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Abstract

We study online linear optimization with matrix variables constrained by the operator norm, a set-
ting where the geometry renders designing data-dependent and efficient adaptive algorithms chal-
lenging. The best-known adaptive regret bounds are achieved by Shampoo-like methods, but they
require solving a costly quadratic projection subproblem. To address this, we extend the gradient-
based prediction scheme to adaptive matrix online learning and cast algorithm design as construct-
ing a family of smoothed potentials for the nuclear norm. We define a notion of admissibility for
such smoothings and prove any admissible smoothing yields a regret bound matching the best-
known guarantees of one-sided Shampoo. We instantiate this framework with two efficient meth-
ods that avoid quadratic projections. The first is an adaptive Follow-the-Perturbed-Leader (FTPL)
method using Gaussian stochastic smoothing. The second is Follow-the-Augmented-Matrix-Leader
(FAML), which uses a deterministic hyperbolic smoothing in an augmented matrix space. By an-
alyzing the admissibility of these smoothings, we show both methods admit closed-form updates
and match one-sided Shampoo’s regret up to a constant factor, while significantly reducing com-
putational cost. Lastly, using the online-to-nonconvex conversion, we derive two matrix-based
optimizers, Pion (from FTPL) and Leon (from FAML). We prove convergence guarantees for these
methods in nonsmooth nonconvex settings, a guarantee that the popular Muon optimizer lacks.
Keywords: Matrix online learning, Adaptive regret, Operator-norm constraints

1. Introduction

While Online Linear Optimization (OLO) is well-established for vector spaces in R?, modern
applications such as neural network training are often natively cast in terms of matrix variables
X € R™*™_ In this context, relying on a naive reduction to the vector setting is problematic. Vec-
torization obscures intrinsic spectral structures, most notably operator-norm constraints, that are
distinct from Euclidean geometry and essential for efficient optimization. To avoid the suboptimal
regret bounds inherent in such reductions, we investigate OLO directly within the matrix domain.
The problem is formally defined as follows:
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Matrix Online Linear Optimization
Fort=1,...,T:

e Learner chooses a matrix X; from a decision set X’;

* Environment selects a gradient matrix G;€ R""*" defining the linear loss ¢;(X)=(G¢, X);

Goal: Minimize Reg; = 3.1 (G, X;) — minxex Y1, (Gy, X).

Matrix OLO has been extensively studied for problems like online variance minimization (War-
muth and Kuzmin, 2006), PCA (Warmuth and Kuzmin, 2008), and collaborative filtering (Hazan
et al., 2012), typically under nuclear-norm constraints. To address these, matrix multiplicative
weight updates (Arora and Kale, 2007; Arora et al., 2012) have been proposed as a natural gen-
eralization of the classical Hedge algorithm. Matrix OLO with Schatten-p constraints has also been
applied to multi-task classification (Agarwal et al., 2008; Cavallanti et al., 2010), for which Kakade
et al. (2012) developed mirror descent algorithms induced by matrix Bregman divergences.

In this paper, we focus on the case where the decision set X" is an operator-norm ball, i.e.,
X ={X e R™": | X|op < D}. As discussed in Section 1.1 and detailed further in Appendix A,
this constraint naturally arises in classical problems such as learning rotations, as well as in mod-
ern optimization applications including the design of preconditioned gradient methods and neural
network training. Our goal is to design adaptive online algorithms with data-dependent regret guar-
antees, in the spirit of AdaGrad (McMahan and Streeter, 2010; Duchi et al., 2011). In the matrix
setting with operator-norm constraints, the strongest known regret guarantees are achieved by the
one-sided Shampoo/ASGO methods proposed concurrently in (Xie et al., 2025; An et al., 2025).
Building on the Shampoo preconditioner (Gupta et al., 2018), these methods attain a regret bound
of O(D Tr(v/Mr)), where My = Zthl GG/, thereby offering better adaptivity over AdaGrad.
However, enforcing feasibility requires solving a costly quadratic projection subproblem, which
lacks a closed-form solution. This motivates the question: can one retain the same adaptive regret
guarantees with greater computational efficiency?

Contributions We develop a unified framework for adaptive matrix online learning under operator-
norm constraints that avoids quadratic projections while matching the best-known regret guarantees
of one-sided Shampoo, answering the above question affirmatively. Our contributions are threefold.
First, we generalize the Gradient-Based Prediction Algorithm (GBPA) (Abernethy et al., 2016)
to adaptive matrix online algorithms, where algorithm design is cast as constructing a family of
smoothed potentials parameterized by a positive semidefinite (PSD) matrix L that captures problem
geometry. We formalize the notion of («, 3)-admissible smoothings of the nuclear norm induced by
the operator-norm constraint. We show that, when the parameter L is chosen adaptively, GBPA with
any admissible potential family attains the regret bound Regy = O(v/a8 D Tr(v/Mr)), matching
one-sided Shampoo up to constants (Theorem 4). Since the bound depends only on the product a3,
we characterize optimal admissibility by proving that any («, 3)-admissible smoothing must satisfy
af > %, and by exhibiting a regularized smoothing that attains this lower bound (Proposition 5).
Second, to avoid the prohibitive cost of quadratic subproblems in one-sided Shampoo, we in-
troduce two efficient online algorithms based on novel smoothed potentials. The first uses Gaussian
stochastic smoothing, leading to an adaptive Follow-the-Perturbed-Leader (FTPL) algorithm that is
parallelizable and relies on efficient matrix primitives; using noncentral Wishart theory, we show
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that this smoothing is admissible up to a mild dimension-dependent factor (Theorem 6). Our main
algorithm, Follow-the-Augmented-Matrix-Leader (FAML), is based on a deterministic and explicit
hyperbolic smoothing tailored to the nuclear norm. By lifting to an augmented space, FAML admits
closed-form updates, avoiding quadratic projections. It achieves near-optimal admissibility (Theo-
rem 8) and matches one-sided Shampoo’s regret up to a factor of two at substantially lower cost.

Finally, we leverage our adaptive matrix online learning framework and apply the Online-to-
Nonconvex Conversion (O2NC) paradigm (Cutkosky et al., 2023) to obtain efficient matrix-based
optimizers with provable guarantees for nonsmooth nonconvex optimization. We formally iden-
tify the popular Muon optimizer as an instance of spectrally constrained FTL, clarifying its lack of
guarantees in nonsmooth settings. In contrast, we introduce Pion (derived from FTPL) and Leon
(derived from FAML), and establish that both converge to (p, £)-stationary points for general nons-
mooth nonconvex objectives (Theorems 12 and 13).

