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Abstract

We study the robustification of next-token predic-
tion models in adversarial online decision-making
environments. Suppose a next-token predictor is
trained on a distribution over sequences of oppo-
nent actions, and a decision maker acts by approx-
imately best responding to the model’s predic-
tions. If this induced decision-making algorithm
achieves low adversarial regret, we call such dis-
tributions low-regret distributions. For models
with unbounded context, we show that every dis-
tribution is exponentially close in total variation
distance to one that is. Thus, sublinear regret
can always be achieved while changing the orig-
inal next-token prediction distribution by only a
negligible amount. By contrast, for models with
bounded context windows, as in standard trans-
former architectures, we prove an impossibility
result: some distributions are ©(1)-far from every
low-regret distribution. We complement these re-
sults with two positive findings. First, allowing a
modest increase in context length restores robusti-
fication with near-optimal regret guarantees. Sec-
ond, the unbounded-context robustification pro-
cedure can be implemented by adding a constant
number of layers to a standard transformer archi-
tecture. Finally, we provide empirical evidence
that small transformer models can be efficiently
trained to represent these robustified low-regret
distributions.
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1. Introduction

Large language models are trained to perform well at the
task of next-token prediction: given some substring of text,
estimate the conditional distribution of the next word/token.
Increasingly, there is a focus on using these models to per-
form a far broader set of tasks, including making strategic
decisions on our behalf (Chen et al., 2021; Park et al., 2025;
Krishnamurthy et al., 2024; Nie et al., 2025).

In many real applications, online decision-making is assisted
with a next-token predictor. In algorithmic trading, next-
token predictors are trained to predict market moves (e.g.,
Zhang et al. 2019; Kaggle 2018). The “tokens” here are
not words, but the next element of a market sequence, e.g.,
the next price move or order-book event, conditioned on
the recent history. Decision makers are traders who decide
policies with the assistance of the next-token predictor. In
supply-chain and inventory management, decision-making
is similarly assisted with demand predictors. Next-token
predictors are trained for item-level demand trajectories
across many related products and locations (e.g., Salinas
et al. 2020). The “tokens” here are the next elements of an
operational sequence, e.g., the next-period demand realiza-
tion, replenishment arrival. Decision makers are inventory
planners who choose replenishment policies, e.g., order
quantities, transshipment decisions. The payoffs of the deci-
sion makers are jointly determined by their decisions and
the predicted payoff-relevant state.

We formalize the problem as training such a next-token pre-
dictor to play a repeated game. Rock-paper-scissors is one
simple example of a game. Like in next-token prediction,
the decision maker has to consider the historical actions
taken in the game so far (a subsequence of tokens) and,
from this, come up with a new mixed action to take (a dis-
tribution over next tokens). If the opponent’s actions are
stochastically drawn by nature, then it makes sense that play-
ing well in this game directly corresponds to how well our
model can predict the next token. However, if we think of
the tokens as the adversary’s actions, where things differ is
in how these tokens are generated — instead of being stochas-
tically sampled from a large data set, they are adversarially
chosen by an opposing player who wants the model to fail.
One basic property we might desire from these models in
such settings is adversarial regret minimization. That is,
regardless of what actions the adversary takes, our model
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does at least as well as if it always played the best fixed
action in hindsight.

We would like a predictor to perform well when the states
are stochastically drawn, and guarantees regret minimiza-
tion when they are adversarially generated. This raises the
question: can we achieve a best-of-both-worlds guarantee
from a next-token predictor? Are regret minimization and
next-token prediction compatible goals? When is it the case
that training a next-token predictor on a dataset (e.g., of
game transcripts) will produce a low-regret learning algo-
rithm? Are there ways to automatically augment a data set
with more data so the resulting models have less regret?
What alternatives to next-token prediction are there when
training these models?

1.1. Our Results

We study an online decision making setting where a decision
maker needs to take actions in response to a changing state
of nature (e.g. an adversary’s action in a game, a current
stock price, etc.). The decision maker has access to a next-
token prediction model trained on some distribution of state
sequences, and would like use the predictions from this
model to help them make utility optimizing decisions.

Importantly, they would like to achieve the best-of-both-
worlds guarantee. This leads to the question of whether it
is possible to robustify a decision-model: take a model M
and produce a model M that represents a similar distribu-
tion over sequences as M, while guaranteeing low regret
against any adversary.

We prove the following results.

* First, we remark that there exist next-token prediction
models such that if a decision maker approximately best
responds to these predictions (e.g., via a quantal best
response), they guarantee sublinear regret. In partic-
ular, quantal best responses to the Polya urn process
closely simulate the classical Hedge learning algorithm
(Lemma 2.3).

* Second, we positively answer the question of robustifi-
cation by showing that given any next-token prediction
model My it is possible to produce a model M such that
i. quantal best responses to the predictions of M lead to
sublinear regret, and ii. the TV distance between the dis-
tributions represented by M and M is arbitrarily small
(Theorem 3.1).

* We then shift our attention to prediction models with
bounded context length (i.e., prediction models whose
outputs can only depend on the previous L tokens). In
contrast to the previous result, we show that such models
are in general impossible to robustify (Theorem 4.1).
However, if the robustified model is allowed to use a larger

context length L/, it is possible to produce a robust model
with O(1/+/L' — L) per-round regret (Theorem 4.2).

* Finally, we address the question of whether it is actually
possible to train robust models, with a focus on trans-
former models. We provide two pieces of evidence to-
wards an affirmative answer to this question. First, we
show that transformer models can effectively represent the
robustified models of Theorem 3.1 with a mild increase
in size (Theorem 5.1). Second, we provide experimental
evidence that it is possible to train small transformers
to represent robustified versions of simple distributions
(Section 5.2).

1.2. Related Work

Our study is at the intersection of decision-making in online
learning as well as modern transformer architectures in deep
learning.

Online Decision-Making with Finite Automata Clas-
sically, there have been many studies of online decision-
making for model families defined by classes of finite
automata (Rubinstein, 1986; Ben-porath, 1990; Lehrer &
Solan, 2009; Piccione & Rubinstein, 1993), though these
earlier works are typically in the context of repeated games
(which, while related, is distinct from the online learning set-
ting we study in this work). We can view the connection to
this earlier work by considering a transformer to implement
a class of finite automata.

Language Models and Online Learning Park et al.
(2025) is a particularly relevant modern study that stud-
ies the behavior of large language models (LLMs) as game
theoretic agents in both online learning and game theory,
and is perhaps the first study to directly examine whether
a transformer-based architecture can also be a no-regret
agent. This work focuses more on the empirical behavior
of existing LLMs and also defines a complex regret-based
training objective by which to train transformers. Compara-
tively, we present distinct and simpler algorithms to achieve
the goal of low-regret transformer models and present re-
sults in different settings, focusing on the relation between
next-token-prediction and regret.

Marsden et al. (2024) is another work investigating connec-
tions between length generalization in next-token-prediction
and online sequence prediction, albeit in the specialized set-
ting of online linear dynamical systems.

Transformers for Decision Making The idea of using
transformers for decision-making has also long been present
in the deep learning literature. Chen et al. (2021) proposed
to use transformer models for decision-making, and Nie et al.
(2025) has built on this work in the era of large language
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models, exploring multiple algorithms for transforming an
existing LLM into a model that can perform in-context ex-
ploration in online decision-making settings. Krishnamurthy
et al. (2024) also explores the connection between LLMs
and decision-making settings, but again focuses on existing
LLMs and investigating multi-arm bandit environments via
online in-context learning. Finally, Vallinder & Hughes
(2024) proposes another approach to modify the behavior
of LLM agents in an online decision-making setting via
evolving prompts.

2. Model and Preliminaries

Notation We use I [A] to denote the indicator function of
expression A, which takes the value 1 when A is true, and 0
otherwise. We generally denote sequences of elements in
bolded letters (e.g., 8), elements of these sequences with
subscripts (6;), and subsegments of these sequences with
superscripts (0%° = (0,,0441,...,0p),0° = (01,...,6p)).
Full proofs are generally deferred to Appendix A for the
sake of brevity.

2.1. Next-Token Prediction

The problem of next-token prediction can be formally stated
as follows. We are given a distribution D € A(O7T) over
sequences of 7" tokens from an alphabet ©. The goal is
to learn a (next-token prediction) model M that, given as
input any prefix token sequence 8'~! = (6y,...,60; 1),
outputs the conditional distribution of the next token given
this prefix, which we denote by M(0'~1) € A(O). We
write M (6 | 8°~1) to denote the probability of a specific
token 6 € O in the distribution M ('71).

By iterating the operation of next token prediction, any
candidate solution M to the next token prediction problem
induces its own distribution D(M) over sequences of T
tokens. In particular, we can define

Pr [07]
6T ~D(M)

=M (01]|0) M(05]61) M (03]61,605) - - - M(07]|07 ).

Conversely, every distribution D corresponds' to some
model (in the sense that it is induced by a collection of con-
ditional distribution functions M (6;]6~')). We can there-
fore measure the quality of a solution M to the next-token
prediction problem via the TV distance drv (D, D(M))
between the true distribution and the distribution induced
by the model. Likewise, we can measure the similarity be-
tween two models M and M’ via the TV distance of their
respective distributions.

"For mathematical convenience, we will assume that all distri-
butions D we consider have full support — that is, every sequence
in ©7 appears with some positive (albeit possibly arbitrarily small)

probability in the distribution. Under this assumption, this corre-
spondence is bijective.

