; to minimize a
sequence of loss functions derived from A4.. At the end of an epoch, the combination of the adversary and
learner’s choices is used to generate a loss for the outer learner, which in turn updates its strategy to select
a new direction A.,1. To make this framework adaptable, we introduce two abstract components: a Loss
Rule for the inner learner and a Target Function for the outer learner.

A Loss Rule F is a mapping that takes a history of adversary actions ({)y<; and a direction vector A and
outputs a loss function f; : ¥ — R. For the framework to be valid, we require any such rule to produce
losses that are upper bounds on the true linear loss.

Assumption 1 (Valid Loss Rule). A loss rule F is valid if for any history and any A € B4(1), the resulting
loss function f; = F((€y)r<s; A) satisfies: ¥p € P, fi(p) = (A, u(p, ).

The simplest example of a valid loss rule is F((£y )y <s; ) = {4, u(:, ;)), which satisfies the assumption with
equality.

Similarly, we abstract the process of generating a target for the outer learner. A Target Function U is a
mapping that takes a history of adversary actions observed during an epoch, L, = ({;).e7,, the direction



A, and outputs a target payoff vector U(Le; A,) = u € R?. For this target to be meaningful, it must be
consistent with the overall goal of the algorithm, which is to approach some true opportunistic target set
Sz

int’

Definition 3.1 (Consistent Target Function). A target function U is e-consistent if, for any epoch e, its
output U(L,; A.) is guaranteed to be an element of the final target set, i.e., U(L,; .) € S fm({ft}tT: 1)

The inner learner needs to be able to minimize its losses relative to the target and the direction vector
provided by the outer learner.

Remark. A computationally simple choice in the strict case (¢ = 0) for the target function is U(L,) =
u(p*(L,), L), where £, is the average action in the epoch. While this is consistent, this may not minimize
the error term. The theoretically optimal choice for a given A, given the largest set Q, such that O, € O
would be u; = arg max,cs(g,){e, u), however, it may be difficult to compute this efficiently.

Overview of Algorithm 1 The algorithm is an epoch-based algorithm that involves an outer OCO (On-
line Convex Optimization) learner, an inner OO (Online Optimization) learner, a loss rule F and a target
function U. There are L epochs, each lasting T, = T/L. The outer OCO runs over L timesteps, one for
each epoch. A new inner OO is initialized for each epoch. The outcome of the interaction in the inner OO
is then used to construct the loss vector for the outer OCO.

Specifically, the outer oracle operates in the dual space of payoffs, 8,(1), and selects a direction vector A,
for each epoch. This direction is passed to the inner oracle, which plays the game against the adversary
in the learner’s action space $. The inner oracle’s objective for the epoch is simply to choose actions p;
that minimize the loss sequence f; generated by the loss rule, which are all upper bounds on the scalar loss
projected along the given direction, {(A., u(p;, {;)).

At the end of an epoch the outer oracle’s loss vector is the aggregated average difference between the
realized utility and this adaptive target, g, = Tie e, (U(ps, €1) — uy). This loss informs the outer oracle’s
choice of a new direction for the next epoch, repeating the cycle.



Algorithm 1 Epoch-based Opportunistic Learner
Input: OO oracles 001yper, 0COoyter, target function U, loss rule F, number of epochs L

Initialize epoch length 7, = T'/L

Query 0COqyeer 0n B4(1) for initial direction Ay

for epoch e < 1to L do

Initialize fresh OOpy,per On action space P for ¢t « (e — 1)T, + 1 to eT, do
// Inner loop plays against the adversary
Play p; from OOpype; and observe ¢;
Receive f; = F(({r)r<s; Ae)
Update 0Opyper With loss f;

end

// Outer loop updates the direction vector

9 Compute epoch target i, = U(({r)ser,; Ae)

10 Define outer loss g, = T% Yuer, W(pi, €) — uy)

AW N -

X 9 & W

11 Update 0COquter With linear loss (-, g.) to get Ade41
12 end

Theorem 3.1. Given a loss rule F satisfying Assumption I and an g-consistent target function U, Algo-
rithm 1 satisfies
Regl;} Regout

dist(ir,S; )< — +
int Te L

where err = maXee[r | ( minpep ey, f(p) — </le,uz)).

Proof. of [Theorem 3.1]: let A* € B,(1) be the direction vector defining the distance, such that
dist(ir,St) = (A%, ar) — 0s,(4*), where os(1) denotes the support function of S at A. The proof
bounds the total deviation, T - dist(ir, S 7), by chaining the regret guarantees of the two oracles.

