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ABSTRACT

We presenanefficientalgorithmfor solvingthen-best-strings
problemin aweightedautomaton This problemarisescommonly
in speechrecognitionapplicationswhen a ranked list of unique
recognizehypothesgsis desired We believe thisis thefirst n-best
algorithmto remove redundnthypothesedeforeratherthanafter
the n-bestdetermination. We give a detaileddescriptionof the
algorithmanddemorstrateits correctnessWe reportexperimenal
resultsshawing its efficiency andpracticalityevenfor largen in a
40, 000-word vocahulary North AmericanBusinessNews (NAB)
task. In particular we shav that 1000-besgeneratiorin this task
requiresnegligible addectime over recognizeiattice generation.

1. MOTIVATION

Theproblemof determiningthen shortespathsof a weighteddi-
rectedgraphis a well-studiedproblemin compuer science(see
[1] for an extensie bibliograpty). The problemalso admitsa
numberof variantssuchasfinding just the n shortestpathswith
no cycle, or then shortespathswith distinctweights,which have
all beenstudiedextensively aswell. An efficient algorithmin-
troducedby [2] finds animplicit representatiomf the n shortest
paths(allowing cyclesand multiple edges)etweentwo nodesin
O(|E| + |Q|log |Q| + n), in constantime per path, after a pre-
processingtagedominatedby a single-soure shortesipathcom-
putation.

Therelatedproblemsthatarisein speechrecognitionapplica-
tions are different. The weightedgraphsconsideredn suchap-
plicationsareweightedautomatatypically word or phonelattices
representinghe alternatve hypothesesconsideredby the recog-
nizer It is oftendesirableto determinenot just the string labeling
a pathof the automatm with the lowesttotal cost,but the n best
distinctstrings thatis then stringsof theautomatorwith thelow-
estcosts.

Indeed,consideing hypothesesotherthanonecorrespording
to the bestpathincreaseghe chancef finding the correcttran-
scription.In mary applicationssomeinformationsourceor model
notusedin therecognize, suchasamoreprecisegrammaror lan-
guagemodel,is usedto re-rankthe n besthypathesesand deter
minethe bestcandidate Similarly, whendealingwith largetasks,
most speechrecogrition systemsuse a rescoringmethod. This
consistsof first using a simple acousticand grammarmodel to
producea word lattice or n-bestlist, andthento reevaluatethese
alternatve hypothegswith amoresophisticateanodel.

The automatorsearchednay containin generalseveral paths
labeledwith the samesequene, thusthe problemdoesnot coin-
cidewith the classicaln-shortest-pathproblem. In fact,in mary
applicationsthen bestpathsmaycontainmary timesthesamese-
qguencs. Existingn-shortest-pathalgorithmsdesigredfor speech
recognitionapplicationsessentiallyconsistof first determiningthe
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k shortespathswith £ >> n andthenof looking for then distinct
beststringsout of the labelsof the k pathsobtained[3, 4]. This
meansthata very large numker of hypothese may be generated,
compaedto previoushypothese, andthendiscardedecaus¢hey
arenotdistinct.

We presentnefficientalgorithmfor solvingthen-best-strings
problem. The removal of redundan pathsis not doneasa post-
procesig stepof the n-bestsearchbut prior to it. In this way,
we avoid the potentiallyexponernial enumeationof redundanhy-
pothegs. Our methodis basedon two generalalgorithms the de-
terminizationof weightedautomatd5, 6] andagenerah-shortest-
pathsalgorithm[7]. We useweighteddeterminizatiorio dealwith
hypothesisredundng — severalpathdabeledwith thesamestring
—andasingle-souceshortespathsalgorithmto find then strings
with thelowestcostin theresultof determinization An on-denand
determinizationaugmetedto provide the shortestistancenfor-
mationneededn then-bestsearchis usedsothatonly thatportion
of theinputvisitedin the n-bestsearchs determinized.