Bounded context length Later in the paper, we will con-
sider models that have the additional restriction of bounded
context length — that is, the model’s prediction M (6;|0'~1)
for the tth token can only depend on the w preceding tokens
(Ot—w, 0t—wt1,- -, 0¢—1) for some window size w. We de-
fer further discussion of bounded context lengths to the
beginning of Section 4.

2.2. Adversarial Online Decision Making

The second problem we consider is that of (adversarial)
online decision making. In this problem, a decision maker
interacts with an adversary over the course of 7' rounds.
In each round ¢ € [T] of interaction, the learner takes an
action (specifically, a mixed action 7, € A(A) supported on
some finite action set A) while, simultaneously, an adversary
selects a state §; € ©. As a result of this interaction, the
decision maker receives expected utility E,, ., [U(a, 6;)],
where the utility function U : A x © — [—1,1] is known
to all parties and fixed over time (we extend U linearly to
mixed strategies of the decision maker by writing U (7, §) =
Eo~r[U(a,0)]). After this interaction, the state 6; chosen
by the adversary is revealed to the learner, who can then use
this information in the selection of their subsequent actions.

The goal of the decision maker is to maximize their cumula-
tive utility over all 7" rounds. Of course, the extent to which
they can do so depends on the adversarial choices of 6; taken
by the adversary (notably, unlike in the next-token predic-
tion problem, the sequence of states 87 = (61, 0z, ...,07)
is not necessarily sampled from some distribution D). De-
spite this, one of the fundamental results in the theory of
online learning shows that regardless of the actions taken
by the adversary, it is possible for the decision maker to
obtain sublinear regret: the gap between their cumulative
utility and the cumulative utility of the best fixed action in
hindsight. Formally, given a sequence of (mixed) actions
7 = (71,...,7r) and states @ = (01,...,0r), we define
the external regret as
1

EXTREG(r, ) = max zt: [U(a*,0;) — Ul(my, 0,)] .

One algorithm that guarantees sublinear regret for the deci-
sion maker is the Hedge algorithm (Freund & Schapire,
1997). The Hedge algorithm chooses m; so that (for

any a € A) m(a) x exp (ﬁ Zi;ll U(a, 03)). It
can be shown that this guarantees that EXTREG(w, 0) =
O(log|A|\/1/T), regardless of the sequence of states cho-
sen by the adversary.

Distinction from Bandit Setting Our setting is an online
prediction problem rather than a bandit problem. Our moti-
vation comes from decision-making with an autoregressive
model. The autoregressive makes predictions about the next
state/token in a sequence, and the decision maker takes an
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action in response to that prediction. In online prediction,
the learner aims to predict the next outcome/state from a
fixed state space, and the decision maker’s actions need not
coincide with the state space. The actions are simply re-
sponses chosen given the predicted state under a fixed payoff
function. By contrast, in bandit problems, the uncertainty
is on the payoff of decisions: the learner chooses an action
and faces unknown (or adversarial) rewards associated with
actions, with the central difficulty being to learn which de-
cisions payoffs. The bandit setting is not compatible with
next-token predictions.

2.3. Interplay between Next-Token Prediction and
Regret Minimization

One natural way to apply a next-token prediction algorithm
to the problem of online decision making is by using it to pre-
dict the sequence of adversary states. In particular, the deci-
sion maker can use an algorithm for next-token prediction to
predict the next state, and then play the optimal action condi-
tioned on this state. Formally, for any distribution ;x € A(O)
over states, let BR(u) = argmax, ¢ 4 Eg~.,,[U(a, 8)] be the
decision maker’s best response action to this distribution. In
online decision making in stochastic settings (where the se-
quence of states 6 is drawn from some distribution D), best
responding to the predictions of an accurate model leads to
zero external regret.

Lemma 2.1. Let D € A(OT) be a distribution over se-
quences of T states, and let M be a next-token predic-
tion model that has perfectly learned the distribution D
(D(M) = D). Consider the algorithm for the decision
maker which sets T, = BR(M(0~V)) (that is, the best re-
sponse to the model’s prediction of state at time t). Then the
expected regret of the decision maker on sequences sampled
from D is at most zero, i.e., Eg..p[EXTREG(7, 6)] < 0.

However, we would like stronger guarantees than this — ide-
ally, we would like to construct an online decision making
algorithm with adversarial regret guarantees (e.g., those
obtained by Hedge). This leads to the question: does there
exist a distribution D where the online decision making al-
gorithm constructed in Lemma 2.1 incurs o(1) regret against
any adversary? Unfortunately, the answer to this question is
negative, as the following lemma demonstrates.

Lemma 2.2. Let M be a next-token prediction model.
There exists a utility function U such that, if the decision
maker sets T; = BR(M(0~1))), there exists an adversar-
ial sequence of states @ € O that induces high regret, i.e.,
with the property that EXTREG(m, 0) = Q(1).

Ultimately, the negative result in Lemma 2.2 follows from
the fact that the learning algorithms constructed by best
responding to a sequence of next-token prediction are de-
terministic (in the sense of always playing pure actions in
A).

We can attempt to sidestep this issue by introducing noise
in the best response of the decision maker. One natural and
well-studied way to do this is to replace the best response
with a quantal best response*. Given a distribution p €
A(O) over states and a parameter 77 > 0, we define the
quantal best response QBR(u, ) € A(A) to be the mixed
action that plays action a € A with probability proportional
to exp(% U(a, it)). Note that as ) — 0, this approaches the
deterministic best response (and as 7 — oo, this approaches
the uniform distribution over all actions).

We define the Polya urn model Mpey, to be the following
next-token prediction model: for any ¢ € [T'], we let

_ 14+ 320 1[0 = 6]
Mrona(0101*) = St

ey

Intuitively, the probability of seeing a specific token 6 at
round ¢ is roughly equal to the empirical probability of
observing € in the string so far. More accurately, it is exactly
the fraction of tokens equal to 6 in the string Str(©)+6(*~1),
where Str(©) is an arbitrary concatenation of all the tokens
in © (it is necessary to add this additional term so that
equation 1 is well-defined for ¢ = 1, and so that the induced
distribution D(Mpqy,) has full support). The following
lemma shows that quantal best responses to predictions of
the Polya urn model guarantee adversarial low regret.

Lemma 2.3. Consider the algorithm for the decision maker
which sets m; = QBR(Mpglya(H(t_l)),n),for n= 1/\/T
Then for any adversarial sequence of states @ € ©7,

logT+logA|)
vT '

Motivated by Lemma 2.3, we formalize the property of a
low-regret model, requiring decision makers to achieve low
regret when quantal responding to next-token predictions.

Definition 2.4 (Low-Regret Model). We say that a next-
token model M is a low-regret model if quantal best re-
sponses to this model guarantee o(1) worst-case regret; for-
mally, for any adversarial sequence of states @ € 7, the
sequence of mixed actions 7w € A(A)7T defined via 7, =
QBR(M(0'71),1/+/T) satisfies EXTREG(mr, ) = o(1).

EXTREG(w, 0) = O<

Example (Adversarial Online Prediction) By selecting
the utility function U appropriately, the online decision
making framework can be made to capture a wide range
of different possible applications. One particularly relevant
example (that we will use as a running example throughout
the remainder of this paper) is the problem of adversarial
online prediction.

*This response function is also known under many other names,
including softmax response, Boltzmann exploration, and multino-
mial logit response.
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In this problem, we set the action set A equal to the state
space O, and define U(a,0) = I[a = 6]; that is, the de-
cision maker receives a point if they successfully predict
the current state (and receives zero points otherwise). In
some later applications (e.g., the experiments in Section 5.2),
we will further insist that actions and states are binary

(A=0={0,1}.

Note that in this example, the goals of the online decision
maker and the next-token prediction algorithm are very
closely aligned — they both want to produce good predic-
tions of the next state, but with slightly different metrics
of success (adversarial regret guarantees versus statistical
distance guarantees). One consequence of this is that we
can directly interpret the quantal best response as sampling
from the next-token prediction model with temperature 7.

3. Robustification with Unbounded Context
Length

Lemma 2.3 demonstrates that the Polya urn model is a low-
regret model — following its recommendations (by quantally
best responding to them) will result in adversarial low-regret
guarantees for an online decision maker. While it is possible
to construct other low-regret models similarly, not every
model is low-regret. For example, the model M for binary
states (© = {0, 1}) which always predicts the next bit to be
1 with probability 1/3 can be shown to incur (1) regret
against adversarial sequences of states (e.g., if the adversary
selects the all-zero sequence of states 6; = 0, this model
will never predict the next state correctly).

This raises a natural question. Assume we have access to a
next-token model M. Can we “robustify” our model and
obtain a new model M that is both low-regret and close to
the original model M, (in the sense that the distributions
Dy and D they induce are similar in TV distance)?

In this section, we answer this question affirmatively. In
Algorithm 1, we give a procedure for taking an arbitrary
next-token prediction model M and transforming it into
a low-regret next-token prediction model M. The key idea
is to only modify the behavior of the model on prefixes
0 where the model has already incurred high regret (by
arguments similar to those in Lemma 2.1, this should hap-
pen with low probability if the sequence of states truly is
sampled from D(My)). On such high-regret prefixes, we
instead draw the prediction of the model from a Polya urn
model, guaranteeing low-regret on the remainder of the time
horizon.