From the consistency of the target function (Definition 3.1) we have u; € S, which implies (1%, u}) <
05,(A%). This allows us to bound the total deviation as follows:

T - dist(ir,St) = (A", Tir) — Tos, (1)

L
< DA up, ) —up) (Since ! € S7)
e=1 1T,
< Z Z(/le, u(py, ) — uy) + T.Regy™ (Outer Oracle Regret)
e=1 te7,
L
Z Z fi(pr) = (Aesuy) + T Regd™ (Assumption 1)
e=1 teT,

L
< Z ;n Z(f,(p ) = (e, ) + Reglh ) + T,Regf™  (Inner Oracle Regret)
e=1 teT.

<err-T+ LReg + TcReg"

Dividing both sides by T completes the proof. O

10



Using Online Gradient Descent as the outer learner yields the following corollary.

Corollary 3.2. In the same setup as Theorem 3.1, if the outer OCO is an instance of Online Gradient
Descent with optimal tuning, the guarantee is

1 .
dist(ir,S7) < —Regfl +O(L™H) + err
e

3.1 Strictly Opportunistic Approachability

As a warm-up, we present a simple and efficient instantiation of Algorithm 1 that results in a strictly
opportunistic learning algorithm. Let f; = F(...;4.) and u; = U(L,) be defined by

Ji(p) = (A, u(p, ), u, = u(p*(Le), o). 3

The choice of f; is the typical loss used by an OCO oracle in the classical reduction of Blackwell ap-
proachability to regret minimization while the choice of u* is just the best response to the average play
of the adversary in an epoch. Algorithm 1 instantiated in this way is computationally efficient as long as
projecting onto the learner’s set, P, is efficient and querying the response function, p*, is efficient.

Theorem 3.3. [Efficient Strictly Opportunistic Learner] Instantiating Algorithm 1 with the loss rule and
target function defined in Equation (3) and OGD for both OO oracles yields a strictly opportunistic learn-
1

ing algorithm with rate y(T) = O(d;T—i)_

The proof is deferred to the Section A.1. It shows that the err term is non-positive in the strict case, applies
the vT, OGD bound to the inner regret and tunes the parameters.

Our rates have a dependency on the dimension of the players action set, which is absent in regular ap-
proachability. The dimension dependency can be improved at the cost of reduced computational efficiency
(e.g. using continuous exponential weights (Bubeck, 2011) as the inner OO), but some dependency is
unavoidable for the opportunistic approachability problem, as the following lower bound shows.

Lemma 3.4. For any learner; there exists an approachability problem for action set P, L c RY, w(P, L) C
[-1, 1] and a sequence of losses ({;);=1...a such that dist(iig, S?m({é’,}te[d])) = Q(1).

Proof. of [Lemma 3.4] We let the action set P, L be the £, and ¢; balls in d-dimensions respectively. The
payoff function is the inner product of players and adversaries action. The response function is p*(£); =
sign({;). Let the adversary pick the sequence, where they randomly select +e; for + = 1,...,d. The

expected average payoft vector for any learner is 0, but S ?m = {1}.

Any rate that only depends of the maximum norm of payoffs would violate this lower bound.

11



3.2 Statistically Opportunistic Approachability

We now present an instantiation of Algorithm 1 that yields a statistically opportunistic learner. The target
&

- int”’
We solve this problem by finding a “close™ point to £, that is guaranteed to be in Q¢ , where closeness is
defined in the following way using the total variation of a discrete distribution TV (e, unif) := 3 |at—

function of Equation (3) is not always consistent in this case, since ¢, is not guaranteed to be in Q

Tl
@, = argmin TV(e,unif), l = Z aly.
aeA(T,) &

Zre're a6€Qf

This is well defined with bounded divergence.

Lemma 3.5. For T, > dpe, o, exists and satisfies TV (e}, unif) < 2edpL.

The proof is deferred to the Section A. We instantiate Algorithm 1 with the following choices. Let f; =
F(...;4.) and u; = U(L,) be defined by

Ji(p) = (4, u(p, €1)), uy = u(p"(£), ). “)

Theorem 3.6. [(Efficient) Statistically Opportunistic Learner] Instantiating Algorithm 1 with the loss
rule and target function defined in Equation (4) and OGD for both OO oracles yields an e-statistically
1

opportunistic learner with rate y(T) = O(d;,T_%), ale) = (8d¢))%.

This algorithm is computationally efficient as long as finding the target U can be efficiently implemented.