1.1. Motivating Problems

Next, we focus on matrix-based deep learning optimization as the primary instance of the matrix
OLO problem subject to operator-norm constraints. Additional applications, including learning
rotations and online quasi-Newton updates, are deferred to Appendix A due to space constraints.

Matrix Optimization Algorithms Deep learning architectures are inherently matrix-valued. Spec-
tral optimizers like Muon (Jordan et al., 2024) exploit this structure, demonstrating significant em-
pirical advantages over element-wise baselines. By leveraging the Online-to-Nonconvex Conver-
sion (O2NC) framework (Cutkosky et al., 2023; Ahn et al., 2025), these methods can be rigorously
modeled as Matrix OLO instances, where minimizing regret guarantees convergence to Goldstein
stationary points. As detailed in Section 5, Muon corresponds precisely to spectrally-constrained
FTL. We use this connection to derive a new optimization method with rigorous convergence guar-
antees in the nonsmooth setting, addressing a key theoretical gap in the standard Muon algorithm.

2. Adaptive Matrix Online Learning

In the vector setting, it is known that achieving optimal regret requires aligning the adaptive precon-
ditioner with the geometry of the constraint set; we defer a rigorous discussion of this alignment to
Appendix B. Applying this principle to Matrix OLO via naive vectorization, however, encounters
two fundamental barriers. First, treating an m x n matrix as a vector of dimension d = mn implies
a full preconditioner of size d X d, incurring prohibitive storage and computational costs. Second,
and more critically, vectorization obliterates the underlying spectral structure. Standard adaptive
variants like Diagonal AdaGrad implicitly assume a hyper-rectangular constraint geometry, which
is ill-suited for the spectral features of the operator-norm ball. Consequently, efficient optimization
in this setting demands algorithms explicitly tailored to the matrix domain, which we review below.

A natural extension of adaptive Online Gradient Descent (OGD) to the matrix setting is charac-
terized by the following update rule. Given a gradient matrix G; € R™*", we compute:

. 1
X, i1 = arg mln{<Gt, X — X) 4 — Tr((X — Xp) TL(X — Xt)Rt)}, (1)
Xex 2n

where L; € S and R; € S’} denote the left and right preconditioners, respectively. This for-
mulation admits a direct interpretation within the standard AdaGrad framework. Specifically, let
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Algorithm Preconditioners L; and R; Regret Bound

Shampoof _ agl/4 _ngl/4 1/4 1/4

(Gupta et al., 2018) L = Mt R = Nt ||X||0p (a,b)Ig{a()I(:',F), ||MT H(L ||NT Hb
(+,0p), (0P, ) }

One-sided Shampoo

apl/2 . 1/2
(Xie et al., 2025; An et al., 2025) Li=M/" R, =1 1€ lop Tr(M7)

Table 1: Here, My = 3, G;G; and Ny = 3| G/ G,. Moreover, || X lop = maxx yex [|X—=Y|op.
T The reported regret for Shampoo is proven in Theorem 16 (Appendix C) which improves the original bound.

x = vec(X) and g = vec(G) denote the vectorized decision variable and gradient obtained by
stacking the columns of the matrix. The regularization term in (1) coincides with the quadratic form
%(m — xy) "Hy(x — x;) from vector AdaGrad, with the additional constraint that the precondi-
tioner factorizes as a Kronecker product H; = R; ® L;. Under this structure, the penalty admits the
efficient decomposition (z — x;) " (R; ® Ly) (& — ;) = Tr ((X — X;) "Ly(X — X¢)R;). Notably,
Shampoo (Gupta et al., 2018) and its one-sided variants (Xie et al., 2025; An et al., 2025) corre-
spond to different choices of L; and R;; we summarize these selections and the resulting regret
bounds in Table 1 and note that the latter achieves the strongest known guarantee.

Despite the success of these methods in mitigating vectorization overhead and preserving matrix
structure, they face a fundamental obstruction when constrained to the operator-norm ball, i.e.,
X ={X € R™": |X]|lop < D}. In this regime, the update step in (1) necessitates minimizing
a convex quadratic objective over the operator-norm constraint, a problem that admits no closed-
form solution. While practitioners often skip this projection step for computational efficiency, such
heuristics are known to invalidate worst-case regret guarantees (Orabona and Pal, 2018). Solving
this subproblem at each round using iterative methods is also costly. Projection-based methods,
such as accelerated gradient descent, achieve linear convergence but require a full Singular Value
Decomposition (SVD) at every step. Moreover, the subproblem condition number depends on H; =
R; ® L; and in the worst case can scale as v/7. As a result, reaching a desired accuracy may take
O(Tl/ 4) projection steps per round, leading to a total of O(T5/ 4) SVD computations over T rounds.
Conversely, Frank—Wolfe methods replace projections with linear optimization oracles that admit
efficient implementations via polar factorization, but only achieve sublinear O(1/K’) convergence,
requiring many oracle calls to attain high precision. We defer the detailed complexity analysis to
Appendix F. The core challenge is therefore matching one-sided Shampoo’s adaptive regret without
incurring prohibitively expensive quadratic projections, which we address next.

Remark 1 While FTRL with Kronecker regularizers is expected to match OGD-style Shampoo
guarantees, a corresponding analysis appears to be missing in prior work. Our framework sup-
plies such Shampoo-type bounds for adaptive matrix FTRL; however, it still requires solving the
same expensive operator-norm-constrained quadratic subproblems, motivating the more efficient
approach developed later in the paper.

3. A Unified Framework for Adaptive Matrix Online Algorithms

Before addressing the bottleneck of quadratic projections, we introduce a broad class of algorithms
for Matrix OLO. We establish their regret guarantees via a unified framework that isolates the struc-
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ture essential for spectral adaptivity. In Section 4, we instantiate this framework to derive two
concrete algorithms that effectively circumvent this computational barrier.

Our proposed framework can be considered as a generalization of the Gradient-Based Prediction
Algorithm (GBPA) (Abernethy et al., 2016) to the matrix domain. By incorporating potentials
that capture intrinsic spectral geometry, we specialize this approach to operator-norm constraints,
enabling near-optimal adaptive guarantees that are unattainable via standard vector reductions.

