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Abstract

We introduce a new low-noise condition for classification,
the Model Margin Noise (MM noise) assumption, and derive
enhanced H-consistency bounds under this condition. MM
noise is weaker than Tsybakov noise condition: it is implied
by Tsybakov noise condition but can hold even when Tsy-
bakov fails, because it depends on the discrepancy between a
given hypothesis and the Bayes-classifier rather than on the
intrinsic distributional minimal margin (see Figure 1 for an
illustration of an explicit example). This hypothesis-dependent
assumption yields enhanced H-consistency bounds for both
binary and multi-class classification. Our results extend the
enhanced H-consistency bounds of Mao, Mohri, and Zhong
(2025a) with the same favorable exponents but under a weaker
assumption than the Tsybakov noise condition; they inter-
polate smoothly between linear and square-root regimes for
intermediate noise levels. We also instantiate these bounds for
common surrogate loss families and provide illustrative tables.

1 Introduction
The design and analysis of surrogate losses are fundamen-
tal to classification. Classical analyses established Bayes-
consistency for large families of convex surrogates and de-
rived bounds on the surrogate-to-target excess error in the
binary setting (Zhang 2004b; Bartlett, Jordan, and McAuliffe
2006; Steinwart 2007), with sharper constants for specific
losses such as q-norm SVMs and proper losses (Chen et al.
2004; Reid and Williamson 2009). In multi-class classifica-
tion, subsequent work identified which surrogates are Bayes-
consistent and which fail (e.g., certain hinge variants), while
establishing consistency for sum-exponential/logistic and
constrained families (Zhang 2004a; Tewari and Bartlett 2007;
Crammer and Singer 2001; Weston and Watkins 1999; Lee,
Lin, and Wahba 2004). A complementary thread investigated
how growth rates of these bounds behave near zero: smooth-
ing often degrades rates, polyhedral losses can achieve linear
behavior, and broad smooth/proper losses admit square-root
lower bounds (Mahdavi, Zhang, and Jin 2014; Frongillo and
Waggoner 2021; Bao 2023). Yet, these guarantees apply only
to the family of all measurable functions Hall and are thus not
relevant to the hypothesis set that is actually used in practice.

To close that gap, H-consistency bounds provide non-
asymptotic guarantees specific to a fixed hypothesis set H
(Awasthi et al. 2022a; Zhong 2025), and have since been

developed broadly, from multi-class (including max, sum,
constrained, and comp-sum families) to ranking, structured
prediction, abstention/defer, multi-label learning, adversar-
ial settings, and beyond (Awasthi et al. 2022b; Zheng et al.
2023; Mao, Mohri, and Zhong 2023a,c,e, 2024d; Mao et al.
2023; Awasthi et al. 2023b; Mao, Mohri, and Zhong 2024b;
Cortes et al. 2024; Mao, Mohri, and Zhong 2024h). More
recently, Mao, Mohri, and Zhong (2025a) showed how en-
hanced H-consistency bounds can be derived by relating
conditional regrets via more general inequalities with non-
constant factors depending on the input or predictor instance.
They showed, in particular, that when a lower bound of the
surrogate loss conditional regret is given as a power func-
tion of the target conditional regret with exponent s, this
yields enhanced bounds with low-noise exponents of the
form (1/(s − α(s − 1))) under Tsybakov noise condition.

The Tsybakov noise condition constrains the minimal
margin γ(x) = P(ymax ∣ x) − supy≠ymax

P(y ∣ x) with
ymax = argmaxy∈Y P(y ∣ x) and is therefore purely distri-
butional, describing a worst-case property of the data, re-
gardless of the hypothesis set H being used. We introduce
a hypothesis-dependent low-noise assumption, the Model
Margin (MM) noise, that depends on the model margin
µ(h,x) = P(h∗(x) ∣ x) − P(h(x) ∣ x) ≥ 0, where h∗ ∈ Hall

is a Bayes classifier and h(x) = argmaxy∈Y h(x, y) is the
prediction made by hypothesis h∶X × Y → R. This is the
gap between the Bayes label’s conditional probability and
the hypothesis’s predicted label’s conditional probability at x
This hypothesis-dependent condition is weaker than the dis-
tributional Tsybakov noise condition: since µ(h,x) ≥ γ(x)
holds whenever h∗(x) ≠ h(x), any bound on the minimal
margin tail immediately bounds the model margin tail (hence,
Tsybakov implies MM), but the converse need not hold, and
it enables H-consistency bounds with the same favorable
noise exponents, but under a weaker assumption.
Our contributions. We summarize our main results below.