Theorem 3.1. Running Algorithm 1 on a model Mg (with
Dy := D(My)) results in a robustified model M (with
D := D(M)) with the following properties:

e M is a low-regret model with worst-case regret
O (s log(4] - T) + /(T +a)logT)),

Algorithm 1 Robustification of a next-token prediction
model

Input: Next-token prediction model M implementing dis-
tribution Dy, sequence of states ot utility function
U:Ax®© — [-1,1], parameter o > 0.

Output: Outputs M (6*~1) for some model M implement-
ing a low-regret distribution D.
fors=1...t—1do

Define 7, < QBR(M(0°~1),1/V/T) (the mixed ac-
tion of a quantal best response to the original model).
Define mepoe,s ¢ QBR(Mporya(0°71), ﬁ) (the
mixed action of a quantal best response to Polya urn
model)

Define REGRET < EXTREG(7*, %)

Define REGRETHepce,s <~ EXTREG(7{5pgr: 0°)

if REGRET, > REGRETHgpors + ﬁ log |A] +

V/8(1 + a)(log T) /s then
> (We are out-of-distribution, return prediction of
Polya urn model)

return Mpqyy, (6771)
end if
end for
> (in distribution, return original model prediction)

return M (6°71)

e The TV distance between D and Dy is bounded by
drv(D,Do) S |A|Tﬁa.

Unknown Decision Problem We note that Algorithm 1
requires the knowledge of the decision problem to calculate
the regret and when to output the Polya urn predictions. The
low-regret guarantee can be generalized to the case with
unknown decision problems under binary state space, which
we defer to Appendix C.

4. Robustification with a Bounded Context
Length

In the previous section, we concerned ourselves with
next-token prediction models whose prediction of the
state 6; at time ¢ could depend on all previous states
6'~'. 1In practice, most next-token prediction models
(e.g. those based on transformer architectures) are au-
toregressive models restricted by a context length L.
That is to say, the model’s prediction M (0;|0'~1) is
a round-independent function of the previous L tokens
(t—L):(t=1) — (Qt_L, Ht_L+1, ey et—l)' When t < L,
then M(6;|0'~1) can be an arbitrary function of the past
tokens (as in the unbounded context case). We will refer to
such models as L-bounded models for short.

As before, every bounded context model M induces a dis-
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tribution D (M) over state sequences of length 7', and as
before, we will measure the similarity of two models by the
TV distance of their induced distributions.

We still would like to use these models to aid in adversarial
online decision making®. Of course, the limited context win-
dow of these models constrains what regret guarantees are
possible. The setting of online learning with bounded recall
studies online decision making instances where the action
at round ¢ must be a function of the previous L losses (i.e.,
states). It can be shown (Schneider & Vodrahalli, 2024) that
in this setting, there are simple modifications of Hedge that
guarantee at most O(L’l/ 2) regret against any adversary,
and that this regret bound is tight (intuitively, this regret
bound is achievable by restarting Hedge every L rounds).

As in the unbounded context setting, we can use an L-
bounded model M to solve online learning with L-bounded
recall by playing quantal best responses to the predictions of
M. In particular, we can show (in analogy to Lemma 2.3)
that there exist L-bounded models M where if the decision
maker plays 7, = QBR(M(0'~'),1/+v/L), the decision
maker guarantees O(1/+/L) regret for themselves.

We are then faced with the same question as in the previous
section: if we start with an existing L-bounded next-token
prediction model M, can we robustify it into a model M
that is similar to M but also obtains optimal worst-case
regret guarantees against an adversary?

4.1. Impossibility with the Same Context Length

We begin by demonstrating that, unlike in the unbounded
context setting, robustification of bounded context models is
in general impossible, even in very simple online decision-
making settings (e.g. the adversarial online prediction prob-
lem with binary states).

Intuitively, this is because there can exist different L-
bounded models Mg and M that induce very different
distributions D (M) and D(M; ) over sequences of length
T (in particular, almost never agreeing about the next token),
but that share the same distribution of substrings of length
L. In particular, an L-bounded model that can only ever
see substrings of length L will have trouble distinguishing
whether the state sequence is being generated by M, or
M. If the goal is to robustify Mg, M then has the impos-
sible tradeoff between playing predictions close to that of
M (guaranteeing low TV distance, but possibly incurring
high regret with respect to sequences drawn from M) or
playing predictions that guarantee low regret for M (which

3For technical reasons, in this section we will restrict ourselves
to binary action settings (|A| = 2). This has the consequence that
the quantal best response function QBR(:, 1/+/L) has a convex
image, which will be important for implementing some of the
algorithms for online learning with bounded recall (e.g., see the
second-to-last line of Algorithm 2).

cause a large TV distance with respect to My).

Theorem 4.1. Setr L = T/2, A = © = {0,1}, and
U(a,0) = 1[a = 0] (the binary adversarial online predic-
tion task). There exists a context length L model M (with
Dy = D(My)) such that for any other context length L
model M (with D = D(M)), either:

1. The TV distance dy(Dy, D) > 1/24 (i.e., the two mod-
els are not close).

2. There exists an adversarial sequence of states @ € ©T
such that if # € A(A)T is the sequence of quantal best
responses to M (m, = QBR(M(0'~1),1/y/L)), then
EXTREG(m, @) > 1/24. (That is, the model M is not a
low-regret model).

4.2. Robustification with a Longer Context Length

In the previous section, we showed that there is no way to
robustify an existing L-bounded model M, to a low-regret
L-bounded model M (while implementing approximately
the same distribution). In this section, we show that if we
allow the robustified model to have a slightly larger context
window L', we can effectively perform this robustification.
Said another way, this fact implies that it is possible to learn
a model that will length-generalize from the distribution of
a sufficiently short sequence while maintaining no-regret
guarantees in the bounded context setting (a more realistic
setting for transformer-based models).

We do this by adapting the “AverageRestartHedge” algo-
rithm of Schneider & Vodrahalli (2024), which achieves

0] (ﬁ) external regret in adversarial online learning set-

tings with m-bounded recall. At a high level, this algorithm
is configured with some non-constrained low-regret sub-
algorithm (canonically, Hedge) as a subroutine. It then
outputs the average prediction of this sub-algorithm on a
uniformly randomly chosen suffix of the previous L losses.

We will run a variant of this algorithm with Algorithm 1 in
place of Hedge. Specifically, given an expanded context of
length L', we use L out of L’ tokens are used for next-token
prediction under the original distribution Dy. The remain-
ing A = L' — L tokens can then be viewed as the actual
context length given to the online algorithm in Schneider &
Vodrahalli (2024). Our Algorithm 2 calls Algorithm 1 as a

subroutine, which achieves an external regret of O (ﬁ)
(as implied by Theorem 4.1, it is impossible to get non-trival
guarantees when A = 0).

Theorem 4.2. Fix L' > L and let A = L' — L. Running
Algorithm 2 on an L-bounded model M (with Dy :=
D(My)) results in a robustified L'-bounded model M (with
D := D(M)) with the following properties:

e The model M is a low-regret model, with worst-case
regret (1+ %) [\/5;1 + \/8logT+8(Aa+1)1ogA .
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Algorithm 2 Robustifying Bounded Context Models with
Longer Context Lengths

Input: An existing L-bounded next-token prediction model
My, parameter o > 0, input 8.
Output: A robustified L’-bounded next-token prediction
model M (with L' > L, A = L' — L).
Run Algorithm 1 on M, with time horizon A to produce
a robustified model M x.
form=L+1,...,L' do
M MA(Om:L,) (i.e., the output of M on the
sequence 0,,,, 0y1,---,0L)
end for
Choose a € A(O) so that QBR(u,1/VA) =

% Zan/:L-i-l QBR (ftm, 1/\/E)

return M(6%) = L.

e The TV distance between D and Dy is bounded by
drv(D, Dy) < A,

S. Training Low-Regret Transformer Models

On one hand, Theorem 3.1 demonstrates that it is infor-
mation theoretically possible to robustify any next-token
prediction model M with negligible changes to the under-
lying distribution. At the same time, this raises questions
about whether we can actually frain low-regret models (after
all, if drv(D, Dy) is exponentially small, no training pro-
cedure can efficiently distinguish between samples drawn
from D and samples drawn from Dy

In this section we investigate this question for the special
case of transformer models, providing evidence that it is
possible to directly robustify low-regret transformer mod-
els. In Section 5.1, we show it is possible to implement the
operations of Algorithm 1 in the logic of a standard trans-
former model (i.e., if Mj can be represented by a small
transformer, so can M). In Section 5.2, we provide experi-
mental evidence showing that a simple masking procedure
allows us to practically train low-regret transformer models.

5.1. Representing Robustified Models

In this section, we show that the representational limitations
of transformers pose no obstacle to robustification. To that
end, we construct a transformer that robustly predicts future
states by adding a constant number of layers to a transformer
that solves next-token prediction.

Theorem 5.1. Suppose there exists a transformer Mg with
L layers and embedding dimension m that exactly solves
the next token prediction task over distribution Dy, that
is, Mo(60,]0'=1) = Prp,[0:|60°]). Then, there exists a
transformer M’ with L' = L + 4 layers and embedding
dimension m’ = m + O(1) that approximates the output of
Algorithm 1.

We state the theorem rigorously and present its proof in
Appendix B. At a high-level, the argument relies on con-
structing four layers that use the outputs of M, to simulate
Algorithm 1. Self-attention plays an essential role in the con-
struction. Identifying the distribution induced by the Polya
Urn strategy and calculating the two regret quantities involve
computing aggregations over sequences of tokens, which
are naturally simulated with self-attention layers. Our con-
struction reflects a realistic class of transformers by main-
taining tight bounds on embedding dimension and depth and
employing multi-layer perceptrons that can be compactly
represented as shallow ReLU networks.