The proof is again deferred to Section A.1. It is equivalent to the proof of Theorem 3.3, except that it uses
Lemma 3.5 to obtain an error bound of err < O(edpL).

One simple condition under which Algorithm 1 is computationally efficient for the Statistically Oppor-
tunistic setting is that the response function is Lipschitz-continuous as demonstrated by the following
lemma.

Lemma 3.7. [f the response function satisfies that g,(£) = {A,u(p*({),{)) is c-Lipschitz for any u, then
N ~ 1
setting u, = u(p*(Z,), L), guarantees that y(T) = O(dZT™4), a(e) = 3(edp)’

4 Improved Rates

In this section, we show that it is possible to obtain improved rates at the cost of an increase in computa-
tional complexity.

Starting from Corollary 3.2 the main term to improve is RegiT“E. This requires the careful design of a new
loss rule, since the worst-case regret bound for general linear losses as used in eq. (3) is V7. First, we con-
vert the inner OO into an expert problem with arbitrary losses. We assume without loss of generality that
% contains a ball of radius 1 and is contained in a ball of radius dp. Assume further that the loss functions
f; are 1-Lipschitz, which is for example guaranteed if f;(p) is piecewise identical to {A., u(p, £y)). Then
there exists a finite cover N of size [N| < (3/(d72)T))d7) such that min,en Z,T=1 fi(p) < 1+minpep Z,TZI fi(p)
(Lattimore and Szepesvdri, 2020, Lemma 20.1). This means that we can use any optimization oracle that
solves the expert with loss vectors y, € [-1, 1]V, y,. » = fi(p), even if the loss functions f; are not convex.

12



Definition 4.1 (Expert Oracle). An Expert oracle is an algorithm that operates over a finite action set N.
It interacts with an environment over T rounds as follows: in each roundt = 1,...,T, the oracle first
chooses a mixed action x;, € A(N), and then receives a loss function vector y, € [—1, WL The oracle
provides guarantees on the regret

T T
Regr = Z(xz,y» - )gyeijr\l/Zyz,x* :
=1 t=1

Specifically, we make use of the following following oracle.

Lemma 4.1 (Expert with path-length bound (Chen et al., 2021)). Given a set of N experts in the expert
game with losses bounded in [—1,1]. The Multi-scale Multiplicative-weight with Correction (MsMwC)
algorithm instantiated with optimistic terms m; = €,_ satisfies

T-1

T
D = ey < 0( P 1og(NT) + log(NT)) , where Py = " |yperio =yl
=1 =1

All what remains is to design loss rules and target functions with small path-length and err term.

4.1 Improved Rates for Strictly Opportunistic Approachability

Define for Q, = conv({{;};e7,) the solution to the maximin problem ¢} := argmaxeq, minep(Ae, u(p, £)) .
We instantiate Algorithm 1 with the following choices. Let f; = F(...;4.) and u; = U(L,) be defined by

fi(p) = max(d, u(p, o)), u, = u(p*(6), ). (5)

Theorem 4.2. [Strictly Opportunistic Learner with fast rates] Algorithm 1 with the loss rule and target
Jfunction defined in eq. (5), OGD as outer OCO and MsMwC as inner OO with optimal tuning is a strictly

<1
opportunistic learner with rate y(T) = O(d;T‘%),

The proof is deferred to the Section B.1. It uses that the err is non-negative and establishes logarithmic
regret for the inner regret due to a constant upper bound on the path length with our choice of f;.

4.2 Improved Rates for Statistically Opportunistic Approachability

In the statistical opportunistic case, we have to first adapt the target function to be consistent. Similarly to
the previous section, let QF = anLt({ft}tETe) and let

€, = argmax .- min(d,, u(p,{)) .
¢ peP
This change is not sufficient to control the error term (err) since a single outlier at the beginning can

increase all successive function values. We have to operate on a generalized max function that allows to
discard a certain number of outliers.

13



Definition 4.2. We define the N-offset maximum over a set N of finite cardinality as follows.

off-maxi(f) = min  max f(x), ©)
IN’IZINI-N

where by convention, off—max% =0 for IN| < N.

Further define £, ,(r) = (A, u(p,{;)). We instantiate Algorithm 1 with the following choices. Let f; =
F(...;4.) and u; = U(L,) be defined by

fi(p) = max{off-maxfil ,_ (hp0), (L u(p, &)}, uy = u(p*(€)), £}). ()

In words, we generally take the edpT-th largest loss we have seen so far for point p. Though when the
loss of the current round is larger, default to this value to satisfy Assumption 1.