• Model Margin (MM) noise condition. We introduce
the MM noise condition (Section 4.1), a hypothesis-
dependent alternative to Tsybakov noise condition. We
formally establish that it is a weaker condition (“Tsy-
bakov⇒MM”) and can hold even when Tsybakov noise
condition fails (Theorem 4).

• Key property. In Section 4.2, we establish a key property



of the MM noise condition (Lemma 5), which provides an
inequality bounding the disagreement mass E[1µ(h,X)>0]
by a power of the 0-1 excess error. This property is central
to the derivation of our H-consistency bounds.

• Enhanced H-consistency bounds under MM noise. We
derive enhanced H-consistency bounds under MM noise
for both binary (Section 5.2) and multi-class classifica-
tion (Section 5.1). These bounds preserve the favorable
exponents from (Mao, Mohri, and Zhong 2025a) while
requiring only weaker assumptions.

• Applications. In Section 6, we provide structural prop-
erties (monotonicity and invariance) of MM noise and
illustrate our bounds for common surrogate losses, includ-
ing binary margin-based losses and multi-class comp-sum
losses.

Relation to prior work. Our results improve enhanced H-
consistency bounds from (Mao, Mohri, and Zhong 2025a) in
two ways. First, shifting from distributional minimal margin
γ to hypothesis-dependent model margin µ yields a weaker
low-noise assumption: the Tsybakov condition implies MM
(for any fixed H), but MM may still hold when the distri-
bution violates Tsybakov, especially for restricted hypoth-
esis sets, as H may not contain the ’bad’ classifiers that
Tsybakov’s worst-case margin γ(x) is designed to guard
against. Second, this shift produces predictor-dependent con-
stants, quantified by E[1µ(h,X)>0]

1/t
, which are absent from

Tsybakov-only analyses and which align better with model
selection in practice. At the same time, we retain the desirable
exponents proven under Tsybakov noise — so practitioners
gain bounds with the same exponents under a weaker assump-
tion.

2 Related work.
Bayes-consistency and surrogate losses. The study of
Bayes-consistency for convex surrogate losses has a long
history. For binary classification, early foundational analyses
by Zhang (2004b), Bartlett, Jordan, and McAuliffe (2006),
and Steinwart (2007) established Bayes-consistency of sev-
eral convex and margin-based losses, while also deriving
excess-error or surrogate-regret bounds. Specific examples
include q-norm SVM losses with optimal square-root rates
(Chen et al. 2004) and tight regret bounds for proper losses
(Reid and Williamson 2009).

In multi-class classification, analogous results were de-
veloped by Zhang (2004a) and Tewari and Bartlett (2007),
who analyzed max-, sum-, and constrained-type surrogates
(Crammer and Singer 2001; Weston and Watkins 1999; Lee,
Lin, and Wahba 2004). They demonstrated that max and
sum multi-class hinge variants fail to be Bayes-consistent,
whereas sum-exponential and sum-logistic losses, and con-
strained families achieve Bayes-consistency. Later work uni-
fied binary and multi-class analyses under a general super-
vised learning framework (Steinwart 2007).

Growth rates and smoothness effects. The growth rates
of excess-error bounds, that is, the behavior of the bound’s
functional form Γ near zero, have been studied extensively.
Smoothing a hinge-type loss can worsen this growth (Mah-
davi, Zhang, and Jin 2014), while local strong convexity and

Lipschitz gradients imply at best square-root rates (Frongillo
and Waggoner 2021; Bao 2023). Polyhedral losses attain
linear rates (Finocchiaro, Frongillo, and Waggoner 2019),
clarifying why piecewise-linear surrogates such as the hinge
are statistically optimal in that sense. These results, however,
apply only to the family of all measurable functions and
thus ignore the hypothesis-set choices that dominate practical
performance.

Hypothesis-dependent analysis. Bayes-consistency guar-
antees are asymptotic and model-agnostic. As emphasized by
Long and Servedio (2013) and Zhang and Agarwal (2020),
a Bayes-consistent surrogate may yield constant test error
on restricted model families, while an inconsistent one may
succeed. This observation motivated the introduction of H-
consistency bounds by Awasthi et al. (2022a), which relate
the target estimation error within a restricted hypothesis set H
to the surrogate estimation error in a non-asymptotic manner.