Recalling the Matrix OLO formulation, a GBPA strategy generates the action X;; by evaluat-
ing the gradient of a convex potential ®; : R™*" — R at the cumulative gradient S; = 22:1 G;.
To enforce the feasibility constraint || X¢y1]|op < D, we restrict the potentials such that || Vo, llop <
1 and scale the output by D. This yields the explicit update:

X1 = —DV®(Sy), (2)

for ¢ > 1, and the initial action is set as X; = 0. Indeed, distinct choices of potential functions in-
stantiate different algorithms for Matrix OLO. Now since our online learning problem is constrained
to the operator-norm ball, we define the base potential function as ®(S) = maxx|,,<1(X,S),
which can be further simplified as ®(S) = ||S||.. Hence, the regret of the matrix OLO problem
can be written as Regp = S°1_ (G, X;) + D®(S7) = 3.1 (G4, X,) + D||S||«. The following
lemma provides the central regret decomposition for this class of algorithms and is a direct corollary
of (Abernethy et al., 2016, Lemma 1.2); the proof is deferred to Appendix D.1.

Lemma 2 Define Bf(U || V) := f(U) — f(V) = (Vf(V),U — V) as the Bregman divergence
with respect to a function f. If {X,} is generated by (2), then its regret can be decomposed as:

T-1 T—1
Regr=D(®(S1)—07(S1))+DY  Bg (St41 | StHD Y (®er1(Ses1)=s(Se41) D1 (Gr).
t=1 t=1

This regret decomposition admits three interpretable terms. The first term, D ((I>(ST) - <T>T(ST)),
captures the underestimation error of the surrogate potential &3T relative to the base potential .
The second term involves the Bregman divergence induced by @, and reflects the smoothness of
the surrogate potential along the trajectory {S;}. The remaining term accounts for the temporal
variation of the potential sequence {(ft} and measures its stability across rounds.

To build intuition for choosing the surrogate potentials ®,, consider the simplest case where
<T>t = @ for all ¢ > 1. This choice recovers the classical Follow-the-Leader (FTL) algorithm, i.e.,

XtJrl = arg minHX||op§D{<Zl;:1 GS, X>}

In this case, both the underestimation error and the temporal variation term in (2) vanish, yielding
Regr = DS/ Bo(Siy1 || St) + D®(G1). However, as the base potential ®, i.e., the nuclear
norm, is nonsmooth, this can be exploited by the adversary to incur a large Bregman divergence at
each time step, leading to an {2(T") regret bound.

This motivates the construction of a sequence of surrogate potentials {&)t} that closely approx-
imates the base potential ® while enjoying favorable smoothness properties. This is our main
point of departure from (Abernethy et al., 2016). There, the authors select {ZI;t} from a scalar-
parametrized family {®,, : » > 0}, achieving an adaptive regret bound similar to Scalar AdaGrad

(in our setting, \/min{m,n} D/ 37 |G| 2). In contrast, to match the adaptive data-dependent

5
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guarantees of Shampoo (Table 1), the smoothness of ®; must depend on a preconditioner matrix,
mirroring the adaptive regularizers in (1). Accordingly, we choose {®;} from a family of poten-
tials {U(-;L) : L € ST} parametrized by a PSD matrix L, and formalize these desiderata in the
following definition.

Definition 3 Let {(Ivl(, L) : L € ST} be a family of potentials parametrized by a PSD matrix L.
We say that V(-;-) is an («, 3)-admissible smoothing of || - ||« if the following conditions hold:

(a) (Feasibility) For all L € ST and X € R"™", |[Vx¥(X; L)||op < 1.

(b) (Dominance) For all L € S™ and X € R™™, U(X; L) > ||X||, and ¥(X;0) = ||X]|...
Jr

(c) (Upper stability) For any L1 < La, supx (V(X; Lo) — U(X; L)) < a(Tr(Lg) — Tr(Ly)).

(d) (Smoothness) For any L > 0, the function ‘I/( -; ) is continuously differentiable and satisfies
By (Y 1X) < STr((X —Y) 'L (X - Y)) forany X, Y € R™*".

The conditions in Definition 3 are directly motivated by the regret decomposition in Lemma 2
and are designed to control each term arising in (2). Specifically, feasibility ensures that the it-
erates X1 produced by (2) satisfy the operator-norm constraint; Dominance guarantees that the
underestimation term is always non-positive; Upper stability controls the temporal variation term;
and smoothness bounds the Bregman divergence term. Next, we show that («, 3)-admissible poten-
tials U control the terms in Lemma 2, yielding Shampoo-type regret for the presented GBPA class
under a proper selection of L;. See Appendix D.2 for the proof.

Theorem 4 Assume that |Gllop < G forallt = 1,...,T, and let U be an (o, B)-admissible
smoothing of the nuclear norm (Definition 3). Further, recall the definition M; = Zizl G.G/.
Consider the GBPA update (2) with ®4(S) = V(S;L¢/n), where

Lo=VGI+ M, n=+/a/b. 3)

Then the regret of the algorithm satisfies
Regy < 2/aB D Tr(\/GQI + MT) + (1 — vaB) D||G1]..

A couple of remarks follow. First, using the inequality Tr(y/G2I + Mr) < mG + Tr(v/Mr),
the above bound simplifies to O(y/aBD(Tr(v/Mr) + m@G)). Neglecting the time-invariant term
mG, this matches the one-sided Shampoo regret bound (Table 1) up to the factor vapB. Second,
provided the parameterization L = L;/7 is fixed, the choice of potential ®,(S) affects the regret
solely through the admissibility constants « and S5 of its family.

Since the regret depends on the product a3, two fundamental questions arise: what is the min-
imal achievable value for this product, and does there exist an (c, 3)-admissible potential family
that achieves it? We resolve both in the following result (proof in Appendix D.3).

Proposition 5 For any («, 3)-admissible smoothing W, it holds that aff > % Moreover, the
following smoothing W% is (%, 1)-admissible:

UR(S;L) = e {(s, X) — ;Tr(XTLX)} + %Tr(L). 4)

6
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By Danskin’s theorem (Bertsekas, 1999), the gradient of \T/R(S; L) is given by VS\T/R(S; L) =
arg max| x|, <1 {(S,X) — 1Tr(XTLX)}. Consequently, by setting ®,(S) = UH(S; L, /n) with
L; defined in (3) and choosing n = 1/+/2 as prescribed by Theorem 4, the update induced by (2)
(up to a sign change) can be written as

X1 = Darg min{ (81, X) 4+ - Tr(XTLtX)}, (5)
1Xllop<1 2n
which corresponds to a Follow-the-regularized-Leader (FTRL) method. As a direct corollary, the
update in (5) attains the regret v/2D(Tr(v/M7r) +mG) + (1 — %)DHGl ||«. Ignoring the lower-
order terms DmG and D||G ||, this matches the regret of one-sided Shampoo in Table 1 up to a
constant factor. Notably, this provides the first such guarantee for an adaptive matrix FTRL method,
as a side result of our framework. However, like (1), the update (5) necessitates solving a costly,
iterative quadratic projection over the operator-norm ball. To address this, in the next section, we
introduce two alternative potentials with substantially cheaper gradient evaluations.

