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ABSTRACT

Wepresentanefficientalgorithmfor solvingthe � -best-strings
problemin a weightedautomaton. This problemarisescommonly
in speechrecognitionapplicationswhen a ranked list of unique
recognizerhypothesesis desired.Webelievethis is thefirst � -best
algorithmto removeredundanthypothesesbeforeratherthanafter
the � -bestdetermination. We give a detaileddescriptionof the
algorithmanddemonstrateits correctness.Wereportexperimental
resultsshowing its efficiency andpracticalityevenfor large � in a�����������

-word vocabulary North AmericanBusinessNews (NAB)
task. In particular, we show that1000-best generationin this task
requiresnegligible addedtimeover recognizerlatticegeneration.

1. MOTIVATION

Theproblemof determiningthe � shortestpathsof a weighteddi-
rectedgraphis a well-studiedproblemin computer science(see
[1] for an extensive bibliography). The problem also admitsa
numberof variantssuchasfinding just the � shortestpathswith
no cycle,or the � shortestpathswith distinctweights,which have
all beenstudiedextensively as well. An efficient algorithm in-
troducedby [2] finds an implicit representationof the � shortest
paths(allowing cyclesandmultiple edges)betweentwo nodesin	�

� ������� ����������� ����� ��� , in constanttime per path,aftera pre-
processingstagedominatedby a single-source shortestpathcom-
putation.

Therelatedproblemsthatarisein speechrecognitionapplica-
tions aredifferent. The weightedgraphsconsideredin suchap-
plicationsareweightedautomata,typically word or phonelattices
representingthe alternative hypothesesconsideredby the recog-
nizer. It is oftendesirableto determinenot just thestring labeling
a pathof the automaton with the lowesttotal cost,but the � best
distinctstrings, thatis the � stringsof theautomatonwith thelow-
estcosts.

Indeed,considering hypothesesotherthanonecorresponding
to the bestpathincreasesthe chancesof finding the correcttran-
scription.In many applications,someinformationsourceor model
notusedin therecognizer, suchasamoreprecisegrammaror lan-
guagemodel,is usedto re-rankthe � besthypothesesanddeter-
minethebestcandidate.Similarly, whendealingwith largetasks,
most speechrecognition systemsusea rescoringmethod. This
consistsof first using a simple acousticand grammarmodel to
producea word lattice or n-bestlist, andthento reevaluatethese
alternative hypotheseswith a moresophisticatedmodel.

Theautomatonsearchedmaycontainin generalseveralpaths
labeledwith the samesequence, thusthe problemdoesnot coin-
cidewith theclassical� -shortest-pathsproblem. In fact, in many
applications,the � bestpathsmaycontainmany timesthesamese-
quences. Existing � -shortest-pathsalgorithmsdesignedfor speech
recognitionapplicationsessentiallyconsistof first determiningthe

�
shortestpathswith

����� � andthenof lookingfor the � distinct
beststringsout of the labelsof the

�
pathsobtained[3, 4]. This

meansthat a very largenumber of hypotheses may be generated,
comparedto previoushypotheses,andthendiscardedbecausethey
arenot distinct.

Wepresentanefficientalgorithmfor solvingthe � -best-strings
problem. The removal of redundant pathsis not doneasa post-
processing stepof the n-bestsearch,but prior to it. In this way,
weavoid thepotentiallyexponential enumerationof redundant hy-
potheses.Our methodis basedon two generalalgorithms,thede-
terminizationof weightedautomata[5, 6] andageneral� -shortest-
pathsalgorithm[7]. Weuseweighteddeterminizationto dealwith
hypothesisredundancy – severalpathslabeledwith thesamestring
– andasingle-sourceshortestpathsalgorithmto find the � strings
with thelowestcostin theresultof determinization.An on-demand
determinization,augmentedto provide theshortestdistanceinfor-
mationneededin the � -bestsearch,isusedsothatonly thatportion
of theinput visitedin the � -bestsearchis determinized.

In practice,we obtainthen-beststringsfrom a speechrecog-
nizerby first generatingfor theentireutterancea latticethatrepre-
sentstherecognizerhypothesesasanacyclic weightedautomaton.
We thenapply the n-bestalgorithmin a separatestepto this au-
tomaton. Sincelatticeswith low lattice word error ratescanbe
generatedwith very little addedcomputationover one-bestrecog-
nition [8], this approachallows us to completelydecouple the n-
bestgenerationfrom thefirst-passrecognition stepwith negligible
costin accuracy or efficiency.