H-consistency bounds. Following the binary framework
of Awasthi et al. (2022a), Awasthi et al. (2022b) extended
H-consistency to multi-class settings, covering max, sum,
and constrained loss families (Crammer and Singer 2001;
Weston and Watkins 1998; Lee, Lin, and Wahba 2004). Mao,
Mohri, and Zhong (2023a) further extended these analyses
to the comp-sum losses, encompassing cross-entropy, gener-
alized cross-entropy, mean absolute error, and other hybrid
surrogate losses. A general characterization for comp-sum
and constrained losses was later provided in Mao, Mohri,
and Zhong (2023b). Recent refinements revealed that smooth
surrogates across both binary and multi-class settings ex-
hibit a universal square-root growth rate (Mao, Mohri, and
Zhong 2024h). The H-consistency framework has also been
adapted to ranking (Mao, Mohri, and Zhong 2023d,c), absten-
tion and rejection learning (Mao, Mohri, and Zhong 2024c,g;
Mohri et al. 2024), learning to defer (Mao, Mohri, and Zhong
2024d,e, 2025b; Mao et al. 2023; Mao 2025; DeSalvo et al.
2025), top-k classification (Cortes et al. 2024), multi-label
learning (Mao, Mohri, and Zhong 2024b), adversarial robust-
ness (Awasthi et al. 2021a,b, 2023a,b), bounded regression
(Mao, Mohri, and Zhong 2024f,a), optimization of general-
ized metrics (Mao, Mohri, and Zhong 2025c), imbalanced
learning (Cortes et al. 2025; Cortes, Mohri, and Zhong 2025),
and structured prediction (Mao, Mohri, and Zhong 2023e).

Enhanced H-consistency bounds. Mao, Mohri, and
Zhong (2025a) generalized the previous setting by intro-
ducing enhanced H-consistency bounds based on refined
inequalities between surrogate and target conditional re-
grets. This produced distribution-dependent exponents of
the form 1/(s − α(s − 1)) under the Tsybakov noise assump-
tion across binary and multi-class classification. Nevertheless,
the Tsybakov noise condition constrains only the minimal
margin γ(x) and is thus purely distributional.

This work: model-dependent low-noise conditions. Our
results strengthen the above framework by replacing the min-
imal margin γ with the model margin µ, which depends on
both the data distribution and the chosen hypothesis. This
yields the Model Margin (MM) noise assumption, a weaker,
hypothesis-dependent condition that is implied by the clas-
sical Tsybakov noise assumption but remains valid for a
broader range of models and distributions, as it measures



noise relative to each hypothesis rather than the minimal mar-
gin alone. Under MM noise, H-consistency bounds preserve
the same exponent as in the Tsybakov case. We further es-
tablish the theoretical robustness of the MM noise condition
by demonstrating its monotonicity with respect to hypothe-
sis class inclusion and its invariance under monotone score
transformations.

In summary, MM noise extends enhanced H-consistency
bounds to a weaker yet more flexible, hypothesis-dependent
setting, allowing more adaptive generalization guarantees
with the same favorable exponents to be established for both
binary and multi-class surrogate losses.

3 Preliminaries
Learning setup and notation. We consider a supervised
learning problem with an unknown distribution D over
pairs X × Y, where X is the input space and Y is the la-
bel space. A hypothesis h is selected from a hypothesis set
H ⊆ Hall ∶= {h∶X→ Yp ∣ h measurable}, where Yp denotes
the prediction space that specifies the form of model outputs.
For instance, Yp = R for scalar scores in binary classifica-
tion, and Yp = Rn for vector-valued scores in multi-class
classification, where n ∈ Z+ is the number of labels.

A loss function ℓ∶H×X×Y→ R+ measures the prediction
error. Its generalization error and the best-in-class generaliza-
tion error within H are defined as

Eℓ(h) ∶= E
(x,y)∼D

[ℓ(h,x, y)], E∗ℓ (H) ∶= inf
h∈H

Eℓ(h).

Conditional errors. For every input x ∈ X, we define the
conditional error and best-in-class conditional error as

Cℓ(h,x) ∶= E
y∣x
[ℓ(h,x, y)], C∗ℓ (H, x) = inf

h∈H
Cℓ(h,x).

The generalization error can be rewritten as Eℓ(h) =
EX[Cℓ(h,x)]. We also define the conditional regret, (how
suboptimal h is at a single point x) and estimation error as:

∆Cℓ,H(h,x) ∶= Cℓ(h,x) − C∗ℓ (H, x), Eℓ(h) − E∗ℓ (H).
The minimizability gap (a technical term capturing how well
H can optimize the loss pointwise) is defined as

Mℓ(H) ∶= E∗ℓ (H) − E
X
[C∗ℓ (H, x)] ≥ 0.