4. Proposed Algorithms

Next, we study alternative smoothings of the nuclear norm that yield more efficient algorithms.
Section 4.1 introduces a stochastic smoothing that leads to a Follow-the-Perturbed-Leader (FTPL)
method based on random perturbations, with parallelizable updates built from standard matrix prim-
itives and an analysis relying on noncentral Wishart theory. Section 4.2 introduces the novel Follow-
the-Augmented-Matrix-Leader (FAML) algorithm via a deterministic hyperbolic smoothing. We
prove this smoothing attains near-optimal admissibility constants, matching those of regularized
methods, while circumventing quadratic projections through efficient matrix primitives.

4.1. Stochastic Smoothing: Follow-the-Perturbed-Leader

As discussed, the central goal of GBPA is to construct a sequence of smooth, tractable surrogates for
the nuclear norm that preserve its geometric properties while enabling efficient optimization. To this
end, we use stochastic smoothing, a classical technique obtained by convolving the nonsmooth ob-
jective with a smooth probability density function (Glasserman, 1991; Yousefian et al., 2010; Duchi
et al., 2012), where the key design choice is the perturbation distribution. Intuitively, to achieve
an adaptive regret bound comparable to that of one-sided Shampoo, the perturbations themselves
should adapt to the previously observed gradient sequence. Drawing a parallel with the regularized
potential U2 in (4), we consider the following family of stochastic smoothing potentials:
U9(S; L) = E IS +LZ|., (6)
ZeMN(0,Im,In)
where MN (0, 1,,,L,) is the matrix normal distribution with independent standard Gaussian entries.
To derive the gradient of vS (S; L), we use the variational representation of the nuclear norm
and rewrite U5 in (6) as U5 (S; L) = Eg max|x|,,<1(S + LZ, X). By (Bertsekas, 1973, Propo-
sition 2.2), we can swap the order of expectation and differentiation to obtain \ATL (S;L) =
Ez[arg max x| <1 (S + LZ, X)]. Following Theorem 4, we set ®,(S) = U(S;Ly/n), where L,
is defined in (3). This choice leads to the following update:

¢
1
X1 = —DEg [arg max{(St + 5LtZ, X)H, where S; = Z G,. @)

(IX[lop<1 s=1
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The above update is indeed equivalent to an FTPL method with perturbation (1/7)L;Z.

Implementation and computational efficiency In contrast to the OGD update in (1) or the FTRL
update in (5), the update in (7) can be computed efficiently using standard linear algebra primitives
such as Cholesky factorization and polar decomposition, as detailed below. To begin with, recall
that L; = +/G2I + M,, which may suggest explicitly computing a matrix square root. However,
this is unnecessary; instead, we can compute the Cholesky factorization of G2I + M; = Iilt]i;r , and

observe that itZ 4 L;Z when Z has independent standard Gaussian entries. The leading-order
cost of Cholesky factorization is %mS (Golub and Van Loan, 2013).

Moreover, for a fixed perturbation matrix Z, the maximization inside the expectation reduces to
computing the polar factor of S; + %LtZ. Specifically, for a matrix X € R"*" with singular value
decomposition X = UXV ', its polar factor is polar(X) = UV (Higham, 2008), which can be
computed efficiently using well-established numerical iterative methods, including Newton—Schulz
iteration (Higham, 2008), scaled Newton methods (Higham, 2008), and QDWH iterations (Nakat-
sukasa et al., 2010; Nakatsukasa and Higham, 2013); see also Amsel et al. (2025). In particular,
Newton—Schulz iteration with K steps incurs a computational cost of 4K m?n (see Appendix F.2).

Finally, the update in (7) is presented in its deterministic form based on the expected action.
In practice, this expectation can be approximated via Monte Carlo sampling. Specifically, after
computing the cumulative gradient S; = 22:1 G and the Cholesky factorization itiz = G?1+
M;, where M, = Zizl GG/, the update with k samples of the random matrix Z is

D 1= i i ..
X = -2 Zpolar(St + 5Ltzg )>, Z\) ~ MN(0,1,,,1,,) iid. 8)

Moreover, the k polar factors in (8) can be computed in parallel. As a result, with sufficient parallel
computing resources, the effective computational cost can be significantly reduced.

Regret guarantees By Theorem 4, the only remaining task is to determine the admissibility pa-
rameters («, 3) for the stochastic smoothing in (6), which will lead to a regret guarantee on the
FTPL algorithm in (7). Using noncentral Wishart theory, we are able to establish the admissibility
when n > m + 2. The proof is presented in Appendix E.1.

Theorem 6 When n > m + 2, the stochastic smoothing WS (S; L) is (cv, 8)-admissible with o =
1/4
vm+/nand = \/ﬁ As a corollary, Regy < 2v/2D (nfngl) (Tr [M%F/Q} + mG).

Comparing with the regret bound of one-sided Shampoo in Table 1, the bound in Theorem 6
incurs an additional factor of (n/(n—m-1))/%. That said, when n > 2m and m > 2, this factor is at
most /2 and the resulting guarantee matches one-sided Shampoo up to a constant factor.

Remark 7 In OLO with an oblivious adversary, the sampled algorithm in (8) with k = 1 achieves
the same expected regret as the deterministic version in (7). In our O2NC extension, however,
the adversary is adaptive, so this equivalence no longer holds, and additional care is needed. In
particular, the extra error from sampling can be controlled using a Khintchine-type inequality, which
yields a deviation term of order O(1/V/k), similar to the arguments in (Hazan and Minasyan, 2020).
Therefore, by choosing k = T', we maintain the worst-case O (\/T ) regret bound.
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4.2. Hyperbolic Smoothing: Follow-the-Augmented-Matrix-Leader

While the regularized smoothing U achieves optimal admissibility (Proposition 5), its implicit
definition via a quadratic program makes its gradient evaluation costly. In contrast, the randomized
smoothing ¥ is cheaper to compute but incurs dimension-dependent admissibility factors (Theo-
rem 6). This raises the question of whether one can obtain an explicit, inexpensive smoothing while
retaining near-optimal admissibility. Exploiting the special structure of the nuclear norm, we answer
this question in the affirmative. Specifically, we introduce the hyperbolic family of potentials

H(S. 1) = Tr(\/SST n LLT) . 9)

Since ||S|, = Tr(vVSST), we have U (S;0) = ||S||., and the additive term LLT provides an
explicit smoothing. Similar smoothing of the nuclear norm has been considered in low-rank op-
timization, e.g., (Mohan and Fazel, 2012). To the best of our knowledge, however, this particular
smoothing has not been analyzed as a potential in an online learning framework.