In practice,we obtainthe n-beststringsfrom a speectrecog-
nizerby first generatingor the entireutterancea latticethatrepre-
sentstherecognizehypahesessanagyclic weightedautomaton.
We then apply the n-bestalgorithmin a separatestepto this au-
tomaton. Sincelatticeswith low lattice word error ratescan be
genergedwith very little addedcomputationover one-bestecog-
nition [8], this approachallows usto completelydecoiple the n-
bestgeneratiorfrom thefirst-pasgecogriition stepwith negligible
costin accurag or efficiengy.

We describeour algorithmin detail and report experimental
resultsdemonstratingts efficiengy. We shav thatour algorithmis
practicalevenwith largen in large-vocatulary speectrecognition
systems.

2. ALGORITHM

2.1. Preliminaries

Thelatticesconsideredn speectrecognitionapplicationsaretypi-
cally agyclic weightedautomatahowever our algorithmis general
and appliesto all weightedautomata. A weightedautomatonis
a directedweightedgraphin which eachedgeor transitionhasa
label — a phoremeor a word in the caseof phoneor word lat-
tices[9, 10, 11, 12]. The weightsare often interpretedas neg-
ative log of probabilities, but in generalthey may correspondo
someother measuredquantity They are addedalongeachpath
andtheweightof a string z is the weightof the minimumweight
of a pathlabeledwith z. In what follows, we will thusassume
thatthe automatawve areconsideringareweightedover the semir
ing (R U {00}, min, +, 00, 0), calledthetropical semiring[13].
However, ourresultscanbestraight-forvardedy extendedto other
casesin particularto includenegative aswell aspositive realnum-



berswith the semiring(R U {—o0, 400}, min, +, 0o, 0).

More formally, a weightedfinite automaton(WFA) over the
tropicalsemiringA = (2, Q, E, i, F, A, p) is givenby analphabé¢
or label set X, afinite setof states(), a finite setof transitions
E CQxXx (Rt U{oo}) x Q, aninitial states € Q, asetof
final statesF' C @, aninitial weightA andafinal weightfunction

A transitione = (p[e], l[e], w[e], n[e]) € E canbe repre-
sentedby anarcfrom the source or previous statep[e] to the des-
tination or next staten[p], with the label /[e] andweightw][e]. A
pathin A is a sequene of conseutive transitionse; - - - e, with
nle;] = pleit1], ¢ = 1,...,n — 1. Transitionslabeledwith the
emptysymbol consumenoinput. We dende by P(R, R') theset
of pathsfrom a subsebf statesk C Q to anottersubset?’ C Q.
A successfupathm = e; - - - e, is apathfrom theinitial states to
afinal statef € F. The previous stateand next statefor path
is the previous stateof its initial transitionandthe next stateof its
final transition,respectiely:

plr] = ple1], n[r] = nlex]
Thelabelof the path« is the string obtainedby concatenting the
labelsof its constituentransitions:

[r] = €les] - - - [en]

Theweightassociatedo path is the sumof theinitial weight (if
p[r] = 1), theweightsof its constituentransitions:

w[r] = wle1] + - - - + wlen]

andthe final weight p[n[x]] if the statereachedby = is final. A
symbolsequege z is acceptechy A if thereexists a successfu
path 7 labeledwith z: ¢[x] = z. The weight associatedy A
to the sequene z is thenthe minimum of the weightsof all the
successfupathsr labeledwith z.

2.2. Shortest-distancedo final states

Thefirst stepof our algorithmconsistsof computingthe shortest
distancefrom eachstateg € @ to the setof final states:

¢lg] = min{w(r] + p[f] : w € P(q, f), f € F}

Thedistance[q] canbedirectly compuedby runningashortest-
pathsalgorithm from the final statesF' using the reverseof the

digraph. In the casewherethe automatoncontainsno negative

weights, this can be computedfor example using Dijkstra’s al-

gorithmin time O(| E|log |Q|) using classicalheaps,or in time

O(|E| + |Q|log |Q|) if we useFibonacciheapd7].

After executionof thisfirst step,ouralgorithmconsistof find-
ing the n bestpathsin the resultof an on-the-flyweighteddeter
minization of the automatonA. Thus, we will first give a brief
descriptionof weighteddeterminization- see[5] for a detailed
descriptionof thealgorithm.