When H is sufficiently rich (for example, H = Hall or
E∗ℓ (H) = E∗ℓ (Hall)), this gap vanishes. In general, it is non-
zero and can be upper bounded by the approximation error
E∗ℓ (H) − E∗ℓ (Hall) (Mao, Mohri, and Zhong 2024h).
H-consistency bounds. Let ℓ1 be a surrogate loss and ℓ2 the
target loss. An H-consistency bound relates their estimation
errors via a non-asymptotic bound:

Eℓ2(h) − E∗ℓ2(H) +Mℓ2(H)
≤ Γ(Eℓ1(h) − E∗ℓ1(H) +Mℓ1(H)),

for a non-decreasing concave function Γ with Γ(0) = 0 (Mao,
Mohri, and Zhong 2023a). This guarantee shows that re-
ducing the surrogate estimation error implies a proportional
reduction in the target error within the same hypothesis set.

Enhanced H-consistency bound. An enhanced form intro-
duces a multiplicative hypothesis-dependent factor γ(h):

Eℓ2(h) − E∗ℓ2(H) +Mℓ2(H)
≤ Γ(γ(h)(Eℓ1(h) − E∗ℓ1(H) +Mℓ1(H))).

In our analysis, Γ will be expressed as the power function
Γ(u) = u1/s with s ≥ 1, and γ(h) will be expressed in terms

of the model margin via the term EX[1µ(h,X)>0]
1
t , where t

is the conjugate of s (i.e., 1
s
+ 1

t
= 1).

Pointwise bounds. An H-consistency bound typically fol-
lows from a pointwise bound relating the conditional regrets:

∆Cℓ2,H(h,x) ≤ Γ(∆Cℓ1,H(h,x)).
Taking expectation over X and applying Jensen’s inequality
yields a H-consistency bound.
Binary classification. For binary classification, the label
space is Y = {−1,+1} and the prediction space is Yp = R.
The target loss is the binary zero–one loss:

ℓbi0−1(h,x, y) = 1sign(h(x))≠y, sign(t) = {+1, t ≥ 0,
−1, t < 0.

Let h(x) = sign(h(x)) be the hypothesis’s prediction and
η(x) = (Y = +1 ∣X = x) be the conditional probability of
Y = +1 given X = x. For any loss function ℓ, the conditional
error can be written as

Cℓ(h,x) = η(x)ℓ(h,x,+1) + (1 − η(x))ℓ(h,x,−1).
Typical surrogates include margin-based losses ℓΦ(h,x, y) =
Φ(yh(x)), with Φ convex, non-increasing, and nonnegative.
Multi-class classification. In the multi-class setting, Y =
[n] = {1, . . . , n} and Yp = Rn. The scaler h(x, y) denotes
the score assigned to label y, and the predicted label is h(x) =
argmaxy∈Y h(x, y) (with a fixed deterministic tie-breaking
rule). The target loss is the multi-class zero–one loss

ℓ0−1(h,x, y) = 1h(x)≠y.
Let P(y ∣ x) be conditional probability of y given x. The
conditional error is

Cℓ(h,x) = ∑
y∈Y

P(y ∣ x)ℓ(h,x, y).

Common surrogate families include max losses (Crammer
and Singer 2001), constrained losses (Lee, Lin, and Wahba
2004), and comp–sum losses (Mao, Mohri, and Zhong 2023a).
The following result from Awasthi et al. (2022b) characterizes
the conditional regret of the multi-class zero-one loss.
Lemma 1. For every input x ∈ X,

C∗ℓ0−1(H, x) = 1 − max
y∈{h(x)∶h∈H}

P(y ∣ x),

∆Cℓ0−1,H(h,x) = max
y∈{h(x)∶h∈H}

P(y ∣ x) − P(h(x) ∣ x).

4 Model Margin (MM) Noise Assumption
This section introduces the Model Margin (MM) noise condi-
tion, a hypothesis-dependent low-noise assumption. In con-
trast to classical Tsybakov noise assumption, the proposed
condition depends on a predictor h via its model margin.
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Figure 1: MM noise holds while Tsybakov noise fails. We visually illustrate the explicit example from Theorem 4, where
X ∼ Unif[0,1] and η(x) = 1

2
+ cxβ (plotted with parameters c = 0.4, β = 2). (a) The distributional minimal margin γ(x) = 2cxβ

measures intrinsic label ambiguity and is very small near the boundary (x = 0). In contrast, for the restricted class H = {h∗}
where h∗(x) ≡ +1, the model margin µ(h∗, x) perfectly matches the Bayes optimal prediction and is identically zero everywhere.
(b) The noise conditions require the probability of observing small margins to fall below a polynomial bound Bt