To compute the gradient of U we exploit the interesting fact that the hyperbolic smoothing
in (9) can be interpreted as the nuclear norm of an augmented matrix. Specifically, define S =
[S L] € R™*(+™) Then SST = SST + LL, and hence ¥#(S; L) = Tr(VSST) = ||S]..
Consequently, the gradient with respect to S can be obtained by first differentiating the nuclear

norm in the augmented space and then restricting to the leading block. Concretely, letting X =
V5lIS|l« = arg maX”f(,”Opq(S, X'}, we obtain VU (S; L) = X[1:m,1:n]. With the choice of

;ISt(S) —_ (S; Lt /n) as in Theorem 4, where L; is defined in (3), the update (2) takes the form

XtH—arg _min </S\t,)A(> where §t: S; LL;| € R™*(Hm) 4nd S, = ZG
1Xllop<D !

X1 = Xep1[l:m, 1:n). (10)

The above update rule can be interpreted as an FTL-style update applied to the augmented matrix §t,
which is the reason we refer to it as the Follow-the-Augmented-Matrix-Leader (FAML) algorithm.

Alternatively, using the identity Vgl| S|, = (SST)~V 28, the gradient of (9) can also be written

as Vs (S;L) = (SST +LL") “Y2.S This leads to an equivalent formulation of FAML:

t t
Xer1 = —nD(1PSeS] + (G*1+ My)) /%8, where S, := Y Gy, My =Y G,G!. (11)
s=1 s=1

It is instructive to compare (11) with the FTRL update (5). If we ignore the operator-norm constraint
in (5), the solution of the resulting unconstrained quadratic subproblem is X;11 = —nDL; s, =
—nD(G*T + Mt)_l/ 2S;. In contrast, the FAML update in (11) incorporates the additional term
n%S;S; inside the inverse square root. This guarantees that the iterate X;,1 automatically satis-
fies the operator-norm constraint, without requiring an explicit projection. Consequently, FAML
achieves essentially the same computational cost as solving an unconstrained FTRL subproblem,
which explains how FAML alleviates the main computational bottleneck of matrix FTRL.
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Implementation In contrast to the updates of OGD in (1) and FTRL in (5), FAML can be imple-
mented directly using (11), where the dominant cost comes from computing a matrix inverse square
root. While a standard approach is to use SVD, this can be costly. A more efficient alternative is
to use iterative methods such as coupled Newton—Schulz (NS) iteration (Higham, 2008; An et al.,
2025). As detailed in Appendix F.3, the leading-order cost in terms of floating-point operations is
6m?n + 6 Km?, where K denotes the number of inner NS steps.

A drawback of this approach is that computing matrix inverse square roots is numerically unsta-
ble, particularly in low precision. In this regard, the formulation in (10) provides a more favorable
alternative: similar to FTPL, it can be implemented by computing the polar factor of the augmented
matrix S;. In fact, with a customized NS iteration tailored to this augmented formulation, we
can avoid computing the matrix square root L; and the leading-order computational cost becomes
(2m?n + 4m3) K + 4m>n, where again K is the number of inner NS steps (see Appendix F.3).

Regret guarantees The last step is to determine the admissibility constants « and 3 for the po-
tential family defined in (9) and, together with Theorem 4, to derive the corresponding regret bound
for FAML in (10). The proof is presented in Appendix E.2.

Theorem 8 The hyperbolic smoothing U (S; L) defined in (9) is («, 8)-admissible with « = 1
and 3 = 1. Hence, the regret of the FAML algorithm (10) satisfies Regp < 2D(Tr(1\/[%p/ 2) +mQG).

Like FTRL (5), this bound matches the one-sided Shampoo regret up to constant factors, ignor-
ing the lower-order term DmG. Crucially, FAML eliminates the need to solve a quadratic program
and is instead implemented using computationally efficient matrix primitives.

5. Application: Nonsmooth Nonconvex Matrix Optimization

We apply our adaptive online methods to nonsmooth nonconvex optimization using the Online-to-
Nonconvex Conversion (O2NC) framework. We start by reducing stochastic matrix optimization to
Matrix OLO and identifying Muon (Jordan et al., 2024) as an FTL instance. We then introduce Pion
and Leon, theoretically grounded optimizers derived from our adaptive FTPL and FAML algorithms.

5.1. Online-to-Nonconvex Conversion

The O2NC framework, proposed by Cutkosky et al. (2023) and refined in (Zhang and Cutkosky,
2024; Ahn and Cutkosky, 2024; Ahn et al., 2025), reduces finding a stationary point of a stochastic
matrix optimization problem to an online matrix optimization task. To formalize this connection,
we first define the stochastic matrix optimization problem:

W LW) = E [(W;0)) (12)

where L : R™*" — R is differentiable. As . may be nonsmooth and nonconvex, we adopt the
notion of a (p, £)-stationary point, a relaxation of the Goldstein stationary point (Goldstein, 1977).

Definition 9 ((p, € )-stationary point) Suppose L is differentiable and let || - || be a norm with dual

norm || - ||y. Then W is a (p, €)-stationary point if there exists a distribution p with finite support
over R™*™ with By p[Y]| = W such that || E[VL(Y)]|l; < eand E||[Y — W] < p.

10
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Intuitively, a point W is (p, ¢)-stationary if one can find finitely many nearby points whose
weighted average is W, such that the weighted average of their gradients is small. To simplify
notation, for any W € R™*™ and p > 0, define P(W; p) as the set of all distributions p finitely
supported on R™*™ such that Epr [Y]=WandE|Y — W| < p. Then W is a (p, ¢)-stationary

point if and only if | VL(W)||\) == inf ep(w ||EY~p[VL( Nl < e

queries an online learner at each step for a direction X; € {X € R™*" : | X]|| < D} based
on the history of observed gradients. The weight matrix is then updated via Wy = W;_; + Xy,
and we evaluate a stochastic gradient at a random midpoint Wy = W;_; + s;X;, where s; ~
Uniform(0, 1) is a uniformly distributed scaling factor, yielding G; = V/(Wy; (;). As the gradients
{G;} depend on evolving parameters W, through a nonconvex nonsmooth objective, the induced
environment is highly non-stationary. To capture local geometry and decay stale information, we
measure performance via discounted regret with 5 € (0, 1), defined as

T

[] o T—t _
Regy (D) := %&XD[;ﬁ (G, Xy — X)]. (13)

Discounted regret can be reduced to standard regret by defining the loss at time ¢ as ELB ] (X) =
(37'G4,X) for all ¢ and then multiplying the resulting regret by 7. The following proposition
establishes the key guarantee: if the learner achieves a discounted regret that is sublinear in ﬁ,
the sequence converges to a (p, €)-stationary point. Detailed protocols and proofs are provided in
Appendix G.