2.3. Determinization and properties

Weighteddeterminizatiortakesasinput a weightedautomaton4
andoutpus an equivalent subsegential or deterministicautoma-
ton B. A weightedautomatonB is deterministidf it hasa unique
initial stateandif no two transitionsleaving the samestateshare
thesameinputlabel. Figure2 shavs theresultof the determiniza-
tion of theautomatorin Figurel.

Unlike the unweightedcase,not all weightedautomataare
determinizable. There exists however a generalcharacterization
propertyandan efficient testingalgorithmfor checkng thatprop-
erty [5, 14]. In particular arny agyclic weightedautomatons de-
terminizable. This guaranteeshe terminationof determinization

Fig. 1. Non-deterministiaveightedautomatonA.
c/0.4

Fig. 2. Equialent weighted automatonB obtainedby deter
minizationof A.

in our casesincewe areonly interestedn expandirg afinite part
of theresultof determinization- the partnecessaryo find the n
bestpaths.

Weighteddeterminizationis a generalizatiorof the classical
subsetconstrudion [15]. The statesof the outputautomatorcor
respor to weightedsubset{(qo, wo), - - -, (gn, wn)} Whereeach
q; € @ isastateof theinputmachineandw; aremaindemweight.
The algorithmstartswith the subsetreducedto {(i, 0)} andpro-
ceedsby creatinga transitionlabeledwith a € ¥ andweightw
leaving {(qo,wo),- .., (gn, wn)} if thereexists at leastone state
¢; admittinganoutgoingtransitionlabeledwith a, w beingdefined
by:

w = min{w; + wle] : e € E[g], l[e] = a}

The destinationstateof that transitioncorrespmdsto the subset
containirgthepairs(q¢’, w') with ¢’ € {n[e] : ple] = ¢i,[e] = a}
andtheremaindemwveightw’ = min{w; +wle] —w : n[e] = ¢'}.
A stateis final if it correspodsto aweightedsubsetS containing
apair (¢, w) wheregq is afinal state(¢ € F) andin thatcaseits
final weightis:

min {w + p[q] : (¢, w) € S,q € F}

An importantfeatureof thisalgorithmis thatit admitsanaturalon-
the-flyimplementationThecomputatiorof thetransitiondeaving
a subsetS only deperls on the statesand remainderweights of
that subsetand on the input automatonit is indepenent of the
previous subsetsvisited or constructed.Thatis we canlimit the
compuationof theresultof determinizatiorto justthe partthatis
needel.

Ouralgorithmpreciselyutilizesthe on-the-flydeterminization
of theinputautomatonA. In addition,the shortest-distanciafor-
mation, ¢[s], in A needsto be suitably propagatedo the deter
minizedresult. For this, we assignanattribute ®(q') to eachstate
q' of theresultof determinizatiordefinedasfollows:

®[q'] = min {w; + @[g;] : 0 < i < n}

wheng’ correspodstothesubset{ (qo, wo), - - -, (gn, wn)}. ®[q’]
canbedirectly computedfrom eachsubsetconstructedLet B =
(2,Q',E',i',F', X, p') betheautomatoresultof thedeterminiza-
tion of A.

Letq' beastateof theresultof determinizatiorcorrespading
to the subset{(go, wo), ..., (gn,wn)}. Letz € X* andassume



thatthereexistsatleastonepathlabeledwith z beginning atastate
q; andleadingto F. Define K (¢', ) by:

K(q,z) = {wi + wlr] + p[n[]]}

min
w€P(q;,F), l[r]=z, 0<i<n

If nosuchpathexists,defineK (¢, z) = oo. Thefollowinglemma
will beusefulin the proof of our mainproposition

Lemmal Thee existsa uniquepath«’ in B fromq' to an ele-
mentof F’ sudh that!['] = z and:

K(q',z) = wlr']+ p'[n[r]]

Proof. Letwr; beapathminimizingthequantitydefining K (¢, z).
Without loss of generality we canassumehatm; € P(qo, F').
Sinceqp belongsto a subsetonstructedy determinizationthere
existsatleastonepathmg from theinitial stateof A to go. Assume
mo to besucha pathwith theminimal weight,thenby definitionof
thesubsetonstructionw{m] = a + wo Wherea is theminimum
weightof a pathlabeledwith I[m] leaving theinitial state.Thus,
w[momi] = a + wo + w[mi] + p[n[m]] = a+ K(¢', z). Sincea
is aconstanindependentof go, by definitionof K, mom; is apath
of minimal weightin A labeledwith {[mo71].