Theorem 4.3 (Statistically Opportunistic Learner with fast rates). Algorithm I with the loss rule and
target function defined in eq. (7), OGD as outer OCO and MsMwC as inner OO with optimal tuning is a

.1
g-stochastically opportunistic learner with rate y(T) = O(d;,T_%) and a(g) = (8d¢>)%.

The proof is deferred to the Section B.1. Bounding the Hedge regret relies on a careful bound of the
Path-Length, while the error term is bounded by O(edpL) again due to Helly’s theorem.

5 Discussion on Optimality

The general algorithmic framework presented in Section 3 with instantiations from Section 4 achieves a
convergence rate of O(d;f ST/ 3) for the statistically opportunistic problem. In Lemma 3.4, we show that
the dependence in d is not avoidable. It is natural to ask if the dependence on d and T is optimal? This
section explores the question of optimality. We demonstrate that faster O(T~!/?) rates are indeed possible
in low-dimensional cases of the strict opportunistic approachability problem. However, we also show that
these low-dimensional techniques do not readily extend to higher dimensions, leading to a discussion of
current bottlenecks.

5.1 The One-Dimensional Case

In the simplest setting, where payoffs are one-dimensional (d = 1), the opportunistic target set S(Q) is
simply an interval (the only possible bounded convex set in one dimension). This structure permits a
simple yet efficient algorithm that achieves the optimal O(7~!/?) rate. The strategy, outlined in Algorithm
2, uses a no-regret learner that is reset whenever its average payoff appears to have crossed the target.

14
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Algorithm 2 An algorithm for one-dimensional strictly opportunistic approachability
Input: Action set P, utility function u, horizon T

Play an arbitrary action p; € P, observe £}, and set the target ¢ < u(p*(€1), {1)
Initialize a no-regret algorithm 0CO over P
forr — 2to T do
Determine the side of the target: s; « sign(t%1 Zf.;} u(p;, €;) — c)
if s, # s5,_1 for some s,_1 in the history then
| Reset 0CO
end
Play action p, from 0CO
Observe ¢; and feed the signed loss f;(-) « s; u(:, {;) to 0CO

end

The intuition behind this algorithm is that the sign s; remains constant for long periods. If it were to
flip frequently, the average payoff would oscillate around c. A no-regret learner, when fed losses that
consistently push it in one direction (e.g., losses are always positive), will quickly learn to counteract
them, preventing such oscillation. Consequently, any resets must be infrequent. The analysis of the long
final epoch after the last reset, where the sign sy is fixed, yields the desired O(+/log|P|/T) rate on the
distance to the target set S (Q).

Theorem 5.1. For an instance with payoff dimension d = 1 and a strictly Q-restricted adversary, Algo-
rithm 2 with target ¢ € S(Q) ensures dist(iir,S(Q)) < O ( vlog ISDI/T).

The proof of this theorem is deferred to Section C.

5.2 Fast Rates for Strictly Opportunistic Approachability in Low Dimensions

For dimensions d > 1, the primary challenge is that the learner must discover the geometry of the unknown
adversary set Q = conv({é’,}thl) over time. A natural approach for the strictly opportunistic case is to
maintain an estimate of this set, Q, = conv({{y,...,{;—1}), and play as if §(Q,) were the true target. The
total error then accumulates based on how much the set expands when a new point ¢; arrives, an error
proportional to dist(£;, QO;). Remarkably, in low dimensions, the sum of these distances is bounded. The
following lemma establishes this for d = 2.

Lemma 5.2. Let {x,}[T:1 be a sequence of points in R? with ||x|l» < 1. Let K; = conv({xy,...,x1}) for
t > 2. Then the cumulative distance is bounded.: Zthz dist(x;, K;) = O( \/T).

The proof of this lemma is deferred to Section C. By running an approachability algorithm against the ex-
panding target set S (Q;) and absorbing the error from the projections, we can prove the following theorem.

Theorem 5.3. For strictly opportunistic approachability with a two-dimensional > action space L, there
exists an efficient algorithm with a convergence rate of O(1/ NT).

3We believe this geometric argument, based on the trade-off between volume and surface area, can be extended to d = 3, also
yielding an O(T~'/?) rate.

15



The proof of this lemma is deferred to Section C. The geometric approach breaks down for d > 3. A
straightforward extension of Lemma 5.2 to d dimensions bounds the sum of the d-th powers of the dis-
tances, which only gives a cumulative distance of O(T'~1/4). This rate is worse than O( VT) when d > 3.