α
1−α (black

dotted line, plotted for α = 0.5,B = 1). Because γ(x) is small for a large portion of the input space, its cumulative probability tail
P[γ(X) ≤ t] (red solid curve) decays too slowly and severely violates the required upper bound (shaded red area). Conversely,
since µ(h∗, x) = 0, the probability of the model making an incorrect prediction with a small margin is zero. Thus, the MM tail
P[0 < µ(h∗,X) ≤ t] = 0 (blue dashed curve) trivially satisfies the bound. This visually demonstrates that MM noise provides a
more flexible assumption by safely disregarding purely distributional minimal margins when models already predict optimally.

4.1 Definition and comparison with Tsybakov
noise

Let h∗ ∈ Hall be a Bayes classifier. By (Mao, Mohri, and
Zhong 2024h, Lemma 2.1), there exists indeed a measurable
function h∗ and for all x ∈ X, it satisfies P(h∗(x) ∣ x) =
maxy∈Y P(y ∣ x). For each input x, define the model margin

µ(h,x) ∶= P(h∗(x) ∣ x) − P(h(x) ∣ x) ≥ 0.

Note that µ(h,x) =∆Cℓ0−1,Hall
(h,x) by Lemma 1.

Definition 2 (Model Margin (MM) noise). There exist B > 0
and α ∈ [0,1] such that for all h ∈H and all t > 0,

P[0 < µ(h,X) ≤ t] ≤ Bt α
1−α .

Intuitively, this condition requires that for each hypothesis
h, the probability mass of points where h disagrees with the
Bayes classifier but with a small model-dependent margin is
controlled. It is therefore a weaker assumption than Tsybakov
noise (Mammen and Tsybakov 1999).

Definition 3 (Tsybakov noise (Mao, Mohri, and Zhong
2025a)). There exist B > 0 and α ∈ [0,1] such that

∀t > 0, P[γ(X) ≤ t] ≤ Bt α
1−α .

where γ(x) = P(ymax ∣ x) − supy≠ymax
P(y ∣ x) with ymax =

argmaxy∈Y P(y ∣ x) is the minimal margin for a point x ∈ X.

The Tsybakov condition is strong because it is independent
of any specific hypothesis. However, this is also its main
limitation. It can be overly pessimistic if the regions where

the minimal margin γ(x) is small are regions where the
classifiers in H already perform well (i.e., they predict the
Bayes label h∗(x)). Our MM noise condition, µ(h,x), is
designed to handle exactly this scenario, as µ(h,x) becomes
zero for such correct predictions, effectively ignoring the
small minimal margin.

Tsybakov⇒MM (MM is weaker). Let η1(x) = P(ymax ∣
x) = P(h∗(x) ∣ x) be the probability of the Bayes-optimal
label and η2(x) = maxy≠h∗(x) P(y ∣ x) be the probability
of the most likely incorrect label. The minimal margin is
γ(x) = η1(x) − η2(x). On any x where h(x) ≠ h∗(x), we
have P(h(x) ∣ x) ≤ η2(x). Thus,

µ(h,x) = P(h∗(x) ∣ x) − P(h(x) ∣ x)
≥ η1(x) − η2(x)
= γ(x).

Since µ(h,x) = 0 when h(x) = h∗(x), the region of disagree-
ment is {x ∶ µ(h,x) > 0}. This implies that µ(h,x) > 0 only
if h(x) ≠ h∗(x), in which case µ(h,x) ≥ γ(x). Therefore,
for all t > 0,

{0 < µ(h,X) ≤ t} ⊆ {γ(X) ≤ t}
P[0 < µ(h,X) ≤ t] ≤ P[γ(X) ≤ t].

Any Tsybakov noise tail bound on γ immediately yields the
MM noise tail bound for all h ∈H.
Theorem 4 (MM /⇒ Tsybakov). There exist a distribution
D and a hypothesis set H such that the MM noise condition
holds while the Tsybakov noise condition fails.



Proof. Explicit example (see Figure 1 for illustration). Let
X = [0,1] with X ∼ Unif[0,1], Y = {−1,+1}, and define

η(x) ∶= P(Y = +1 ∣X = x) = 1
2
+ cxβ , c ∈ (0, 1

2
), β > 0.

Then one Bayes classifier is h∗(x) ≡ +1 and the minimal
margin is γ(x) = ∣2η(x) − 1∣ = 2cxβ . For any t > 0,

P[γ(X) ≤ t] = P(X ≤ ( t
2c
)1/β) = ( t

2c
)1/β .