5.2. Empirically Robustifying Simple Transformers

In the previous sections, we demonstrated the existence of a
procedure for learning specialized low-regret online learn-
ing algorithms by carefully perturbing the original statistical
training data. In this section, we also demonstrate that in
simple settings, it is also practically efficient to train small
transformers with this algorithm, suggesting that robustifica-
tion procedures may be practically plausible for modifying
LLM behavior for decision-making while retaining good
statistical performance.

We consider the special case of a decision problem to
match the state. Both the action space and the state space
are binary A = © = {0,1}, and the utility function
U(a,8) = I[a = 0]. We conduct experiments with the min-
imal decoder-only transformer, NanoDO (Liu et al., 2024).
The transformer predicts a binary sequence. We adopt the
default parameters of NanoDO, with a context length of
T = 1024, 256 embedding dimensions, 4 attention heads, 3
transformer block layers, and 1024 inner dimensions.

We train the transformer on three datasets with a batch size
of 128. The three training processes all converge and stop
after 500 steps.

BERNOULLI is the in-distribution and non-robust trans-
former. The dataset is generated from the distribution where
the first half of 512 bits are from Ber(1/3) and the second
half are from Ber(2/3).

POLYAURN is the robust transformer without distribu-
tional information. The transformer is trained on Polya
Urn sequences, where the next bit is generated from the em-
pirical distribution in history: Pr[f;11 = 1]61,...,0;] =
Zie[t] 0 1

t

. By setting the temperature to 77> POLYAURN

plays the same strategy as the Hedge algorithm.

ROBUST_BERNOULLI is trained on the robustified distri-
bution of BERNOULLI. We do this in the following way.
We sample training data from the same distribution as
BERNOULLI. We also sample an equal number of Polya
Urn sequences. For a Polya Urn sequence, we keep it only

if transformer BERNOULLT has a regret higher than % for
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some t < T, with « = 1.5. In other cases, we discard
the sequence. To keep the TV-distance unchanged in the
training process, we mask out the loss calculation over the
prefix of a Polya urn sequence, up to the first position ¢
where there is a regret higher than % By masking out the
prefix, the transformer does not learn the distribution that
generates a high-regret prefix.

Computational Cost Analysis. The overhead of robusti-
fication of ROBUST_BERNOULLT consists of:

e Data generation: Sampling from both the original
distribution and Mpouy, is efficient, requiring O(T'|©])
per sequence. For NNV training sequences, total cost is
O(NT)|@)).

¢ Filtering: Checking the regret condition requires com-
puting REGRET, and REGRETqgpgE, s for each pre-
fix, which costs O(T'| A||©]) per sequence.

5.2.1. REGRET EVALUATION

We evaluate the regret of the three transformers on eight
ground truth distributions over sequences. The bits are
drawn independently from each other. The first four are
static distributions where each bit is drawn from either
Ber(1/3) or Ber(2/3). In the other four simulations, we
adopt the same simulation setup as in Schneider & Vodra-
halli (2024). The bits are generated from a periodically drift-
ing distribution with Pr[¢, = 1] = | sin(w/6+¢-7/¢)|, for
period ¢ € {L, L L L} We evaluate the regret of quan-
tal best-response by applying a soft-max layer and setting
the temperature to ﬁ We estimate from 128 independent

sequences sampled from the ground truth distribution.

We plot the regret of the three transformers in Fig-
ure 1. The following observations validate that NanoDO
learns the dataset constructed by Algorithm 1. First, the
transformers effectively learn to play the robust strategy.
ROBUST_BERNOULLI and POLYAURN both have vanish-
ing regret on all eight ground truth data-generating pro-
cesses. Second, ROBUST_BERNOULLI learns the switch-
ing policy of Algorithm 1. ROBUST_BERNOULLI pre-
serves the same in-distribution regret of BERNOULLT in
plot (1, 2), which is negative around —0.16.

5.2.2. TV-DISTANCE

We report the estimated TV-distance between the models
in Table 1. We estimate from 128 independent sample
of sequences and report the 95% confidence interval. We
also test the TV-distance between two models trained on
the same BERNOULLTI distribution, but with different ran-
dom seeds. ROBUST_BERNOULLTI achieves a lower TV-
distance than POLYAURN, where POLYAURN has a TV-
distance estimated as high as 1.0000 from the original dis-
tribution BERNOULLT.

In addition to the TV-distance, we report the Next-Token

nnnnn

Sinusoid (=T120)

Figure 1. The regret of three transformers over 8 ground truth dis-
tributions. The three transformers are 1) ROBUST_BERNOULLI,
robustified BERNOULLI, 2) POLYAURN, and 3) BERNOULLI.
The eight ground truth distributions are: a) half Ber(2/3) and
then half Ber(1/3); b) half Ber(1/3) and half Ber(2/3), the same
distribution that ROBUST_BERNOULLI and BERNOULLI were
trained on; ¢) Ber(1/3); d) Ber(2/3); and four periodically chang-
ing distributions on the second row. The plot shows (very narrow)
confidence intervals in light color.

BERNOULLI; BERNOULLIo
BERNOULLI; — 0.4193 + 0.0232
ROBUST 0.7602 £+ 0.0267 | 0.6869 + 0.0295
POLYAURN 1.0000 £0 1.0000 £ 0

Table 1. The TV-distance between transformers. BERNOULLTI;
are two models trained on the same Ber(1/3) — Ber(2/3) process
with different random seeds. We refer to ROBUST_BERNOULLT
as ROBUST.

TV-distance here. As shown in Table 1, the full-sequence
TV-distance is brutally strict and even high for two models
trained on the same distribution. Tiny per-token differences
are calculated as a difference across the entire sequence.
Even models that behave similarly at a token level can have
a high TV-distance on whole sequences. Per-step TV instead
measures the local difference of the two predictive models
at each prefix.

We define the following Next-Token TV-distance. For
each prefix 6°, we can calculate the TV-distance
of the next-token prediction, dry(M;i(-|6%), Ma(:|0%)).
The Next-Token TV-distance dyr takes the expectation
of the prefix from the distribution of BERNOULLI,
i.e., with the first 7/2 drawn from Ber(1/3) and
the second T/2 tokens from Ber(2/3): dnr =

Eg~zernovrLr [% ZSG[T] dTV(Ml("es)aMZ('ws))} :
We report the Next-Token TV-distance in Table 2. The

results are calculated with 128 independent draws of a se-
quence.

BERNOULLI BERNOULLI»
BERNOULLI; — 0.0156
ROBUST 0.0199 + 0.0001 | 0.0299 + 0.0001
POLYAURN 0.1529 + 0.0003 | 0.1655 £ 0.0004
Table 2. Next-Token TV distance between transformers.

BERNOULLI; are two models trained on the same Ber(1/3) —
Ber(2/3) process with different random seeds. We refer to
ROBUST_BERNOULLT as ROBUST.
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Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Omitted Proofs
A.1. Proof of Lemma 2.1

Proof. Let hy_1 := (61, ...,0:_1) denote the history up to
time ¢t — 1. By assumption, the model’s next token prediction
is the true conditional probability at every history:

M(hi—1) = D(- | hy_y).

At round t, the decision maker plays the best response to
this next-token prediction:

T € BRIM(hy—1))

Eq. D¢ U(m,6) 1.
€arg max Ty, D(he)| U (m,01) |

For any other action a* € A. By the optimality of 7, under
the correct conditional,

]E[U(ﬂ't,et) ’ ht—l} Z E[U(a*,@t) | ht—l} .

Taking expectations over h;_1 and using the tower property
yields
E[U(wt,ﬁt)] Z E[U(a*, Gf) ] .

Summing overt = 1,...,T gives

Eo~p| > Ulm,00)| > Eoup|

t=1

T
Z U(a*,&t)]

for every a* € A.

Equivalently, the expected (average) utility regret versus the
best fixed action in hindsight is < O:
| <o

O

XT: (U0~ U(m,60))

1
max —
a*cAT

Eo~pD [

which is precisely Eg.. p[EXTREG(7r, 8)] < 0.

A.2. Proof of Lemma 2.2

Proof. Consider the binary token space and action space
© = A = {0, 1}, with utility function U(a,0) =1 [a = 6].
Fix any next-token model M and the induced (deterministic)
decision rule 7, = BR(M(8(~Y)), which is a determinis-
tic function of the history hy—1 = (61,...,60:—1).

Define an adversary that, after observing a; (or equivalently
inferring a; from the history), sets §; = 1 — a;. Then the
learner obtains zero utility each round:

U(at, Gt) =0 forall t,

so 37, Ulays, 0;) = 0.

On the other hand, for the realized state sequence 6.7, the
best fixed action in hindsight is the majority element of the
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sequence, which achieves utility at least 7'/2. Therefore,

T
EXTREG(w, 0) = 1< max U(a 0r)
a€c{0, 1}
T
- Z U(at7 0t>>
t=1

IV
l\:).\ —

Thus, the regret is bounded below by a constant, i.e. 2(1).

O

A.3. Proof of Lemma 2.3

Proof of Lemma 2.3. Fix a finite action set A and utilities
U:Ax© —[-1,1]. Atround ¢, the Polya urn predictor
is

t—1
14> 1[0, =10

MPOlya(e ‘ elitfl) = |@| + (t - 1)

The QBR with parameter n > 0 plays
mi(a) o exp(1U(a, Mraya(- | f1.0-1)) ),
where

exp(l U (a, Mpolya(- | 91;,5_1)))

zexp( (|@\—|—t—1 [ZUaG +2Uat9 D

Thus, QBR plays

exp( —-S@
P\ 7er-1
t—1

.exp(m 2_; U(a,&s)).