Proposition 10 (Informal O2NC bound) Let {W,} denote the exponential moving average se-
quence of {W} and let T be a random index defined in Appendix G.1. If D = (1 ’8 ) p, then the
expected p-stationarity gap at W, satisfies

[ 72w ] - o (K= L)

Note that random sampling W, is necessary as the last iterate lacks stationarity guarantees in
nonconvex optimization. Since the stochastic noise term is algorithm-independent, minimizing the
bound in (14) reduces to minimizing discounted regret of the online matrix learner. We instantiate
this framework with our adaptive FTPL and FAML updates, yielding Pion and Leon, to establish
rigorous convergence guarantees.

+(1-p8)E [Reg[m( )] + stochastic noise). (14)

5.2. Matrix Optimization Algorithms: Muon, Pion, and Leon

In this section, we instantiate the O2NC framework with specific online learning algorithms. We
first show that the Muon optimizer corresponds to the classic Follow-the-Leader (FTL) strategy,
and then derive Pion and Leon, based on our adaptive FTPL and FAML frameworks, respectively.
For consistency with optimizer implementations, we write updates as W1 = W, — Py, where
P; = —X411/D is a spectrally normalized direction and D is absorbed into ;. Throughout this
section, we use the discounted statistics
t ¢
Gi=)Y B'7°G,, M=) pUIGG!, LL =G+ M, (15)
s=1 s=1

11
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where {G} are the O2NC stochastic gradients, G satisfies |G¢|lop < G, G is the discounted
leader, and My, L; are its discounted second moment and regularized Cholesky factor.

Muon Consider applying the FTL algorithm to the underlying online learning problem. In the
O2NC reduction, the learner receives discounted linear losses ¢/ (X) = (67°Gs, X). Hence, at
step ¢, the FTL update selects the direction X;; that minimizes the cumulative loss observed so
far:

Xt = argmm{ZﬁB] (X) } = argm1n{<zt: B_SGS,X>} =-D- polar(i:ﬂ_s(}s),
s=1 s=1

Xllop<D X lop

where the last equality follows from the fact that the solution to linear minimization over the
operator-norm ball is given by the negative polar factor.

We now derive the optimization method for this update based on the reduction described in
Section 5.1. Since the polar decomposition is scale-invariant—satisfying polar(cA) = polar(A)
for any scalar ¢ > 0—we may scale the argument by 3¢ without affecting the result. Using the
EMA G; in (15), the update becomes

Wt+1 = Wt —D- polar(Gt).

Equivalently, in optimizer notation, the update direction is P; = polar(G;), which is precisely
the direction used by the Muon optimizer (Jordan et al., 2024) (see Algorithm 1 in Appendix G).
Thus, Muon can be viewed as a spectrally normalized optimization method: rather than applying
coordinate-wise normalization, it follows the polar factor of the EMA of matrix gradients.

This derivation reveals that Muon is structurally equivalent to FTL under a spectral constraint.
The only distinction is that, in the O2NC framework, G is evaluated at a random midpoint between
W ,_1 and W, rather than at W,. However, because FTL does not generally achieve sublinear regret
for nonsmooth losses, the existing O2NC framework alone is insufficient to establish a rigorous
convergence guarantee for vanilla Muon in such settings.

We emphasize that this does not imply that Muon fails to converge or lacks a principled foun-
dation. Rather, within the existing O2NC framework, vanilla Muon corresponds to an FTL-type
method, and therefore the regret-to-stationarity reduction cannot certify its convergence in the non-
smooth nonconvex setting. Accordingly, we do not claim that Pion or Leon outperforms Muon in
practice; our focus is primarily theoretical. Existing analyses of Muon rely on smoothness, whereas
Pion and Leon, as smoothed variants of Muon, admit provable nonsmooth nonconvex convergence
guarantees, as detailed below.

Pion We address the theoretical shortcomings of FTL by replacing it with the adaptive FTPL
framework, which stabilizes the optimization process through stochastic perturbation of the cumu-
lative gradients. In optimizer terms, Pion retains Muon’s polar-update template, but replaces the
single leader G; with randomly perturbed leaders. Applying adaptive FTPL within O2NC therefore
gives one polar direction for each perturbation, and the final update is their Monte Carlo average.
Extending (8) to the discounted case and using the scale invariance of the polar decomposition, the
resulting update direction is

k t
D . 1=
Xop1 = =7 S :[polar(E gt Gs+nLtz§))], (16)

i=1 s=1

12
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where Zgl) MmN (0,1,,,1I,,) are standard Gaussian matrices, and f,t is the Cholesky factor
defined in (15). The iterates then follow the standard O2NC protocol: W1 = Wy + Xy 1.

We name this algorithm Pion, as it may be viewed as a perturbed variant of Muon. The per-
turbation is shaped by the discounted adaptive preconditioner L;, which enables us to establish a
valid regret bound and, consequently, convergence guarantees for nonsmooth nonconvex objectives.
Computationally, as discussed in Section 4.1, Pion avoids matrix square roots by using L, and the k&
polar factors in (16) can be computed in parallel using Newton—Schulz iterations. The pseudocode
is provided in Algorithm 2 in Appendix G.

Remark 11 The formal O2NC analysis evaluates stochastic gradients at random midpoints, as
described in Section 5.1 and Appendix G. 1. For readability and consistency with standard optimizer
implementations, the pseudocode for Pion and Leon in Algorithms 2 and 3 uses gradients evaluated
at the current iterate. The convergence guarantees stated below correspond to the midpoint-gradient
O2NC variant.

We now establish the iteration complexity of Pion. We adopt standard assumptions on the
stochastic gradients, consistent with prior work on adaptive methods (An et al., 2025).

Assumption 1 (Bounded Stochastic Gradient) Recall that G; = VE(\TQ; Ct). We assume that
|Gtllop < G almost surely and there exists a positive semidefinite matrix Q > 0 such that
E[G:G/] < Q? for all .