We describeour algorithm in detail and report experimental
resultsdemonstratingits efficiency. Weshow thatouralgorithmis
practicalevenwith large � in large-vocabulary speechrecognition
systems.

2. ALGORITHM

2.1. Preliminaries

Thelatticesconsideredin speechrecognitionapplicationsaretypi-
cally acyclic weightedautomata,howeverouralgorithmis general
and appliesto all weightedautomata.A weightedautomatonis
a directedweightedgraphin which eachedgeor transitionhasa
label – a phonemeor a word in the caseof phoneor word lat-
tices [9, 10, 11, 12]. The weightsare often interpretedas neg-
ative log of probabilities, but in generalthey may correspondto
someothermeasuredquantity. They areaddedalongeachpath
andtheweightof a string � is theweightof theminimumweight
of a path labeledwith � . In what follows, we will thusassume
thattheautomatawe areconsideringareweightedover thesemir-
ing


! #"%$%&�')( �+*-,/.0� � � ' �
� � , calledthetropicalsemiring[13].
However, ourresultscanbestraight-forwardedly extendedto other
cases,in particularto includenegativeaswell aspositiverealnum-



berswith thesemiring

! 1$2&435' � ��')( �6*-,�.0� � � ' �
� � .

More formally, a weightedfinite automaton(WFA) over the
tropicalsemiring798 
;: � � � � �6<6�
=>��?��+@ � is givenby analphabet
or label set

:
, a finite setof states

�
, a finite setof transitions�BAC�EDF:GDH
! >"I$F&J'K( � D2� , an initial state

<>L �
, a setof

final states
= AM�

, an initial weight
?

anda final weightfunction@
.

A transition N)8 
PORQ NTS �
U Q NVS �6W Q NTS � � Q NVSX� L �
can be repre-

sentedby anarc from thesourceor previous state
ORQ NVS to thedes-

tination or next state � Q O S , with the label
U Q NVS andweight

W Q NVS . A
path in 7 is a sequence of consecutive transitionsNVY�Z[ZVZ
N]\ with� Q N]^_S#8 ORQ N]^ " Y�S , < 8a` �VbVb[bV� � 3 ` . Transitionslabeledwith the
emptysymbolc consumeno input. Wedenoteby d 
_e � egf � theset
of pathsfrom a subsetof states

ehA)�
to anothersubset

e f A)�
.

A successfulpath i%8CN Y Z[ZVZ
N \ is a pathfrom theinitial state
<

to
a final state j LK= . The previous stateandnext statefor path i
is thepreviousstateof its initial transitionandthenext stateof its
final transition,respectively:

ORQ ikSl8 OmQ N Y S � � Q i0S08M� Q N \ S
Thelabelof thepath i is thestringobtainedby concatenating the
labelsof its constituenttransitions:

n�Q i0S08 n�Q N Y SoZ[ZVZ n�Q N \ S
Theweightassociatedto path i is thesumof theinitial weight(ifORQ i0Sl8 < ), theweightsof its constituenttransitions:

W Q ikSl8 W Q NoY6S � ZVZVZ � W Q NJ\pS
andthe final weight

@ Q � Q i0S/S if the statereachedby i is final. A
symbol sequence � is acceptedby 7 if thereexists a successful
path i labeledwith � :

n�Q i0Sq8r� . The weight associatedby 7
to the sequence � is then the minimum of the weightsof all the
successfulpathsi labeledwith � .

2.2. Shortest-distancesto final states

The first stepof our algorithmconsistsof computingthe shortest
distancefrom eachstates L � to thesetof final states:

t Q s]S08 *-,�. & W Q i0S � @ Q juS�v�i L d 
 s � jl� � j L2= (
Thedistances

t Q sJS canbedirectlycomputedby runningashortest-
pathsalgorithm from the final states

=
using the reverseof the

digraph. In the casewherethe automatoncontainsno negative
weights, this can be computedfor exampleusing Dijkstra’s al-
gorithm in time

	�

� ���������w� ��� � usingclassicalheaps,or in time	�

� ���T�C� ����������� ��� � if we useFibonacciheaps[7].
After executionof thisfirst step,ouralgorithmconsistsof find-

ing the � bestpathsin the resultof an on-the-flyweighteddeter-
minization of the automaton7 . Thus,we will first give a brief
descriptionof weighteddeterminization– see[5] for a detailed
descriptionof thealgorithm.