Thus 74 is an exponential-weights distribution over actions
with round-¢ learning rate \; := applied to the

m(a) o

Ticl=y
realized utilities U(a, 6;), and with an action-dependent
prior factor that only changes by a common (rescaling-
invariant) temperature at each ¢. Standard analysis of Hedge
with time-varying learning rates (apply, e.g., the potential ar-
gument round by round) gives, for any adversarial sequence
91:T9

T
Z( 7Tt,9t

t=1

>

(a*,@t))

forall a* € A,

11

using U € [—1,1]. Choosing n = T~/ (as in the state-
ment) yields \; = IGH%’ SO
T T
In |A] 1
fg( @00 = Uln ) < T+ gp
In|A logT <logT—Hn|A|)
_ + o _ o el Al
VT VT ) VT

which implies the regret bound EXTREG(,0)

log T+1n |A|
O eemial), O
A 4. Proof of Theorem 3.1
Proof. Let € be the event that for some s € [T —
1], REGRET, > REGRETHppces + ilog|A| +

V8(1+a)(logT)/s (i.e., we return Mpolya(gt 1) for all
rounds t > s). Let T be the random variable representing the
minimum such s; if the event £ does not occur, let 7 = T'.

We begin by proving that the new model M implements a
low-regret distribution D. Fix any adversarial sequence of
states @ and define 7, = QBR(M (8*~1),1/+/T). We can
decompose the external regret EXTREG(r, 0) via

EXTREG(, 0)
_gg)ﬁ;(zw(a*a@ﬁU(th‘gt)]
b Y U0 - L)

t=7+1

By assumption, for ¢t < 7, M (0'=1) = My(6'~'). Hence

T

Z[U<a*70t) — U(m,0;)] < TREGRET.

t=1

By the definition of 7,

REGRET” — REGRETygpar s < log O]

1
VT
8(1+ a)logT

T

and so we in turn have

T

> [U(a*,6,) — U(m,0,)] < TREGRETHgnG,s + VT log O]

t=1
8(1+ a)rlogT
= TREGRETHgpGE, s
+ O(VTlog|©])
+ 0T+ a)logT).



Next-Token Prediction and Regret Minimization

For ¢ > 7, we have that M(0'"!) = Mp,(6'~1). By
Lemma 2.3, we therefore have

T
TREGRETHepce,s T [U(a”,60:) — U(my, 604)]
t=7+1

= 0(VT(logT +10g 4]))
— O(VTlog(|A|-T)).

Combining these two terms, we have that

EXTREG(m, 0) = O(W\;%'ﬂ)
+O< (1+o;210gT>

o(1).

We next bound the TV-distance between D and Dj.
Note that because we play the recommendation of My
(and sample from Dg) until event £ occurs, the TV dis-
tance drv(D, Dy) is upper bounded by the probability
Pro~p, [£] of this event.

To do this, we begin by defining a to be the sequence of pure
action best responses to the recommendations of M; i.e.,
a; = BR(M(0'71)). We argue that if € is truly sampled
from Dy, then a and 7 obtain similar utilities and hence
similar regrets. We can quantitatively bound this through
the following lemma.

Lemma A.1l. Let u € A(O) be a distribution over states 0.
Let a = BR(u) and m = QBR(u,n). Then

Ula,p) — U(m, p) < nlog|Al.

Proof. Note that we can equivalently define the quantal
best response 7 as the mixed action that maximizes the
regularized utility V' (7w) = U(w, ) + nH (w) (where H is
the entropy function). We therefore have that V(a) < V (7);
expanding this out (and using the fact that H(a) = 0),
we find that U(a,p) < U(m,p) +nH(m) < U(m,p) +
nlog |Al, from which the conclusion follows. O

From Lemma A.l, it follows that when 6 Dy,
Eo, [U(as, 0;) — U(m,0;)] < (log|A])/vV/T. Secondly,
since a; is the best response to the distribution of 6, for
any action a; we have that Ey, [U(a}, 0;) — U(as, 6;)] < 0.
Combining these expressions, we have that Eg, [U (a}, 0;) —
U(mt,0:)) < (log |A])/VT.

Let Ry(a*) = >, (U(a*,0;) — U(m,0;)) be the unnor-
malized regret at time ¢ with respect to a*, and simi-
larly RHEDGE,t<a*) = Zt(U(a*yet) - U(WHEDGE,tyet))~

~

12

By the previous observation, R;(a*) — Rugpce,t(a*) —
t(log|A|)/v/T is a super-martingale, so by Azuma’s in-
equality, we have that

tlog |A|
Ria") — R N> — 2
Pr t(a ) HEDGE,t(a ) =z \/T < exp <_C ) .
8t
+C

Substituting C' = 1/8(1 + «)(log T')t (and normalizing by

t), we find that

log |4]
VT
8(1+ a)(logT)
t

1
;Rt(a*) - RHEDGE,t(G*) >

o

Now, REGRET; = max,+ ;R¢(a*). Applying a union
bound over all t € [T] and a* € |A|, we have that
Pr[&] < |A|-T~¢, as desired. O

+

A.5. Proof of Theorem 4.1

To formally construct these two models Mg and M, we
will make use of the theory of de Bruijn sequences. The
de Bruijn graph éa,k of order k on an alphabet © =
{s1,...,5je|} of size |©| is a directed graph whose vertices
represent all distinct sequences of length & — 1. For every
sequence s;, Si, . . . S;, of length k, there is a directed edge
from the vertex s;, s;, ... S;,_, to the vertex s;,5;, ... S;,.
A de Bruijn sequence of order k is a cyclic sequence of
characters in © where each of the possible |©|* substrings
of length k appears exactly once. Note that a de Bruijn
sequence of order k corresponds to a (loop-removed) Eu-
lerian cycle in a de Bruijn graph of order k£ (which in turn
must exist since every node in émk has equal indegree and
outdegree |©)).

Given a fixed de Bruijn sequence of order L and over a
binary alphabet © = {0,1}, we can use it to construct
two nearly deterministic L-bounded models Mg and M.
M and M induce the same uniform marginal distribution
over length L substrings, but the next-token predictions are
different. We construct in the following way: we define
M (01) specified by the deterministic next-token of the
de Bruijn sequence, and M1 (8%) = 1 — M (6%) as the
deterministic opposite of M;. The first L tokens in the
Markov process are seeded uniformly so that both processes
remain in the same stationary distribution: the marginal
distribution over any ¢ > L substring is uniform. Thus, any
context length L model M will not be able to distinguish
Mg from M. Such a model M makes predictions very

:| S T—(1+OL)
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differently from the deterministic next-token of either M
or M, leading to Theorem 4.1.

Proof. We will prove this by constructing two L-bounded
models M and M, with the following guarantee: for any
other L-bounded model,

dry (DO, D) + EQNDl [EXTREG(TI’7 0)] > 1/12

The theorem statement then follows from this guarantee
(if Eg~.p, [EXTREG(w, 8)] > 1/24, there exists some se-
quence in the support of D, that realizes this).

We first describe the two models. These models will be
(nearly) deterministic Markov processes of order L. For
both M and M, we set probabilities for the first L tokens
so that each token is equally likely to be 0 or 1 (i.e., for
t < w, Mo(6:]0071) = My (0;|6'~1) = Unif({0,1})).

We then use a de Bruijn sequence to set the transition proba-
bilities of M and M as follows. Pick an arbitrary binary
de Bruijn sequence of order L. For an L-tuple of states
0L = (01,...,01), let DB(6”) € {0,1} be the token im-
mediately following 8% in this de Bruijn sequence. Then:

e For Mo, set M(J(gt‘g(t—L):(t_U)
1[0, = DB(Q(t—L):(t—l))].

e For M, set Ml(et‘g(t—L):(t—l))
1[0, =1 - DB(@U~L):(=D)].

That is, we deterministically* set M to generate the next bit
by following the de Bruijn sequence, and set M to generate
the next bit by deterministically following the opposite of
the de Bruijn sequence.

We begin by making the following observation: for both
Markov processes M and M, the uniform distribution
over L-bit strings is a stationary distribution for the process.
This follows because the induced Markov chain over L-bit
strings is doubly stochastic for both M and M (for any
state %, there are exactly two predecessor states that can
lead to it, one from the de Bruijn sequence, and one not
from it). This means that for all ¢ > L, the distribution of
0(t—L):(t=1) i5 uniform over OF.

Now let us consider the candidate robust L-bounded model
M (with distribution D(M) = D). We will call an L-tuple
of states 01 € O high-regret it M(DB(0Y)|01) > 2/3,
and let o € [0, 1] equal the fraction of tuples in OF that

“If we want to ensure Do and D have full support, we can
add infinitesimal mass on the other option (i.e. follow the de
Bruijn sequence with probability 1 — e, follow the opposite with
probability €). This does not affect any of the subsequent logic.
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are high-regret. Note that on a high-regret sequence the
prediction of M disagrees with that of M, and will cause
M to incur external regret on sequences drawn from D;.