Combining the regret guarantee of adaptive FTPL (Theorem 6) with the O2NC reduction (Propo-
sition 10), and denoting AL := L(Wj) — L(W™), we obtain the following non-asymptotic com-
plexity bound.

Theorem 12 (Convergence of Pion) Suppose that n > m + 2. For target accuracy ¢ sufficiently
small, Pion finds a (p,e)-stationary point of Problem (12) with the norm || - || = || - |lop in T

iterations, where T = O (max{ CQH?JZL%AL 02”9”3, CZ”G}), and C = (n/(n —m — 1))Y/* is the

’ €
dimensional factor from the FTPL analysis.

Leon While Pion achieves robustness via stochastic perturbations, Monte Carlo sampling can
introduce additional variance. To address this, we introduce Leon (Learning-Enabled Orthogonal-
ization and Normalization), a deterministic alternative based on our FAML algorithm. The core
idea of FAML is to replace the stochastic perturbation of FTPL with a deterministic augmentation
in a higher-dimensional space. Instead of adding noise to the accumulated gradients, we construct
an augmented matrix §t by concatenating the accumulated gradient with a scaled preconditioner.
Leon therefore smooths Muon’s leader deterministically by computing one polar factor in a lifted
space where the additional block n_lINJt acts as a stabilizer. Adapting the FAML update (10) to
the discounted O2NC setting, we form the augmented matrix using the gradient EMA G; and the
discounted preconditioner L; defined in (15). The update direction is then obtained by projecting
the polar factor of this augmented matrix back onto the original space:

X1 = LeadingBlock <—D . polar ([Gt %it} )) . (17)

13
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Method Online learner Direction P, Smoothing

Muon FTL polar(G) None
Pion  Adaptive FTPL + Zle polar ((_}t + n_litzgi)> Gaussian

_ o N-—1/2
Leon FAML <GtG: + 77_2L1tLtT ) G, Deterministic augmentation

Table 2: Comparison of Muon, Pion, and Leon in optimizer notation. Directions use the discounted statistics
in (15).

Using the closed-form expression for the polar factor of a block matrix, this simplifies to:

-1/2
X1 =-D ((‘;t(‘;tT + 7712(6‘2/821 + Mt)> G, (18)
where G and M are defined in (15). The final weight update follows the standard O2NC protocol:
W1 = Wi 4+ Xy¢y1. Leon can be interpreted as a deterministic, smoothed variant of Muon,
or equivalently as a preconditioned gradient method in which the curvature correction is applied
through a smoothed inverse square root. In contrast to existing analyses of Muon, which rely on
smoothness, Leon inherits the adaptive regret guarantees of FAML and therefore admits provable
convergence guarantees for nonsmooth nonconvex objectives, without requiring random sampling.
As discussed in Section 4.2, a customized Newton—Schulz-type update applied to the augmented
polar form (17) computes Leon’s direction without explicitly forming a matrix square root. The
pseudocode is provided in Algorithm 3 in Appendix G.

Theorem 13 (Convergence of Leon) For target accuracy € sufficiently small, Leon finds a (p, €)-

stationary point of Problem (12) with the norm || - || = || - ||op in T iterations, where T =
O <max { ||Q||33AL’ HQQHE’ mG})
pe € €

Since FAML achieves tighter regret than FTPL, Leon improves Pion’s convergence guarantee by
a factor of (n/(n — m — 1))'/2 in dominant terms and (n/(n — m — 1))'/* in the non-dominant
term. Appendix H provides a synthetic nonsmooth optimization problem comparing the practical
behavior of Pion and Leon with Muon.

6. Conclusion

In this work, we addressed the computational challenges of adaptive matrix online learning con-
strained by the operator norm. By casting algorithm design as a smoothing problem, we developed
two efficient methods, adaptive FTPL and FAML, that matched the best-known regret guarantees
without solving costly quadratic projections. Finally, we extended this framework to nonsmooth
nonconvex optimization via O2NC, introducing the Pion and Leon optimizers and establishing con-
vergence guarantees for these methods that the popular matrix-based optimizer Muon lacks.

14
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Appendix A. Additional Motivating Examples

Learning rotations The problem of learning rotations aims to recover an underlying rotation
matrix from a sequence of examples (Arora, 2009; Hazan et al., 2010b,a; Nie, 2015; Hazan et al.,
2016). This fundamental problem arises in a wide range of applications, including computer vision,
face recognition, robotics, crystallography, and physics; we refer the reader to Arora (2009) for
the references. Formally, at round ¢, the learner observes a unit vector u; € R™ and chooses an
orthogonal matrix X; € O(n). Subsequently, a target unit vector v; € R" is revealed, and the
learner suffers the squared prediction error ||vy — Xyu|> = 1 — v, Xyu;. As shown in Hazan
et al. (2010a); Nie (2015), one natural approach is to convexify the decision set O(n) and use
randomization to produce an orthogonal matrix. Since the convex hull of the orthogonal group is
the operator-norm unit ball {X € R"*" : || X||,, < 1}, this problem can be formulated as an
instance of matrix OLO with an operator-norm constraint, where the loss function takes the form
(X)) = —v) Xu; = —(vpu) , X).

Online learning for quasi-Newton methods Quasi-Newton methods accelerate optimization by
maintaining a Hessian approximation, thereby avoiding the prohibitive cost of exact curvature com-
putation. Recent advances (Jiang et al., 2023; Jiang and Mokhtari, 2023, 2024; Jiang et al., 2025)
have recast the update of this approximation as an online learning problem. Specifically, the opti-
mizer sequentially selects a matrix B; from the spectral set K = {B € S" : uI < B < LI}. Subse-
quently, the environment reveals the iterate difference s; and gradient difference y;, and the learner
suffers the loss ¢;(B) = mmﬁ —Bs;||2 The regret bounds of this online sequence directly dictate
the global convergence rate of the underlying optimization method (Jiang et al., 2023). The geome-
try of this problem is intrinsically spectral. The constraint uI < B; =< LI serves a dual purpose: it
guarantees a baseline linear convergence rate comparable to gradient descent and ensures the con-
dition number of subproblems remains bounded. Crucially, this constraint set is affinely equivalent
to the unit operator-norm ball constraint || B||op < 1 via the transformation B = LL_M(B - #I)
Since the loss ¢; is convex, standard linearization reduces the task to minimizing a sequence of lin-
ear losses over this spectral set. Consequently, designing efficient quasi-Newton updates reduces to
solving a Matrix OLO problem over the operator-norm ball.