Fix a target Tsybakov exponent α ∈ [0,1) and choose β >
1−α
α

(e.g., for α = 1
2

take β > 1). Then t1/β decays more
slowly than tα/(1−α), so the Tsybakov noise condition fails:

P[γ(X) ≤ t] /≤ B tα/(1−α)

for any B > 0 and sufficiently small t.

Now let H ∶= {h∗} be the singleton hypothesis set. For
h = h∗, µ(h,x) ≡ 0, hence

P[0 < µ(h∗,X) ≤ t] = 0 for all t > 0,
which trivially satisfies the MM noise tail bound for any α
andB. Therefore, MM noise condition holds while Tsybakov
noise condition fails for the same α and B.

4.2 Key property
Next, we establish a key property of the MM noise condi-
tion, which provides an inequality bounding the disagreement
mass E[1µ(h,X)>0] by a power of the 0–1 excess error.
Lemma 5 (Disagreement mass vs. 0–1 excess error). Under
MM noise, there exists c = B1−α

αα > 0 such that for all h ∈H,

E[1µ(h,X)>0] ≤ cE[µ(h,X)1µ(h,X)>0]α

= c(Eℓ0−1(h) − Eℓ0−1(h∗))
α
.

Proof. By definition of the expectation and the Lebesgue
integral, for any u > 0,

E[µ(h,X)1µ(h,X)>0]

= ∫
+∞

0
P[µ(h,X)1µ(h,X)>0 > t]dt

≥ ∫
u

0
P[µ(h,X) > t]dt.

Since the equality P[µ(h,X) > t] = P[µ(h,X) > 0] −
P[0 < µ(h,X) ≤ t] holds, and by the MM noise assumption
P[0 < µ(h,X) ≤ t] ≤ Bt α

1−α , we have

E[µ(h,X)1µ(h,X)>0]

≥ ∫
u

0
(P[µ(h,X) > 0] −Bt α

1−α )dt

= uP[µ(h,X) > 0] −B(1 − α)u 1
1−α .

Maximizing the right-hand side over u > 0 gives

u∗ = (P[µ(h,X) > 0]
B

)
1−α
α

,

E[µ(h,X)1µ(h,X)>0] ≥ αB−
1−α
α P[µ(h,X) > 0]

1
α .

Rearranging,

P[µ(h,X) > 0] ≤ B
1−α

αα
(E[µ(h,X)1µ(h,X)>0])

α
.

By Lemma 1,

E[µ(h,X)1µ(h,X)>0] = E[∆Cℓ0−1,Hall
(h,x)]

= Eℓ0−1(h) − Eℓ0−1(h∗).
Thus the claim holds with c = B1−α

αα .

The left-hand side of Lemma 5 quantifies the disagreement
mass between the hypothesis h and a Bayes classifier. The
right-hand side establishes that this probability is bounded
by a power of the 0–1 excess error. This property is central
to the derivation of our H-consistency bounds.

5 H-Consistency Bounds under MM Noise
We now derive the main H-consistency bounds under the
MM noise assumption, first for the multi-class setting and
then for the binary case.

5.1 Multi-class classification
The following result provides the H-consistency bound based
on the notion of µ(h,x).
Theorem 6. Suppose there exists s ≥ 1 with conjugate num-
ber t ≥ 1, that is 1

s
+ 1

t
= 1, such that

∀(h,x) ∈H ×X, ∆Cℓ0−1,H(h,x) ≤ (∆Cℓ,H(h,x))
1
s .

Then, for every h ∈H,
Eℓ0−1(h) − E∗ℓ0−1(H) +Mℓ0−1(H)

≤ E
X
[1µ(h,X)>0]

1
t (Eℓ(h) − E∗ℓ (H) +Mℓ(H))

1
s .

Proof. The total 0-1 estimation error is the expectation of
the conditional regret:
Eℓ0−1(h) − E∗ℓ0−1(H) +Mℓ0−1(H) = E

X
[∆Cℓ0−1,H(h,X)].