In particular, we first claim that Eg.. p, [EXTREG(7, 6)] >
2o — (1 — a). To see this, we will compare the expected
utility of following the baseline strategy ©#* = (1/2,1/2)
to the utility of following the sequence of recommenda-
tions 7, = QBR(M(6*~1),1/+/L). The baseline strat-
egy has the property that U(7*, 6) 1/2 regardless of
0, so the cumulative utility of the baseline is always T'/2.
If 0(—L):(t=1) ig a high-regret tuple, then 7, will equal
DB (0~ 1):(*=1)) with probability at least 2/3 (this prob-
ability only gets amplified by the quantal best response),
and therefore U(m,60;) < 1/3. On the other hand, if
0(t—L):(t=1) js not a high-regret tuple, then we only have
the trivial bound U (7, 0;) < 1. Finally, for any ¢ < L, 6,
will be drawn uniformly from {0, 1}, so the expected utility
]E[U(’]Tt, gt)] = 1/2

Combining these facts (and using the fact that for each ¢ >
L, §¢=L):(t=1) is drawn uniformly from ©% and therefore
has an « probability of being high-regret), we find that

On the other hand, we will show that if « is too small, then
the TV distance between Dy and D is necessarily large.
Indeed, let Dy and D be the distributions of the first L + 1
states from Dy and D respectively — by the data-processing
inequality, drv(Dg, D) > dTV(ﬁO, b). But we can directly
bound dry(Dy, D) > (1 — a)/3, since if 8 is not high-
regret (which happens with probability 1 — ), with probabil-
ity at least 1/3 M(0%:L) will not equal DB(0':L) and thus
generate a sequence lying outside the support of M. It fol-
lows that dTv(Do, D) + EGNDI [EXTREG(TF, 0)] > 1/12,
as desired.

O

A.6. Proof of Theorem 4.2

Proof of Theorem 4.2. First, we bound the TV distance be-
tween D and Dg. Following the proof of Theorem 3.1, for
any substring of length m < A, the probability that Algo-
rithm 1 plays the out-of-distribution prediction is bounded
by % . ﬁ. There are at most AT substrings of length
bounded by A. Applying a union bound we prove the TV
distance result.
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The external regret bound follows from the same proof in

Schneider & Vodrahalli (2024). We write the proof here.

Given a context of length L, the output of Algorithm 2
can be viewed as the uniform combination of A copies of

Algorithm 1, each starting at a time m = L+ 1,..., L.

Intuitively, Algorithm 2 inherits the regret of Algorithm 1
over length A strings with the given parameters, which

is bounded by Y2+ \/ BlogTH8(a+ )15 2 We denote

Algorithm 1 by A and its regret by REGRET 4. First, we
introduce notation related to offsets. For any t € —(A —
1),T — 1 and m € [A], we write

&;n = amﬂn = A(0t7 s 79t+m—1)7

which is the prediction by the m-th copy of A about state
Ot +m-

Now we rearrange the total payoff of Algorithm 2 and write
it in copies of A:

Zﬂ[at :Ht} ==

v

— (T + A — 1)REGRET 4
T

> max I[6 = 6]
0c{0,1} py

— (T'+ M)REGRET 4.

Normalizing both sides by %, we prove the theorem. [

B. Transformer Robustification Construction
B.1. Transformer Preliminaries

We introduce a formal model of a transformer, drawing
heavily from Sanford et al. (2024).

For a sequence of queries, keys, and values Q, K,V €
RTX™ "an autoregressive self-attention head of embedding
dimension m with softmax attention is defined by

f(Q,K,V) = softmax(QK )V,
where the softmax operator

1
Sy exp(v;)

softmax(v) = (exp(v1),...,exp(vr))
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is applied row-wise, and mask M € RT*7 satisfies

0 ifi > j,
M; ;= { .
—oo  otherwise.

Multi-headed attention concatenates the outputs for multiple
attention heads. For some sequential input X € RT*™ an
H-headed attention unit computes H queries, keys, and
values of embedding dimension 7; as

Q" = XW(, KM= XWg, V' = XW{,

for projections Wi, Wit Wi, € R™*™/H for every h €
[H]. The output of the resulting H-headed attention layer is
the following:

X = [F(QY KN VY.L (@ K7, v,
for parameters (Wg, Wk, W\]})he[H]~

We define a transformer of depth L as a function of the form

g=¢rofro---og¢10 fiodo,

where f1,..., fr are multi-headed attention layers of em-
bedding dimension m, and ¢1,...,¢r—1 : R™ — R™ are
multi-layer perceptrons applied element-wise, i.e.

Ge(X) = (¢e(X1), ... pe(X1)),

¢o : X — R™ is an embedding layer from some alphabet X,
and ¢y, : R™ — R%ut is an output MLP layer. In the sub-
sequent proof, we argue informally that our MLP units can
be efficiently constructed as a shallow ReLU network with
bounded width (typically, logarithmic in sequence length 1)
and bit-precision (log(7T") as well).

We assume that the alphabet > encodes a positional en-
coding. That is, in the proof of Theorem 5.1, we let
¥ = O x [T] and encode the input sequence §7 € ©T
as ((01,1),...,(07,T)). We assume that there exists a con-
stant “beginning-of-sequence token” Xgzos that produces
constant key and value vectors and can be attended to.

B.2. Proof of Theorem 5.1

We restate Theorem 5.1 precisely.

Theorem B.1. Suppose there exists a transformer g, of
depth L and embedding dimension m that exactly computes
the next-token probabilities over some distribution Dy (i.e.
for any 67 € OT, grg,(0T),; = Prp [0, = i | 8'71)).
Suppose the loss function U is Lipschitz and can be exactly
represented by a multi-layer perceptron with width inde-
pendent of T. Then, there exists a transformer g' of depth
L' = L + 4, heads H' = O(|A|?), and embedding dimen-
sionm’ = m + O(|A|]> + |©|) such that the following is
true (in the notation of Algorithm 1) for some error term
0 < % (for any fixed ¢ > 0), forallt < T':
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1. Ifthere exists s < t — | A| such that

1
REGRET; — REGRETHepge,s > Wia log | A]

Vi
8(1+ «a)logT

_l’_
5
+ 9,
then g/(eT)t = MPolyu(B(t_l))'
2. Ifevery s < t — |A| satisfies
REGRET; — REGRET < 1 log | A]
s HEDGE, s \/T g
8(1 logT
L [R0Ta)iog
5
-4,

then g'(67); = Mo(6'71) = g, (07).

Before proving Theorem B.1, we observe that there are two
senses in which the transformer construction is approximate:

* The REGRET, condition makes no guarantees within
an additive interval of width 2.

* The transformer guarantee does not account for the
previous | A| states in the outcomes.

Both issues are insignificant in the regime where 7T is large,
and Theorem 3.1 could be adapted in a straightforward
manner to accommodate these changed conditions.

Proof. We transformer ¢’ by introducing six gadgets. As-
sume that A = {1, ..., k} throughout.

1. The first L layers of g’ exactly compute the output of
gm,- Concretely, we assume that the ¢th output of the
Lth layer exactly encodes a positional embedding u,,
the input state 6;_1, and the next token distribution
under Dy:

pt = (Pr[et =0 | 0t_1}> e RI®.
Do 9co

The output MLP computes the expected loss of each
action with respect to p':

0! =Egpt[U(a,0)], foreacha € A.

>0€(~)

2. An additional head in layer L computes

1+ 3 1[0, = 6]
O+ (t - 1)

MPolya(g(til)) = <
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in the tth output by calculating a rolling average with
the self-attention head. The output MLP computes

HEDGE,t
ty

= EGNMPolya(B(t*U) [U(CL, 0)]’
for each a € A.

k — 1 heads in layer L + 1 jointly retrieve the pairs of
partial losses

t—k+1 HHEDGE,t—k+1 t—k+2 HHEDGE,t—k+2
(61 >€1 )a (EQ 762 )’

. (Q;lUEZIE[iGE,t—l)

from the k previous tokens.

Layer L + 2 uses k2 attention heads to compute each
component of both QBRs.

_ _exp(VTE)
TS exp(VTULRY
HEDGE,t—k __ exp (/T PHEPGE t—F)

’ Y owr exp(\/TEZI,EDGE’t_k’)

Wtfk _

Layer L + 3 uses one head to compute REGRET;_j, —
REGRETHgpaE,s by averaging the QBR losses, and eval-
uate whether the inequality condition holds for ¢ — k.

Layer L + 4 detects whether the inequality condition
occurs for any s < t — k by computing an OR over the
inequality conditions.

While the proof does not formally define all weights in the
model, we outline how each gadget is constructed in the
following sections. We focus in greatest specificity on the
attention patterns that construct the aggregations employed
by different gadgets. We also provide brief justifications for
why all MLPs can be compactly constructed and a high-level
error analysis.

Gadget 1: Next-token probabilities (Layers 1to ). The
relative sizes of the two models immediately imply that the
first L layers of ¢’ can exactly simulate gq,. The residual
connections in ¢’ (and the slight increase in embedding
dimension) make it possible for g’ to preserve a positional
encoding u; and 6;_; throughout the L layers, even if the
residual stream of g, “forgets” them.

Because Efl is a linear function of p!, it can be trivially
computed with a linear layer of the Lth layer’s MLP ¢ .
The MLP additionally computes

(L[0:—1 = 6])oco € {0, 1},

which employs k distinct ReLU circuits as fixed thresholds.
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Gadget 2: Polya urn average (Layer L). The Polya urn
next-state prediction model (equation 1) can be computed
exactly for each state 6 by an attention head that averages
over the indicators 1[0; = 6] for s < ¢. The bias of the
Polya urn predictor is accounted for by attending to the
constant-valued BOS token.