16



References

Abernethy, J. and Mannor, S. (2011). Does an efficient calibrated forecasting strategy exist? In Pro-
ceedings of the 24th Annual Conference on Learning Theory, pages 809—812. JIMLR Workshop and
Conference Proceedings. 3

Abernethy, J. D., Bartlett, P. L., and Hazan, E. (2011). Blackwell approachability and no-regret learning
are equivalent. In Proceedings of COLT, volume 19 of JMLR Proceedings, pages 27-46. 3, 4

Arunachaleswaran, E. R., Collina, N., Mansour, Y., Mohri, M., Schneider, J., and Sivan, B. (2025). Swap
regret and correlated equilibria beyond normal-form games. In Proceedings of the 26th ACM Conference
on Economics and Computation, pages 130-157. 4

Bernstein, A., Mannor, S., and Shimkin, N. (2014). Opportunistic approachability and generalized no-
regret problems. Mathematics of Operations Research, 39(4):1057-1083. , 1,2, 3,5, 6

Bernstein, A. and Shimkin, N. (2015). Response-based approachability with applications to generalized
no-regret problems. Journal of Machine Learning Research, 16(24):747-773. 3,5,7

Blackwell, D. (1956). An analog of the minimax theorem for vector payoffs. Pacific Journal of Mathe-
matics, 6(1):1-8. 3,5

Bubeck, S. (2011). Introduction to online optimization. Lecture notes, 2:1-86. 11

Chen, L., Luo, H., and Wei, C.-Y. (2021). Impossible tuning made possible: A new expert algorithm and
its applications. In Conference on Learning Theory, pages 1216-1259. PMLR. 13

Chzhen, E., Giraud, C., and Stoltz, G. (2021). A unified approach to fair online learning via blackwell
approachability. Advances in Neural Information Processing Systems, 34:18280-18292. 4

Dann, C., Mansour, Y., Mohri, M., Schneider, J., and Sivan, B. (2023). Pseudonorm approachability and
applications to regret minimization. In Agrawal, S. and Orabona, F., editors, International Conference
on Algorithmic Learning Theory, February 20-23, 2023, Singapore, volume 201 of Proceedings of
Machine Learning Research, pages 471-509. PMLR. 3

Danzer, L., Griinbaum, B., and Klee, V. (1963). Helly’s theorem and its relatives'. In Convexity: Proceed-
ings of the Seventh Symposium in Pure Mathematics of the American Mathematical Society, volume 7,
page 101. American Mathematical Soc. 7, 20

Daskalakis, C., Farina, G., Fishelson, M., Pipis, C., and Schneider, J. (2025). Efficient learning and
computation of linear correlated equilibrium in general convex games. In Proceedings of the 57th
Annual ACM Symposium on Theory of Computing, pages 542-553. 3

Fishelson, M., Golowich, N., Mohri, M., and Schneider, J. (2025). High-dimensional calibration from
swap regret. arXiv preprint arXiv:2505.21460. 3

Foster, D. P. and Vohra, R. V. (1998). Asymptotic calibration. Biometrika, 85(2):379-390. 3

Hazan, E. (2023). Introduction to online convex optimization. 8

17



Kwon, J. (2016). Mirror descent strategies for regret minimization and approachability. PhD thesis,
Université Pierre et Marie Curie, Paris 6. 3

Lattimore, T. and Szepesvdri, C. (2020). Bandit algorithms. Cambridge University Press. 12

Leme, R. P. and Schneider, J. (2018). Contextual search via intrinsic volumes. In 2018 IEEE 59th Annual
Symposium on Foundations of Computer Science (FOCS), pages 268-282. IEEE. 2

Mannor, S. and Perchet, V. (2013). Approachability, fast and slow. In Journal of Machine Learning
Research: Workshop and Conference Proceedings, volume 30, pages 1-16. 3

Mannor, S., Perchet, V., and Stoltz, G. (2014). Approachability in unknown games: Online learning meets
multi-objective optimization. In Proceedings of COLT, volume 35, pages 339-355. 4

Miryoosefi, S., Brantley, K., IlI, H. D., Dudik, M., and Schapire, R. E. (2019). Reinforcement learning
with convex constraints. In Proceedings of NIPS, pages 14070-14079. 4

Okoroafor, P., Kleinberg, B., and Sun, W. (2024). Faster recalibration of an online predictor via approach-
ability. In International Conference on Artificial Intelligence and Statistics, pages 4690-4698. PMLR.
4