2.3. Determinization and properties

Weighteddeterminizationtakesasinput a weightedautomaton7
andoutputs an equivalent subsequential or deterministicautoma-
ton x . A weightedautomatonx is deterministicif it hasa unique
initial stateandif no two transitionsleaving the samestateshare
thesameinput label.Figure2 shows theresultof thedeterminiza-
tion of theautomatonin Figure1.

Unlike the unweightedcase,not all weightedautomataare
determinizable.Thereexists however a generalcharacterization
propertyandanefficient testingalgorithmfor checking thatprop-
erty [5, 14]. In particular, any acyclic weightedautomatonis de-
terminizable.This guaranteesthe terminationof determinization
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Fig. 1. Non-deterministicweightedautomaton7 .
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Fig. 2. Equivalent weighted automaton x obtainedby deter-
minizationof 7 .

in our casesincewe areonly interestedin expanding a finite part
of the resultof determinization– the part necessaryto find the �
bestpaths.

Weighteddeterminizationis a generalizationof the classical
subsetconstruction [15]. The statesof theoutputautomatoncor-
respond to weightedsubsets

&p
 s�y �+W yT� �VbTbVbV� 
 sT\ �6W \u� ( whereeachs ^ L � is astateof theinput machine,and
W ^ aremainderweight.

The algorithmstartswith the subsetreducedto
&p
 <6��� � ( andpro-

ceedsby creatinga transitionlabeledwith z L : andweight
W

leaving
&4
 s y �6W y � �[bVbVbV� 
 s \ �6W \ � ( if thereexists at leastonestatesT^ admittinganoutgoingtransitionlabeledwith z , W beingdefined

by: W 8 *-,�. & W ^ � W Q NVSmvoN L �-Q sV^_S �{U Q NVSl89z (
The destinationstateof that transitioncorresponds to the subset
containing thepairs


 s f �+W f � with s f L & � Q NVS�v ORQ NVSl8MsT^ �
U Q NVS08Mz (
andtheremainderweight

W f 8 *-,/. & W ^ � W Q NTS 3 W v�� Q NVS08Ms f|( .
A stateis final if it correspondsto a weightedsubset} containing
a pair


 s �6W � where s is a final state( s LK= ) andin that caseits
final weightis:

*-,�. & W � @ Q s]Smv 
 s �6W � L } � s L%= (

An importantfeatureof thisalgorithmis thatit admitsanaturalon-
the-flyimplementation.Thecomputationof thetransitionsleaving
a subset} only depends on the statesand remainderweightsof
that subsetand on the input automaton, it is independent of the
previous subsetsvisited or constructed.That is we canlimit the
computationof theresultof determinizationto just thepart thatis
needed.

Ouralgorithmpreciselyutilizestheon-the-flydeterminization
of the input automaton7 . In addition,theshortest-distanceinfor-
mation,

t Q ~ S , in 7 needsto be suitably propagatedto the deter-
minizedresult.For this,we assignanattribute � 
 s f � to eachstates f of theresultof determinizationdefinedasfollows:

� Q s f Sl8 *-,�. & W ^ � t Q s ^ S�v ����<g� � (

when s f correspondsto thesubset
&p
 s�y �6W y]� �[bVbVbV� 
 sV\ �6W \�� ( . � Q s f S

canbedirectly computedfrom eachsubsetconstructed.Let xB8
;: � � f � � f �6< f �6= f ��? f �+@ f � betheautomatonresultof thedeterminiza-
tion of 7 .

Let s f beastateof theresultof determinizationcorresponding
to the subset

&4
 sVy �
W yV� �VbVbVbT� 
 sV\ �
W \u� ( . Let � L :�� andassume



thatthereexistsatleastonepathlabeledwith � beginning atastates ^ andleadingto
=

. Define � 
 s f � �0� by:

� 
 s f � �0�{8 *-,�.�p�4�R�P�+�+� �k�;�V�!� ��� �k��� y[��^_��\
& W ^ � W Q ikS � @ Q � Q ikS�S (

If nosuchpathexists,define� 
 s f � �0��8 ' . Thefollowing lemma
will beusefulin theproof of our mainproposition.