A single autoregressive attention head in the Lth layer com-
putes Mpoyya(81~1)) by attending to previous tokens (in-
cluding a BOS token) with the following keys, queries, and
values, which are either constant-valued or can be obtained
using O(|©]) ReLU neurons as thresholds.

Qi =1, (I[0:—1 = 0])oceo;
1
e -1
These choices produce the following self-attention outputs.

Kt:()a ‘/t:

Kzos = 10g(|@| - 1)7 Vaos =

exp(Q: Kros) Vaos + ngt exp(Q K

The analogous claim holds for v. 5 and K?EDGE’FkJFQ.

Gadget 4: Computing QBR (Layer L + 2). Before for-
mally constructing the QBR predictor 7, we outline how we
wish to obtain some 7t ~* for some action a € A in the tth
sequential position for a single fixed index t by providing a
partial softmax over a subset of k embeddings.

Qt = \/Tv
Rt7k+a’ = ‘ezjka

Vieksa =1[d =d], fora’ € A.

Note that the previous gadget ensures that sequence element
t — k + a’ has access to partial loss Efl,_k. The corresponding
softmax exactly computes 7’ *.

Zi t—k+1 eXP(Qt

s ¥oftmax(Q, K)V =

softmax(Q;K ")V =

14> 1[0 = 0]

_ (9D,
O+ (t—1) Meaya(07)

As in Gadget 1, the partial losses £7EPSE! can be computed
in the output MLP.

Note that none of these quantities depend on My; hence,
concurrent computation in layer L is possible.

Gadget 3: Retrieving previous losses (Layer L + 1).
For each a € A, assume that the positional encoding
is sufficiently structured to make possible the retrieval of
Ut—k+q 10 an MLP layer. This is possible with simple si-
nusoidal embeddings (see, e.g., the proof of Theorem 6 of
Sanford et al. (2023)) We further assume that ||us]| = 1
and qus < 1 — —; for some constant ¢ > 0 if ¢ # s.

The ath attention head has the following components, which
can be computed in the MLP of the previous layer:

Qi = Tcut,ker K, =u;, V= (Et (HEDGE, t)

a’™a
for any C' > ¢+ 1. For any constant ¢’ > 0, there exists
some sufficiently large C' such that the first dimension of
the ath self-attention output approximately equals £%~*+¢:

exp(Q¢ Kzos) + ngt exp(Q:Ks) Zs t—k+1 eXP(Qt

s<t GXp T ut k—i—aus)g t—k

)V
s)
— ZZ’:l exp(Qth7k+a’)%7k+a/

ey exp(QuKi—yar)

_ exp(\/TEfl_k)
ZZ’:l exp(ﬁﬁfj

t—k

k) =Ta

This construction in its current is not sufficient because its
parameterization depends on a single sequence index ¢, and
it attends to only a subset of elements. Two modifications
suffice to adapt this construction to compute all sequential
outputs.

1. We employ a width-k interval positional encoding that
the tth sequence element only non-negligibly attends
to the k previous elements.

2. We use k? heads such that the tth output of the head
indexed by (a,j) is 7t % if t = j (mod k) and 0
otherwise.

We assume that the positional encoding wu; can be used
to derive a width-£ interval encoding w, that satisfies the
following property:

‘softmax(QTK) — = k+“| = ‘Z

1
< -1 t—k+a
- ‘ <1 + (t — 1) exp(=TC¢) ) fa

+|(t

1
< 7/ .
< e
We refer back to this inverse-polynomial additive error later

when bounding §. Note that the outputs of this self-attention
unit can be computed with bit precision O(log T').
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s<teXp(T ut k+au5}ut

+a 1 .
Tufﬁz lift —k <s <t and w;rus < 5 otherwise.

1) exp(-THEs¢ pmbedding vectors are known to exist and have di-

mension O(k) by arestricted-isometry condition established
by Mendelson et al. (2007); Candes & Tao (2005)°.

Fix some pair (a, j) € [k]?. We construct the queries, keys,
and values of the corresponding head as follows. We define

5This connection is discussed in detail in Sanford et al. (2023).
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a, €[klasal, =t —j (mod k).
Qt = \/thv
K, = (Kira“ + C\/T) — T,

V,=1ld}, =a].

Note that the new query, key, and value embeddings are
defined for all ¢ and that V;_j, = f/t_k+a. Furthermore,
the query/key inner-products are preserved within the k-
interval, and inner-products outside the interval are much
smaller under the assumption that U is bounded indepently
of T'. For a sufficiently large constant c:

OTK, =T (Et_ +eVT) =T

s

= VTe, " = QK ift —k<s<t,
T —a
Q;‘I—Ke < £ (KZ/, e + C\/T) — T
T t—a, T T .
— gﬁfl;;" — % < —%, otherwise.

A judicious choice of c ensures that the additive error in the
self-attention unit from inner products outside the interval
of width k is inversely polynomial in 7. We conclude the
following:

S exp(QT K,V
S exp(QTK,)
X e QTR

Zi;lg_k eXp(Qz—Rs)

softmax(Q K)V =

where the approximation conceals an additive inverse poly-
nomial error whose degree depends on the choice of ¢, which
can be bounded with a similar softmax analysis used in the
previous gadget.

Given the QBR distribution 7tk the layer’s MLP com-
putes E,¢—x[U(a, 6;—)] by evaluating E, . .+ [U (a, 0)]
for every # € © as a linear function of 7*~*, and using
|©| ReLU thresholds to retrieve the correct expectation for
ot_k6.

Layer L + 2 consists of two copies of this gadget. The other
one computes HEPSEI—F and

]EaNTrHEDGE,t—k [U(a, at_k)}

with k2 additional attention heads and corresponding MLP
weights.

This relies on 6;_ being retrieved from index ¢t — k+ 1, which
is possible with an additional “look-up” attention head that applies
the construction of Gadget 3.
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Gadget 5: Evaluating REGRET;_j, condition (Layer L +
3). Obtaining REGRET;_, requires first computing

1
A anﬂ'f‘ [U(aa 08)}7
t—k
s<t—k
which can be attained a transformer that computes a rolling
average among t — k preceding elements. The following

queries, keys, and values enable that construction:
Qt = 17
T t>k
K; = > 5,
0 t<k,
Vi = Eqomi—r[U(a, Oi—1)].

This computes the above quantity up to additive inverse
polynomial error.

An analogous computation retrieves the corresponding term
for HEDGE:

1
m Z EaNﬂ-HEDGE,S[U(a795)].

s<t—k

The difference in regrets can be computed in the MLP by
subtracting the two quantities and scaling appropriately. We
conclude by determining whether REGRET;_j; meets the
condition. Since the regret is only used as a threshold, we
design an MLP that evaluates the following condition:

Gi—p =1 |:REGRETtk — REGRETHgpGE,t—k

1 8(1+ a)(logT)
> L TAROS ),
> ﬁlog|A\ + —

Note that the total additive error of the thresholded quantity
in the condition is at most inverse polynomial.

Gadget 6: Determining whether the condition holds
anywhere (Layer L + 4) The final layer tests whether
qs—k = 1 for any s < t and returns the appropriate distribu-
tion based on the result. We employ a single self-attention
head with the following components:

Q=1 K;=2T-q, Vi=1,

kgos =T, vpos = 0.
We set ¢, = 0 for t < k. Consequently,
softmax(Q;KT)V > % if there exists some ¢s_p = 1

for s < ¢, and softmax(q;k")v < & otherwise. Threshold-
ing on this value is sufficient to ensure the that proof claim
holds. H
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C. Generalization to Unknown Decision
Problem

We show that our method applies to the case where the deci-
sion problem is unknown and the state space is binary. This
appendix defines a switching procedure that (i) discretizes
the class of proper scoring rules using a finite basis of V-
shaped proper scores, and (ii) switches to a POLYAURN
predictor whenever the primary predictor exhibits large ex-
ternal regret for some discretized V-shaped score. For gener-
alization to a multi-dimensional case, similar results usually
require a tractable cover of the set of multi-dimensional
proper scoring rules. Kleinberg et al. (2023) has shown that
the same additive decomposition in the binary case does not
generalize to the case where the state space |©] > 4.

C.1. Setup and notation

We consider a binary outcome sequence 61,0z, - - - € {0,1}.
A (randomized) predictor outputs probabilities M (6; |
0'~1) € [0,1] before observing ;. For notational con-
venience in this appendix, we write p; :== M(6; | 9'71).

We define proper scoring rules, which will later be shown
to correspond to the best-responding payoff of a decision
problem.

Definition C.1 (Proper scoring rule). A scoring rule ¢ :
[0,1] x {0,1} — Ris a (strictly) proper scoring rule if, for
every ¢ € [0, 1], the map

p = E@NBern(q)[é(pa 9)]

is (uniquely) minimized at p = q.