Okoroafor, P., Kleinberg, R., and Kim, M. P. (2025). Near-optimal algorithms for omniprediction. arXiv
preprint arXiv:2501.17205. 4

Peng, B. (2025). High dimensional online calibration in polynomial time. arXiv preprint
arXiv:2504.09096. 3

18



A Deferred Proofs from Section 3

Proof. of [Corollary 3.2] The outer OCO operates over the action set 84(1), so D = 2. The norm of
the gradient ||g,|| is bounded by twice the maximum norm of payoffs, which implies G = 2. Applying
Lemma 2.2 to RegiLr1 finishes the proof. O

Proof. of [Lemma 3.5] Define Qcjose = conv({ﬁ Sier b\ T CTe|T'| = T, — €dpT}). If we can show
that Qciose N QF # 0, then this implies the Lemma since for every 7' C 7, |7'| > T, — edpT we have

1 1 1 T, — edpT dpT
R
teT’| | ¢ teTNT € ¢ €

by using T = LT,. By convexity of TV, the total variation to the uniform sample is bounded for every
element in Qjose.

Finally we show that the intersection is non-empty. Assume the intersection is empty and let H be an open
half-space containing Qcjose but not Q. By Lemma B.2, the set H contains no more than edT points. Take
{ as the mean of all points not in H. By definition, £ € Qcjose. Hence such a half-space cannot exist, which
implies that Q¢jose N OF # 0. O

Proof. of [Lemma 3.7] While u; is not a consistent target function it is sufficiently close to one as demon-
strated by the following

. — * Z* D _ * / ’
Ag}%)ggé%tw, u(p™(,), ;) —u(p™(£), ))
/llelllg%)w, u(p™(€7), 07) — u(p™(Le), €e))
< C”Z: - Ze”

< ¢TV(«, unif) max [|€] € 2cedpll

A.1 Proof of Theorems

Proof. of [Theorem 3.3] Since £, € Q?m, this target function is consistent with S ?m and the loss rule
satisfies Assumption 1. We additionally have err < 0, as we see by taking the definition

min(z Ji(p) = {4e, u:>] = min{Zue, u(p, €) — u(p*(€.), £.)))
peP peP
teT, T
=T, min ((/le, u(p,€,) — u(p*(C,), Ee)») <0.
pEP

Applying Corollary 3.2 yields

1 .

dist(@r. Sin) < 7-Regff + O(L™?).
e

Using OGD as the inner OO, we have RegiT“e < O(dp \T,). Tuning L = VT /dp completes the proof. O
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Proof. of [Theorem 3.6] We obtain the following bound on the error term.

1 . * 1 * o pk % o pk i
7omin D i) = (et £ 7 ) (oo u(p' (B0, 6) = Qs (0, 20)

€T € 1T,
= (17 = @) e u(p" (B), )
teT,
< TV(ag, unif) < 2edpL. (Lemma 3.5)

Plugging in the OGD bound of Lemma 2.2 and tuning L = O(min{ T Jdp, (sd;o)‘%} completes the proof.
O

B Deferred Proofs from Section 4

We require the following technical Lemmas.

Lemma B.1. The offmax satisfies for any M c N: off—maxjx,(( f) = off—max%HN |_Wl( f) as well as
Sy off-maxy, (f) = Tyen f(2).

Proof. For the first statement, let N’ be the argmin subset in the definition of off—max]X/(. N’ is also a valid
subset in the minimization for off—max%HN FMi hence the value cannot be larger.

For the second, note that the offset max is iterating through all elements ordered by size, hence we are
simply summing over the set. O

We have the following geometric properties. We first recall the definition of an intersection set

Definition B.1. Let N ¢ R? with IN| = T, and fix € < 1/(d + 1). Define

Q. = {COIIV(N \R):RC N, |R| < ST}, Oint := ﬂ 0.
0€Q;:

Lemma B.2. Ler N c R with IN| = T, and fixe < 1/(d+1). Let H C R? be an open halfspace with
HnNQ; = @. Then

|[HNN|<deT.

Proof. Let H, denote the family of open halfspaces each containing at most €7 points of . By construc-
tion of Qiy, for any x ¢ Qin there exists H, € H, with x € H,. In particular, H C Uy eg, Hx.