From Lemma 1 and the definition of µ(h,x), we have
∆Cℓ0−1,H(h,x) ≤ µ(h,x). This implies that if µ(h,x) = 0,
then ∆Cℓ0−1,H(h,x) = 0. We can therefore write

E
X
[∆Cℓ0−1,H(h,X)] = E

X
[∆Cℓ0−1,H(h,X) ⋅ 1µ(h,X)>0]

≤ E
X
[(∆Cℓ,H(h,X))

1
s ⋅ 1µ(h,X)>0],

where the inequality uses the theorem’s pointwise assumption.
We now apply Hölder’s inequality with conjugate exponents
s ≥ 1 and t ≥ 1 such that 1

s
+ 1

t
= 1:

E
X
[(∆Cℓ,H(h,X))

1
s ⋅ 1µ(h,X)>0]

≤ (E
X
[((∆Cℓ,H(h,X))

1
s )

s

])
1
s

(E
X
[(1µ(h,X)>0)

t])
1
t

= (E
X
[∆Cℓ,H(h,X)])

1
s

⋅ (E
X
[1µ(h,X)>0])

1
t

since 1t = 1. Substituting the definition of the surrogate
estimation error, EX[∆Cℓ,H(h,X)] = Eℓ(h) − E∗ℓ (H) +
Mℓ(H), yields the claimed bound.



Theorem 6 provides a strong theoretical guarantee. Specif-
ically, it shows that if the functional form of Γ(x) = x 1

s is
applied for standard H-consistency bounds, then, the con-
stant can be improved from 1 to a more refined, hypothesis-
dependent quantity: EX[1µ(h,X)>0]

1
t ≤ 1. This refinement

applies to all existing H-consistency bounds in (Awasthi
et al. 2022b; Mao, Mohri, and Zhong 2023a, 2024h). In
particular, for many cases where the surrogate loss ℓ is
smooth, we have t = s = 1

2
, as shown by (Mao, Mohri,

and Zhong 2024h). Next, we assume that the MM noise as-
sumption holds and that the approximation error E∗ℓ0−1(H) =
Eℓ0−1(h∗) = E∗ℓ0−1(H) − E

∗
ℓ0−1(Hall) = 0. This also implies

that the minimizability gap Mℓ0−1(H) = 0. The following
result provides the corresponding H-consistency bound in
this case.

Theorem 7. Suppose E∗ℓ0−1(H) = Eℓ0−1(h∗) and there exists
s ≥ 1 with conjugate number t ≥ 1, that is 1

s
+ 1

t
= 1, such

that

∀(h,x) ∈H ×X, ∆Cℓ0−1,H(h,x) ≤ (∆Cℓ,H(h,x))
1
s .

Then, under MM noise, there exists c > 0 such that for all
h ∈H,

Eℓ0−1(h) − E∗ℓ0−1(H) +Mℓ0−1(H)

≤ c
s−1

s−α(s−1) [Eℓ(h) − E∗ℓ (H) +Mℓ(H)]
1

s−α(s−1) .

Proof. We start from Theorem 6. Let A = Eℓ0−1(h) −
E∗ℓ0−1(H) and B = Eℓ(h) − E∗ℓ (H) +Mℓ(H). By Lemma 5
and the assumption E∗ℓ0−1(H) = Eℓ0−1(h∗), there exists c > 0
with EX[1µ(h,X)>0] ≤ cAα. Using Mℓ0−1(H) = 0, The-

orem 6 gives A ≤ (cAα)
1
tB

1
s = c 1

tA
α
t B

1
s . Rearranging

yields A1−α/t ≤ c 1
tB

1
s . Using 1

t
= s−1

s
, the exponent is

1 − α/t = s−α(s−1)
s

. Raising both sides to the power of
1

1−α/t =
s

s−α(s−1) gives:

A ≤ (c s−1
s B

1
s )

s
s−α(s−1) = c

s−1
s−α(s−1)B

1
s−α(s−1) ,

which is the claimed bound.

The exponent 1
s−α(s−1) matches that derived from Tsy-

bakov noise condition (Mao, Mohri, and Zhong 2025a, Theo-
rem 9), but our bounds are established under the weaker MM
noise assumption. For smooth binary surrogates (s = 2), this
result demonstrates the interpolation between a square-root
rate (as α → 0) and a linear rate (as α → 1).

5.2 Binary classification
The binary analogue, which can be viewed as a special case
of the multi-class setting, satisfies the same bound via an
identical proof.

Theorem 8. Suppose there exists s ≥ 1 with conjugate num-
ber t ≥ 1, that is 1

s
+ 1

t
= 1, such that

∀(h,x) ∈H ×X, ∆Cℓbi
0−1,H

(h,x) ≤ (∆Cℓ,H(h,x))
1
s .

Then, for every h ∈H,

Eℓbi0−1
(h) − E∗ℓbi0−1(H) +Mℓbi0−1

(H)

≤ E
X
[1µ(h,X)>0]

1
t (Eℓ(h) − E∗ℓ (H) +Mℓ(H))

1
s .