By definition of the subsetconstructionthereexists a unique
path m labeledwith I[mo] from the initial stateto ¢’ in B with
weighta andauniquepathr} labeledwith z from ¢ to F’. Since
determinizatioeadsto anequivalentmachine A and B associate
the samevalueto thestring[mom]. Thus:

wlmom] = a + wlry] + o' [n[x1]]

And: K(q',z) = w[r]] + p'[n[x1]]. This provesthelemma. O

Thefollowing is a propertyof @ similarto thatof ¢ for A that
is crucialfor the correctnessf our n-best-stringslgorithm.

Proposition1 For anystateq’ € @’ in thedeterminizediutoma
ton B, ®[¢'] representsthe shortestdistancefromq’ to the setof
final statesof B:

@[q'] = min {w[x'] + p[n[x] : 7" € P(¢', F')}
Proof. By definitionof &,

@[q'] {wln] + pln[=]]}}

{wi +win] + pln{]]}

min {w; + min
0<i<n mEP(qi,F)

min
0<i<n,m€P(q;,F
Factoringpathsr thatsharethe samelabelgives:
@ ! — . K— !
[¢] = min K(q', )
By lemmal:

olg] = wlr'] + p'[n[']]

min
zeX* w'eP(q',F'),l[r!]=2
SinceB is deterministicfor eachz thereexists at mostone path
leaving ¢’ labeledwith z, this expressioncan thus be simplified
andrewritten as:

of¢] = ) wlr'] + o' [nfx"]]

min
7! EP(Q' ,FI
This endsthe proof of the proposition. [l

The propositionshawvs that @ can be usedto determinethe

shortestdistancefrom eachstateto F’ within B, which we can
exploit asin classicaldA™ single-sourceshortest-pathalgorithms.

Thisis in factoneof the main benefitsof the determinizatioral-
gorithmsin this contet. This propertyclearly remainsvalid re-
gardlesof whetherthe automatonB is completelyexpandedand
constru¢edor not.

The methodwe areintroducingis very general. Any n-best
shortest-pathalgorithmtakingadvantageof & canbeusedto find
efficiently then bestpathsof B which areexactly labeledwith the
n beststringsof A.

We briefly presentherean n-shortest-pathalgorithmsthatis
very easyto implementand that we choseto usefor our experi-
ments.Otherefficient algorithmssuchasthe algorithmof [2] can
be usedto computean abbreviated representatiorof the n best
stringsaswell. !

2.4. A simple n-shortest-pathsalgorithm

The algorithmis a generalizatiorof the classicalalgorithmof Di-
jkstra[7]. To simplify the presentationywe will assumethat B
containsonly onefinal state. This doesnot affect the generality
of our algorithmandthe searchfor the n bestpathssinceonecan
alwayscompleteanautomatorby introducinga singlefinal statef
to which all previoudy final statesareconnedted by e-transitions.
Thefollowing is the pseuacodeof the algorithm.

[EEY

for p« 1to0|Q’| do r[p] <0
7[(¢',0)] < NIL
S« {(i',0)}
while S # 0
do (p,c) < head(S); DEQUEUE(S)
r[p] < r[p] +1
if (r[p] =nandp € F)then exit
if rlp]<n
then for eache € E[p]
do ¢ + ¢+ wle]
[(nle], )] + (p, )
ENQUEUE(S, (n[e], ¢'))
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We considerpairs (p, ¢) of astatep € Q' anda costc. The
algorithmusesa priority queueS containingthe setof pairs(p, ¢)
to examinenext. The quele’s orderingis basedon ® anddefined
by:

(p,0) <@, ¢) = (c+@lp] < +2[p])
Thealgorithmmaintaindor eachstatep anattributer[p] thatgives
at ary time duringits executionthe numberof timesa pair (p, ¢)
with first statep hasbeenextractedfrom S. r[p] is initiatedto 0
(line 1) andincrementedhftereachextractionfrom S (line 6).