Consider the family H, U {H*}, which covers R¢ (since H covers Qi and the H, cover H). By the
Helly—Danzer—Griinbaum—Klee theorem ((Danzer et al., 1963, Thm. 2.3)), there exists a subfamily of at
most d + 1 halfspaces that still covers R?. One of these must be H¢ (the only halfspace covering Qin),
leaving at most d halfspaces from H, that cover H. Each of these contains at most €T points, so

I[HNN|<d-:eT,
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Lemma B.3. Let B : A X L — R be a bi-affine function. Let N be a set of points in L and Qi be the
intersection set of N points removed. It holds

B(p,¢) > fI- B(p,-)).
mlygl{;ggmf (.0 r;ll;)lo max‘ (B(p, )

Proof. The inequality follows from Lemma B.2. Define the half-space H, = {{ € RY|B(p,t) >
maxegep,, B(p,{’)}. This is a half-space due to B being bi-affine. H contains no more than dN points
by Lemma B.2. Hence taking the set N’ that removes all points in H,, (and additional points at random to
fill up the dN points) satisfies max¢en’ B(p, €) < maxsep,, B(p, {) This holds for any p, specifically for the
argmin of the LHS. O

B.1 Main proofs

Proof. of [Theorem 4.3] We first ensure that U is consistent. In the construction of Q% = anTt(‘T ), we are
removing an gL fraction of points from 7. Since |7| = T/L, we remove a total of €T points, which is the

same as in Q7 . Since T, C ({;)r[1], we have QF C QF , which ensures consistency of U.

Applying Corollary 3.2, with the regret bound of MsMwC, we need to bound the path length and the error
term.

Path Length. Recall, given h,(1) = (1., u(p, {;)), the path length is defined by

elT,—1

Pr= ) U - L)l

t=(e—1)T.+1
fi(p) = max{off-maXSdT(hp) (D)}

We bound the Path length of this loss as follows. Let 7/ = {£, |1" € [(e — DT, + 1,11}

|fi+1(p) = fi(p)I

= | max{h,(t + 1), oﬂf-maxsdT(h,,)} max{/,(t), off-max;f’L (hp))|

< max{hy(t + 1) — off-maxZ7, (hy), hy(1) - off-max?4’ (hy), off-maxz? (1) ~ off- max;f[,Tl (hp)}

< (hp(t+1) = off-m.ang’;1 (Bp))+ + (hp(1) = off-max:?’ () + off-max??’ (1)  off- max;f{T1 (hy)

Summing over ¢ and using (h,(7) - off—madeT(h )+ < (hy(1) — off- max;f{T2 (hp))+ yields

eT,—1

T
D i) = fip) €2 ) (hy() = offt-maxt?T, (hy)). + off-maxie” (h)

t=(e—1)T,+1 =1 —_
<1

To bound the remaining term, notice that we can assume wlog that (& p(t)—off—maxng (hp)) = 0. Otherwise
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take the subset of 7, for which this holds and repeat the argument below on this subset. Then

N ) - offmaxs ) <Y ( filig) = off-maxs?7, (h,,)) (by Lemma B.1)
t=(e—1)T, ‘ t=(e—1)T, ‘
T,
< Z (off max’ 1(hp) — off- max;fi”'(rf'Jr2 S(hp))
s=1

edT+1
= Z off—max;-e(hp) <é&dT +2
s'=0

Hence the path length is bounded by O(edpT). By AM-GM inequality, we have RegiT“e = O(edpT +
log IN).

Error term.

err = max min Ti Z (ﬁ(p) — (de, M:))

¢ reP Le €T,
1 o

= max min — Z (max{off maXSdPT(hp) (Aes u(p, )Y} = (Ao, u(p™ (£5), 55»)

¢ reP Le €T,
< max Z max{off-max;” " (), (e u(p* (F9), €)Y} = (Ao, u(p*(E), E5)))

€ 1T,
< max off-maxy?” (e ze)) — (e u(p* (€. T0) + 7= Z 1(Bye gz > Off-max™” (e ze)
te'Tg
< = Z px (@) > off-max dPT(h *(55))) (by Lemma B.3)
€ 1T,

dpT

< 877,0 = &dpL

Applying Corollary 3.2 with the bound on the regret and error term, we have
dpL 1

dist(ir,S¢) < O|—=— + — + edpL

1s (MT lnt) ( T \/Z eap

Setting L = min {(T/dp)%, (Sdp)_%} completes the proof. O

Proof. of [Theorem 4.2] The choice of loss rule satisfies Assumption 1 and the target function is consistent
with § ?m, hence we can apply Corollary 3.2 and only need to bound RegIT"( and err. For the error, we have

min Z filp) < T, mln maX</le, u(p, tr))
pep teT,

= T, max mm(/le, u(p, €))
teQ. p

= T, min{Ae, u(p, £;))
peP

< Tl Ao, u(p*(£)), )Y,
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hence err < 0. For the inner optimization, we need to bound the path length. By monotonicity of the losses,
we have fi1 > fi, hence for any p € N: X0 Ifii(p) = A = 2L L (fn(p) = £i(p)) =
Jer,(P) = fie-1)T,+1(p) < 2. The inner regret is Rengne = O(log IN]). Plugging these in, we have

1
dist(ar, S;) < = log(IN|) + V1/L.