Lemma 1 There existsa uniquepath i f in x from s f to an ele-
mentof

= f
such that

U Q i f Sl89� and:

� 
 s f � �0�{8 W Q i f S � @ f Q � Q i f S�S
Proof. Let imY beapathminimizingthequantitydefining � 
 s f � �0� .
Without loss of generality, we can assumethat i Y L d 
 s y �
= � .
Sinces y belongsto a subsetconstructedby determinization,there
existsat leastonepath i y from theinitial stateof 7 to s y . Assumeily to besuchapathwith theminimalweight,thenby definitionof
thesubsetconstruction,

W Q iuy�Sl89� � W y where� is theminimum
weightof a pathlabeledwith

U Q i y S leaving the initial state.Thus,W Q i y i Y Sl89� � W y � W Q i Y S � @ Q � Q i Y S/Sl8M� � � 
 s f � �l� . Since�
is a constantindependentof s y , by definitionof � , i y i Y is a path
of minimal weightin 7 labeledwith

U Q i y i Y S .
By definitionof thesubsetconstruction, thereexistsa unique

path i fy labeledwith
U Q i�yTS from the initial stateto s f in x with

weight � anda uniquepath i f Y labeledwith � from s to
= f

. Since
determinizationleadsto anequivalentmachine,7 and x associate
thesamevalueto thestring

U Q i y i Y S . Thus:

W Q ilyVimY�S08M� � W Q i f Y S � @ f Q � Q i f Y S�S
And: � 
 s f � �0��8 W Q i f Y S � @ f Q � Q i f Y S�S . This provesthelemma.

Thefollowing is apropertyof � similar to thatof
t

for 7 that
is crucialfor thecorrectnessof our � -best-stringsalgorithm.

Proposition1 For anystates f L � f in thedeterminizedautoma-
ton x , � Q s f S representsthe shortestdistancefrom s f to the setof
final statesof x :

� Q s f S08 *-,�. & W Q i f S � @ f Q � Q i f S/S�voi f L d 
 s f �
= f � (
Proof. By definitionof � ,

� Q s f S�8 *-,�.
y[�l^|�l\

& W ^ � *-,�.���o�R�P�+�6� �k� & W Q ikS � @ Q � Q ikS�S (�(
8 *-,�.

y[�l^|�l\ � ���o�R�P�+�6� �k�
& W ^ � W Q ikS � @ Q � Q ikS�S (

Factoringpathsi thatsharethesamelabelgives:

� Q s f Sl8 *-,�.���o��� � 
 s f � �0�
By lemma1:

� Q s f Sl8 *-,/.���o���T� ���_�4�R�P�
�|� �k���;� �!� �����P�0� W Q i f S � @ f Q � Q i f S�S
Since x is deterministic,for each� thereexistsat mostonepath
leaving s f labeledwith � , this expressioncan thusbe simplified
andrewrittenas:

� Q s f S�8 *-,/.���;�o�R�P�
�_� �k��� W Q i f S � @ f Q � Q i f S�S
This endstheproof of theproposition.

The propositionshows that � can be usedto determinethe
shortestdistancefrom eachstateto

= f
within x , which we can

exploit asin classical7 � single-sourceshortest-pathsalgorithms.

This is in fact oneof the main benefitsof the determinizational-
gorithmsin this context. This propertyclearly remainsvalid re-
gardlessof whethertheautomatonx is completelyexpandedand
constructedor not.

The methodwe are introducingis very general. Any � -best
shortest-pathsalgorithmtakingadvantageof � canbeusedto find
efficiently the � bestpathsof x whichareexactly labeledwith the� beststringsof 7 .

We briefly presentherean � -shortest-paths algorithmsthat is
very easyto implementand that we choseto usefor our experi-
ments.Otherefficient algorithmssuchasthealgorithmof [2] can
be usedto computean abbreviated representationof the � best
stringsaswell. Y

2.4. A simple � -shortest-pathsalgorithm

Thealgorithmis a generalizationof theclassicalalgorithmof Di-
jkstra [7]. To simplify the presentation,we will assumethat x
containsonly onefinal state. This doesnot affect the generality
of our algorithmandthesearchfor the � bestpathssinceonecan
alwayscompleteanautomatonby introducingasinglefinal statej
to which all previously final statesareconnectedby c -transitions.
Thefollowing is thepseudocodeof thealgorithm.

1 for
O�� ` to

� � f �
do   Q O S � �

2 i Q�
 < f ��� �¡S � NIL

3 } �¢&4
 < f ��� � (
4 while }C£89¤
5 do


PO �+¥ � �§¦ NTz�¨ 
 }�� ; DEQUEUE

 }��

6   Q O S �   Q O S � `
7 if


   Q O S�89� and
O L2= � then exit

8 if   Q O S � �
9 then for eachN L ��Q O S
10 do

¥ f0� ¥ � W Q NVS
11 i Q�
 � Q NTS �
¥ f �¡S �©
PO �6¥ �
12 ENQUEUE


 } � 
 � Q NVS �
¥ f �6�

We considerpairs

PO �+¥ � of a state

O L � f
anda cost

¥
. The

algorithmusesapriority queue} containingthesetof pairs

PO �+¥ �

to examinenext. Thequeue’s orderingis basedon � anddefined
by: 
PO �6¥ �#ª 
PO f �6¥ f �¬«�­ 
 ¥ � � Q O Smª ¥ f � � Q O f S!�
Thealgorithmmaintainsfor eachstate