Pathsare definedby maintaininga predecssorfor eachpair
(p, ¢) which will constitutea nodeof the path. The predecesor
of thefirst pair consicered, (i, 0), is setto NIL, the beginning of
eachpath (line 2). The priority queuesS is initiated to the pair
containirg theinitial state;’ of B andthe cost0.

Eachtime throughthe loop of lines 4-12 a pair (p, c) is ex-
tractedfrom S (line 5). For eachoutgoingtransitione of p, anew
pair (nle], ¢') madeof the destinationstateof e andthe costob-
tainedby takingthe sumof ¢ andtheweightof e is createdlines
9-10). Thepredecesw of (nle], ¢') is definedto be (p, c) andthe
new pairisinsertedn S (lines11-12).

Thealgorithmterminatesvhenthen shortespathshave been
found, thatis whenthefinal stateof B hasbeenextractedfrom S
n times(lines 7). Sinceat mostn shortesipathsmay go through
ary statep, thesearchcanbelimited to atmostn extractionof ary
statep (line 8).

LIn [16], we alsopresen a simplen-shortestdistane algorithm based
onann-tropical semiringanda generéized shortest-firspriority queue
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Fig. 3. Experimentalresultsin 40, 000-word vocatulary North
AmericanbusinesdNews (NAB) task.

By constructionjn eachpair (p, ¢), ¢ correspodsto the cost
of a pathfrom theinitial state:’ to p andc + ®(p) to the costof
thatpathwhencompletedwith a shortespathfromp to F.

3. EXPERIMENTS AND RESULTS

We have appliedthe algorithm describedn the previous section
to several large-vocalulary speechrecognitiontasks. Our results
shav our algorithmto be extremely efficient in practice. Indeed
the additionalprice to pay to find the n beststringsof a lattice
is very low evenfor largen. Here,we reportour experimentsin
the North AmericanbusinessNews (NAB) task evaluaed on the
DARPA Eval '95 testset.We useda 40,000vord vocalulary, a bi-
gram languagemodel with 5.8 million n-grams,and a triphonic
Gaussianmixture acousticmodel with 5000 mixtures and four
comporentsper mixture.

Figure 3 shavs the accurag of this recognitionsystemver-
susreal-timewhenusingthen beststrings,n = 1, 10, 100, 1000,
or the entirelattice. The accuray of ann-bestlist or lattice here
meangheword accurag of the hypothesighatbestmatchegruth
amongthe alternatves returned. The numkers along eachcurve
in the figure correspondo beamwidths 9 through14 in stepsof
1. By comparingthe samebeamwidths on curve 1 and curve 5
in Figure 3, we seethatthis simple NAB system very similar to
the onein [8], produes lattices of good quality in time only a
few percentslower thanthe 1-bestresult. By comparingthe same
beamwidths on curve 5 and cune 4, we seethat the addedtime
for 1000-bestgeneratiorfrom thelatticeis negligible. In fact, the
1000-best generationexperiment,which includeslattice genea-
tion, took lesstimethanthe separatéattice-generation-onlgxper
imentatseveral of thebeamsgdueto smallexperimentalariations
in the timing. The experimentswere performedon an unloaded
200MHZ SG102000.

4. CONCLUSION

We presentedn efficientandgeneraklgorithmfor solvingthe n-
best-stringgproblem. To our knowledge this is thefirst algorithm
designedo solve directly the n-best-stringgproblemratherthan
by first determiningthe k& shortest-pathgnd then finding the n

beststrings. Our experimentalresultsin large-vocalulary speech
recogrition tasksdemonstratehe efficiengy of the algorithmand
shaw thatit is practicalevenwith largen. An efficientimplemen-
tation of this algorithm s incorporatedin the FSM library [17]
which is availablefor download for non-coommercialuse.
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