Decision-makers who best respond to forecasts. Fix a
finite action set A. Let U : A x {0,1} — [-1,1] be a
bounded utility function, and extend U linearly to mixed
actions by U(w,0) := E,r[U(a,8)]. Given a forecast
p € [0,1], define the decision-maker’s best response to
belief Bern(p) as

BR(p) € argmax Egpem(p) (U (T, 0)].
TEA(A)

Given forecasts p1.r and outcomes 6.7, define the (exter-
nal) regret of best-responding to the forecasts as

EXTREGEX(U; pr.1, 601.7)
1 <& 1 I
- ~N"U(a*,0,) — U(BR(

Regret under a scoring rule. For a proper scoring rule ¢,
define the (external) regret of forecasting p;.7 under £ (with
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respect to the best constant forecast in hindsight) as

EXTREGy(4; p1.7, 01.1)

T
= 2> b)) ~ Zé p,6y).
t=1

Lemma C.2 (Best-response regret corresponds to regret un-
der a proper scoring rule). For any bounded utility function
U: Ax{0,1} = [-1,1], there exists a bounded proper
scoring rule £y : [0,1] x {0, 1} — R (unique up to adding a
term that does not depend on p) such that for every forecast
sequence py.7 and outcome sequence 0.7,

min —
pefo,1] T'

EXTREGER(U; p1.7, 01.7)
= EXTREGT(EU; P1.T, 01;T)-

@)
3

Conversely, for every bounded proper scoring rule {
[0,1] x {0,1} — R, there exists a bounded utility func-
tionUy : A x {0,1} — [—1, 1] over some finite action set
A such that equation 3 holds.

The spaces of regret under proper scoring rules and best-
responding regret are thus equivalent.

C.2. V-shaped proper losses and discretization

The space of proper scoring rules for binary states can be
covered by a family of V-shaped scoring rules (Li et al.,
2022; Kleinberg et al., 2023).

A V-shaped family. Let {{,},c[o,1] be a one-parameter
family of bounded proper scoring rules, indexed by a “tip”
parameter v.

Definition C.3 (V-shaped scoring rules). For each tip pa-
rameter v € [0, 1], define the univariate V-shaped function

Kv(p) =

Let sign(z) denote the sign function (sign(z) = 1if z > 0,
sign(z) = —1if z < 0, and sign(0) = 0), and choose the
(sub)gradient

—|p—U|, pe[o,l]

gv(p) :=sign(v — p) € 94, (p).

Define the associated bivariate scoring rule ¢, : [0,1] x
{0,1} — Rby

Cy(p,0) == Lu(p) — P gu(p); ©)

o(p,1) := Lo(p) + (1 = p) 9u(p), ®)

with the convention g, (v) = 0 (equivalently, ¢,(v,0) =
ly(v,1) = 0). We call {£, },¢[0,1] the V-shaped class.

Our algorithm focuses on the discretized space of V-shaped
scoring rules, where we discretize the space of the tips.
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Algorithm 3 No-Regret for an Unknown Decision Problem
under Binary States

1: Input: grid V., confidence d, primary predictor produc-

ing pf.
2: Initialize S < 0 (switch time; S = 0 means ‘“not
switched”).
3: fort=1,2,... do
4: if S > 0 then
5: Output p; + pi'Y.
6: Observe y; and continue.
7. endif
8:  Compute A;_;(v) for all v € V. (using data up to
t—1).
9:  if max,ey. ﬁt_l(v) > b(t —1;¢,0) then
10: Set S « t and output p; < pi V. Else
11: Output p; + pY.
12:  end if
13:  Observe y;.
14: end for

Discretizing the tip. Fix ¢ € (0, 1] and define the grid
V. :={0,¢,2¢,...,1}, Lo:={l,:veEV}
Let No:= V.| <1+¢e L

We define the V-regret as EXTREG (¢, ; p1.1, 01.7) the re-
gret induced by a V-shaped scoring rule.

C.3. Switching rule and algorithm

Let p? be the primary predictor’s forecast at time t. We
define a one-way switching procedure that outputs either
the primary forecasts or the Polya Urn forecasts.

Empirical V-regret gap. We define the empirical regret
gap on the prefix 1:t as the maximum regret over the cover:

Ao = max EXTREG: (f,; 2., (©6)
ve £

Confidence threshold. Fix § € (0,1). Let

log(N.t2/0)

t b
for a universal constant ¢ > 0 (chosen to dominate the
uniform concentration bounds used below).

Theorem C.4. Choose ¢ = 1/T and § = T+, s0
N. =0O(T) and

b(t;e,d) := ¢B @)

b(t;e, ) =c¢ W_O( (1%3;210gT>~

t

Running Algorithm 3 on a model M (with Dy := D(M,))
results in a robustified model M (with D := D(M)) with
the following properties:

* for any smooth-best-responding decision maker,
M is a low-regret model with worst-case regret

0 (% log(|A] - T) + /A + a) 1ogT)).

e The TV distance between D and Dy is bounded by
drv(D, Do) < |A|T .

C.4. Technical Lemmas for V-shaped Decomposition

The analysis needs (i) a cover (approximation) of an arbi-
trary proper scoring rule by mixtures of V-shaped scoring
rules and (ii) uniform concentration over the discretized fam-
ily. We adopt the same technical lemmas from Kleinberg
et al. 2023; Hu & Wu 2024.

Lemma C.5 (V-shaped Decomposition). Let £ be a bounded
proper scoring rule on [0, 1] x {0, 1} satisfying mild regular-
ity (e.g., differentiability of the Bayes risk). Then there exist
affine terms a(y) +b(y)p € [—1, 1] and a finite nonnegative
measure w on [0, 1] with fol w(dv) < 2, such that for all
(»:y).

tp.y) = aly) +bw)p + / to(p y) w(dv). )

Lemma C.6 (V-shaped cover). Let ¢ be a bounded proper
scoring rule and let a(y), b(y) and the finite nonnegative
measure w be as in Lemma C.5, i.e.,

Up.y) = aly) + bly)p + / t(p, ) w(dv).

Fix e € (0,1] and let V. = {0,¢e,2¢,...,1}. For each
v € V., define the bin
I, == [v—¢/2,v+¢/2)N[0,1], w® = w(l,).

Define the discretized scoring rule

(O (p,y) == aly) +by)p+ Y, wl (p,y).
vEV,:

Then for all p € [0,1] and y € {0, 1},
t(p,y) = 19 (p,y)| < 2, ©)
and hence

sup  |Up,y) — 9 (p,y)| < 2e.
pel0,1], yE{0,1}

Lemma C.7. For any bounded proper scoring rule ¢ €
[—1, 1] and any forecast sequence p .,

EXTREGr((;prr) < 27,0 + 4e. (10)

By a uniform concentration bound, if the predictions are
in-distribution, the regret is low with high probability.
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Lemma C.8 (Uniform concentration over £, (prefix-uni-
form)). Fix § € (0,1). With probability at least 1 — 0,
simultaneously for all t > 1,

Y

~ 2
A < 0<B 71%(]\? /5)>.

C.5. Proof of Theorem C.4

Proof of Theorem C.4. Let 61.7 be the realized outcomes
and let 7 € {1,...,T} be the (random) switching time of
Algorithm 3, with the convention 7 = 7' if no switch occurs
by time 7. Denote by p; the forecast used by the algorithm:
pe = p) fort < 7and p; = pF'V fort > 7.

Regret decomposition. For any (smooth) best-responding
DM with actions 7; = 7(p;), define average regret

EXTREGT( c{*g Z a 015 (7rt,9t)).
Split at 7:
EXTREG(7) (12)
< —maxZAt ) + —max Z Ay(a*), (13)
t=7+1
where At(a) = U(a,Qt) — U(7Tt79t). (14)

Stage I (pre-switch). Recall the threshold b(t;e,d) =
cy/1og(N:t2/6)/t. By minimality of 7, for all ¢ < 7 we

have Et,g < b(t;€,6). By Lemma C.7 (covering argument),
for any bounded proper loss /,

EXTREG, (£;p).,) < 237,5 +4e < 2b(1;¢,0) + 4e.

By Lemma C.2 (decision problem <> proper loss),
there exists a bounded proper loss /¢y such that
EXTREGEZR(U; Y., ) = EXTREG, ({i/; p!.,), hence

(U;pY.,) < 2b(1;¢,0) +4e. (15)

Finally, by Lemma B.1 (smooth BR vs. exact BR), the
smooth best-response policy 7 loses at most O (log K /v/T)
additional regret relative to exact best response, so

— max Z Asla

EXTREGEH

) < (2b(7' £,6) +4e)
log K

+5<ﬁ)'

Stage II (post-switch). For ¢ > 7, the algorithm uses
the Polya—Urn predictor p”’V. Exactly as in the proof of
Theorem 3.1 after switching, the smooth best-responding
DM is (equivalently) running Hedge locally, hence

(16)

T
N log(KT)
- max Ai(a) < O() )

20

Combine. Combine equation 14, equation 16, and equa-
tion 17, anduse 7 < T":
EXTREG ()
< O(log(KT) ) .
VT
Choose e = 1/T and 6 = T~(1**), 50 N. = O(T) and

B (I1+a)logT
A=)

Thus, for any smooth-best-responding DM,

log K
VT

> 2(T;e,8) +de + 0(

log(N.T2/3)

b(T;e,d) = T

EXTREGy(7)
B 1 (1+a)logT
—O(\/Tlog(KT)) +O< T) ,

which proves the first bullet.

TV distance. Let Dy := D(My) be the distribution over
full sequences when always using p?, and D := D(M) the
distribution induced by Algorithm 3. Couple D and Dy by
using the same randomness/outcomes until the algorithm
switches; then the two distributions are identical on the
event =& (no switch), so

drv (D, Do) < Eg(g) (18)
By Lemma A.8 (uniform concentration), with probability
at least 1 — & we have Ats < b(t;e,d) forall t < T,
hence no switch occurs. Therefore PrDO(ESW) < 6§ =
T~(+), Since T~(1+%) < KT~ for T > K, we obtain
drv (D, Dg) < KT, proving the second bullet. O