O
anattribute   Q O S thatgives

at any time during its executionthe numberof timesa pair

PO �6¥ �

with first state
O

hasbeenextractedfrom } .   Q O S is initiated to
�

(line 1) andincrementedaftereachextractionfrom } (line 6).
Pathsaredefinedby maintaininga predecessorfor eachpair
PO �6¥ � which will constitutea nodeof the path. The predecessor

of the first pair considered,

 < f �
� � , is setto NIL, thebeginning of

eachpath (line 2). The priority queue } is initiated to the pair
containing theinitial state

< f
of x andthecost

�
.

Eachtime throughthe loop of lines 4-12 a pair

PO �6¥ � is ex-

tractedfrom } (line 5). For eachoutgoingtransition N of
O

, a new
pair


 � Q NVS �
¥ f � madeof the destinationstateof N andthe costob-
tainedby taking thesumof

¥
andtheweightof N is created(lines

9-10). Thepredecessor of

 � Q NVS �
¥ f � is definedto be


PO �+¥ � andthe
new pair is insertedin } (lines11-12).

Thealgorithmterminateswhenthe � shortestpathshave been
found, that is whenthefinal stateof x hasbeenextractedfrom }� times(lines 7). Sinceat most � shortestpathsmay go through
any state

O
, thesearchcanbelimited to atmost � extractionof any

state
O

(line 8).
Y In [16], we alsopresent a simple ® -shortest-distance algorithm based

on an ® -tropical semiringanda generalized shortest-firstpriority queue.
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By construction,in eachpair

PO �+¥ � , ¥ correspondsto thecost

of a pathfrom the initial state
< f

to
O

and
¥ � � 
PO � to thecostof

thatpathwhencompletedwith a shortestpathfrom
O

to
=

.

3. EXPERIMENTS AND RESULTS

We have appliedthe algorithmdescribedin the previous section
to several large-vocabulary speechrecognitiontasks. Our results
show our algorithmto be extremelyefficient in practice. Indeed,
the additionalprice to pay to find the � beststringsof a lattice
is very low even for large � . Here,we reportour experimentsin
the North AmericanbusinessNews (NAB) taskevaluated on the
DARPA Eval ’95 testset.Weuseda40,000word vocabulary, abi-
gram languagemodel with 5.8 million n-grams,and a triphonic
Gaussianmixture acousticmodel with 5000 mixtures and four
componentspermixture.

Figure3 shows the accuracy of this recognitionsystemver-
susreal-timewhenusingthe � beststrings,�F8h` � ` �p� ` ����� ` ����� ,
or the entirelattice. The accuracy of an n-bestlist or lattice here
meanstheword accuracy of thehypothesisthatbestmatchestruth
amongthe alternatives returned. The numbersalongeachcurve
in the figure correspondto beamwidths 9 through14 in stepsof
1. By comparingthe samebeamwidths on curve 1 andcurve 5
in Figure3, we seethat this simpleNAB system,very similar to
the one in [8], produces latticesof good quality in time only a
few percentslower thanthe1-bestresult.By comparingthesame
beamwidths on curve 5 andcurve 4, we seethat the addedtime
for ` ����� -bestgenerationfrom thelatticeis negligible. In fact,the` ����� -bestgenerationexperiment,which includeslattice genera-
tion, took lesstimethantheseparatelattice-generation-onlyexper-
imentatseveralof thebeams,dueto smallexperimentalvariations
in the timing. The experimentswereperformedon an unloaded
200MHZ SGI 02000.

4. CONCLUSION

Wepresentedanefficientandgeneralalgorithmfor solvingthe � -
best-stringsproblem.To our knowledge, this is thefirst algorithm
designedto solve directly the � -best-stringsproblemratherthan
by first determiningthe

�
shortest-pathsand then finding the �

beststrings. Our experimentalresultsin large-vocabulary speech
recognition tasksdemonstratethe efficiency of the algorithmand
show thatit is practicalevenwith large � . An efficient implemen-
tation of this algorithm is incorporatedin the FSM library [17]
which is availablefor download for non-commercialuse.
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