Under MM noise and Mℓbi0−1
(H) = 0, there exists c > 0,

∀h ∈H, Eℓbi0−1
(h) − E∗ℓbi0−1(H)

≤ c
s−1

s−α(s−1) (Eℓ(h) − E∗ℓ (H) +Mℓ(H))
1

s−α(s−1) .

Proof. The proofs are identical to that of Theorem 6 and
Theorem 7, replacing the multi-class zero-one loss ℓ0−1 with
the binary zero-one loss ℓbi0−1.

These results are analogous to the enhanced H-consistency
bounds established under Tsybakov noise by Mao, Mohri,
and Zhong (2025a), but with the key distinction that the
MM condition is weaker and hypothesis-dependent. This
shift also yields predictor-dependent constants, quantified
by E[1µ(h,X)>0]

1/t
, which are absent from purely distri-

butional Tsybakov analyses and align better with model
selection. Crucially, we retain the desirable noise expo-
nent 1/(s − α(s − 1)) derived under Tsybakov noise. Conse-
quently, practitioners gain bounds with the same favorable
rates but under a less restrictive, model-aware assumption.

6 Applications
Structural properties. The MM noise condition exhibits two
key structural properties: (i) Monotonicity in H. If H1 ⊆H2

and the MM noise condition holds uniformly over H2, then it
also holds over H1 with the same parameters. (ii) Invariance.
If the scores h(x, ⋅) are replaced by ψ○h(x, ⋅) for any strictly
increasing function ψ, the resulting predictions h and the
Bayes prediction h∗ remain unchanged. Consequently, the
model margin µ(h,x) and the MM noise condition are also
invariant.

These properties demonstrate the flexibility of the MM
noise condition, highlighting its robustness to the specific
choice of hypothesis set and the scaling of the prediction
scores.

Examples. We now instantiate the derived bounds for
common surrogate loss families. Table 1 applies Theorem 8
to common binary margin-based losses in (Awasthi et al.
2022a). The results confirm the linear rate (s = 1) for the
hinge loss and the 1/(2 − α) exponent for smooth surrogates
(s = 2), which interpolates between the square-root and linear
regimes based on the noise parameter α.

Loss Φ(z) s Bound under MM noise
Hinge [1 − z]+ 1 Eℓ(h) − E∗ℓ (H)
Logistic log(1 + e−z) 2 c

1
2−α [Eℓ(h) − E∗ℓ (H)]

1
2−α

Exponential e−z 2 c
1

2−α [Eℓ(h) − E∗ℓ (H)]
1

2−α

Sq-hinge [1 − z]2+ 2 c
1

2−α [Eℓ(h) − E∗ℓ (H)]
1

2−α

Table 1: Binary margin-based losses of the form ℓΦ(h,x, y) =
Φ(y h(x)) with corresponding H-consistency bounds.



Table 2 illustrates the bounds for comp-sum losses in
(Mao, Mohri, and Zhong 2023a), a broad family that general-
izes sum-type and cross-entropy-like surrogates. Under MM
noise, the same exponents as in the enhanced H-consistency
bounds of Mao, Mohri, and Zhong (2025a) are recovered, but
they hold under the weaker MM noise assumptions.

Loss ℓ(h,x, y) s Bound under MM noise
Mean absolute error (MAE) 1 − pθ(y ∣ x) 1 Eℓ(h) − E∗ℓ (H)
Cross-entropy (Logistic) − log(pθ(y ∣ x)) 2 c

1
2−α [Eℓ(h) − E∗ℓ (H)]

1
2−α

Exponential comp-sum 1
pθ(y∣x) − 1 2 c

1
2−α [Eℓ(h) − E∗ℓ (H)]

1
2−α

Generalized cross-entropy
1 − pθ(y ∣ x)q−1

q − 1 2 c
1

2−α [Eℓ(h) − E∗ℓ (H)]
1

2−α

Table 2: Multi-class comp-sum losses. Here pθ(y ∣ x) =
exp(h(x, y))/∑y′ exp(h(x, y′)) is the softmax model.

7 Conclusion
We introduced the MM noise condition, a weaker yet more
flexible hypothesis-dependent noise model than Tsybakov
noise, and derived enhanced H-consistency bounds for both
binary and multi-class classification. These results broaden
the applicability of existing bounds and provide adaptive
guarantees under hypothesis-dependent low-noise conditions.
Future work includes extending MM noise analysis to re-
gression settings and developing adaptive algorithms that
leverage its flexibility in practice.
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