Using a discretization of size log |N| = O(dp log(T)) and tuning L = (T/dp)% completes the proof. O

C Deferred Proofs from Section 5

Proof. of [Theorem 5.1] Let N be the time of the last reset, making s, = sy forall t > N. Let ¢* € S(Q)
be the point closest to 7.

The no-regret guarantee of the OCO instance over the final epoch {N,...,T} of length 7" = T — N + 1
implies:

T
sv ) @(pr, &) = ¢”) < Regy, = O(+log [PIT")
t=N

We use this to bound one side of the total deviation. Since resets are infrequent for a no-regret learner, we
can treat N = O(1), which means the initial sum Z?i—]l (u; — ¢*) is also O(1) and Regy = O(+/log|P|T).

N-1 T
swT(@r = %) = sw [Z(u, — )+ ) (- c*>]

t=1 t=N

< O0(1) + Regy = O(4/log|PIT)

This gives the upper bound on the signed distance: sy(iiz —c*) < O ( Viog|P|/ T).

For the lower bound, the no-reset condition at t = T is sy(iig_1 — ¢) > 0.

_ T—l_ ur
sy(tr —c¢) = sy T uT_1+?—c

T -1 _ SN(uT - C) SN(MT - C)
= 1—C)+ 2
7 SnlEr-1=0) T T

Assuming the chosen target c is representative of the true target set S(Q), the upper and lower bounds
together imply that the absolute distance |iiz — ¢*| is small. The two bounds combine to show:

>-0(1/T)

dist(ir,S(Q)) = lur — ¢*| < 0( long]

O

Proof. of [Lemma 5.2] We will show that Z,TZZ d(x;, K)* = O(1). It then follows by Cauchy-Schwartz that
S, d(xi, Kp) = O(NT).

For any ¢ > 2, let y; be the Euclidean projection of x; onto K;. Let & be the line passing through y,
perpendicular to x;. The line / intersects the next set K;.; = conv(K; U {x;}) in some line segment S of
width w. We consider two cases:
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e Case1: w > d(x;, K;). In this case, we will argue that the area of K; increases by at least Q(d(x;, K)?)
upon adding the point x;. In particular, note that K;,; \ K; contains the triangle with base S and
apex x,+1, which has width w and height d(x;, K;). The area of this triangle is therefore at least
Q(w - d(x;, Ky)) = Q(d(x;, Kp)P).

o Case 2: w < d(x;, K;). In this case, we will argue that the perimeter of K; increases by at least
Q(d(x;, K;)) upon adding the point x;. In particular, let K’ = conv(K; US); note that K; C K’ C K41,
and so Perim(K;) < Perim(K’) < Perim(K,, ;). But now, Perim(K;,{) — Perim(K’) > 2 - d(x;, K;) —w
(since it gains the two legs of the previously described triangle, each of which have length at least
d(x;, K7) but loses the base §).

Since both the area and perimeter of any convex subset of the unit disk is upper bounded by a constant,
this implies that ZIT:Z d(x,, K,)? is upper bounded by a constant, as desired. O

Proof. of [Theorem 5.3] The algorithm maintains an evolving estimate of the adversary’s action set, Q; =
conv({{y,...,€_1}). Ateach step ¢, it runs a standard approachability algorithm, feeding it the projection
of the true action, & = Ilp,({;), instead of ¢; itself.

The total error of the true average payoff iy is decomposed using the triangle inequality, where iy is the

average payoff from the projected game:

dist(ir,S(Qr+1) < |lur —irl| +dist(ir, S(Qr+1))
—_————

Projection Error Approachability Error

The projection error is bounded by the cumulative distance of the projections. By the bilinearity property
of the payoff function and Lemma 5.2:

RS 1 1
iy — ar|| < T ,:Z] dist(t, Q) = TO( VT) = O(ﬁ)

The approachability error follows the standard rate of O(1/ VT). O
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