Appendix B. Adaptive Methods in the Vector Case

In this section, we review three canonical vector-based frameworks: (i) Online Gradient Descent
(OGD), (ii) Follow-the-Regularized-Leader (FTRL), and (iii) Follow-the-Perturbed-Leader (FTPL).
In the vector setting, these algorithms achieve adaptivity by explicitly tailoring the regularizer, local
metric, or perturbation distribution to the structure of the constraint set. By clarifying how each
framework exploits vector geometry, we motivate the need to adapt to spectral geometry in the
matrix setting.

OGD A general formulation of adaptive OGD (Streeter and McMahan, 2010; Duchi et al., 2011)
is given by
2y = agminlgl @+ (@ —2) Hy(z —a) ). (19)
reX 277
where g; is the gradient, > 0 is a scaling parameter, and H is a preconditioner matrix constructed
from the past gradients. It is the preconditioner H; that enables data-dependent regret bounds: de-
pending on its choice, one obtains different variants of AdaGrad, including scalar, diagonal, and
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Algorithm Preconditioner H, Regret Bound

Scalar AdaGrad-OGD [t 9 T 2

(Streeter and McMahan, 2010) 23:1 Hgs ||21 HXHQ Zt:l HgtHQ

Diagonal AdaGrad-OGD \/ . ¢ T [ \/ . T T }
(Streeter and McMahan, 2010; Duchi et al., 2011) dlag(zszl 9s9s ) HX ”OO Tr dlag(thl 9t9¢ )
Full-matrix AdaGrad-OGD ¢ T /=T T

(Duchi et al., 2011) 2e=1 959 1¢1]2 T { 211949, }

Scalar AdaGrad-FTRL \/tig T 2

(Duchi et al., 2011) 0T+ /2= llgs[l2T [ X2/ 22— [lgell3 + 0| X |2
Diagonal AdaGrad-FTRL \/ . t T d T 9

(Ducki etal. 2011) 0L+ /diag(D 1 9595 ) X lloo D i1 \/Doi=1 9ii + 8[| X1
Full-matrix AdaGrad-FTRL t T T T\1

(Duchi et al., 2011) 0L+ /2 =1 959 11} T {(thl 919 )2} + ol

Table 3: Regret guarantees for AdaGrad for OGD and FTRL-type updates. Here, we define || X||, =
maxg yex ||[T—y||p for p = 1,2, co. Moreover, § > max; ||g||2 for the scalar and full-matrix cases,
and 6 > maxy ||g¢|| for the diagonal case.

full-matrix versions. In Table 3, we summarize the corresponding regret guarantees for these vari-
ants of AdaGrad. These choices naturally form a hierarchy of increasing expressive preconditioners,
ranging from a scalar, to a diagonal matrix, to a full matrix. Somewhat surprisingly, however, this
does not translate into a corresponding hierarchy of regret bounds. Instead, as we discuss further
in Section B.1, their regret guarantees depend crucially on the geometry of the constraint set X’
and no single variant is uniformly superior. Consequently, obtaining the sharpest regret bound re-
quires matching the choice of preconditioner to this geometry. Duchi et al. (2011) also proposed
AdaGrad-style methods based on the FTRL update

t

. 1

Tyl = argmm{ g gl + 2—(:13 —xy) Hy(x — :cl)}
TeEX o—1 n

The preconditioner matrix H; is chosen similarly to the OGD case, except that an additional regu-
larization term 01 is typically needed to address the so-called “off-by-one” issue in the regret anal-
ysis (McMahan, 2017). The corresponding update rules and regret guarantees are also summarized
in Table 3.

Remark 14 Choosing the additional regularization term 61 properly requires knowledge of the
maximum gradient norm, and hence makes the algorithm not fully adaptive. Specifically, the scalar
and full-matrix cases require 6 > max ||g:||2, while the diagonal case requires 6 > max ||g||co-
For the scalar and diagonal variants, this issue can be fixed by either setting 6 = 0 and using a
more refined analysis (Orabona and Pdl, 2018), or by applying the clipping technique introduced
by Cutkosky (2019). Another alternative is to use Proximal FTRL as discussed in McMahan (2017).

FTPL Adaptive algorithms for FTPL are less explored. Abernethy et al. (2016) proposed an FTPL
with Gaussian perturbation for online learning with /5-Euclidean ball, given by

_ T
Tir1 = Brpr(0,1) | 218 MINg,<p {(Zizl gs +mr) “"H :
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It is shown that when 7, is chosen adaptively, it recovers the same regret bound as Scalar AdaGrad-
FTRL.

B.1. Comparison

From Table 3, we see that the geometry of the decision set X’ plays an important role in determining
the regret of these AdaGrad variants, and hence which variant is preferable. In the following, we
consider two special cases: (i) X is an £2-norm ball; (ii) X is an {,-norm ball. Interestingly, both
can be considered as a special case of the operator-norm ball in the matrix space. Specifically, when
m = 1, the matrix decision variable X € R™*™ can be identified by a vector x € R", and it
holds that || X||op = || |2. Moreover, when X is restricted to be diagonal, i.e., X = diag(x), then
1Xop = /|-

Remark 15 11 follows from Jensen’s inequality that Tr 4/ Zle agl) > \/ Tr (Z?:l gi9) ) =

\/ Zthl |lgt|13, and hence the regret bound of Full-matrix AdaGrad is always no better than that of
Scalar AdaGrad; this phenomenon has been discussed in Cutkosky (2020). Thus, in the following,
we focus on comparing the regret bound between Scalar AdaGrad and Diagonal AdaGrad.

lo-norm ball When X = {z € R? : |||y < D}, we have || X2 = [|[X]lcc = 2D. After
optimizing the scaling parameter 7, we obtain:

Scalar AdaGrad: D/ Zthl g3 vs. Diagonal AdaGrad: D Zle Zthl g2..

In this case, the regret bound of Scalar AdaGrad is always no worse than that of Diagonal AdaGrad.
Moreover, Scalar AdaGrad is particularly favorable when the gradient sequence is dense, in the
sense that Zthl gzi are of comparable magnitude across coordinates. In this regime, the scalar

variant can outperform the diagonal one by a factor of v/d.
ls-norm ball When X = {x € R? : ||z||oc < D}, we have | X||2 = 2v/dD and || X||o = 2D.

Similarly, after optimizing the choice of 7, we obtain

Scalar AdaGrad: v/dD+/>"L, |lg:|2 vs. Diagonal AdaGrad: D Y% /S°T 9is

In this case, the comparison is reversed and Diagonal AdaGrad is always no worse than Scalar
AdaGrad. As expected, Diagonal AdaGrad is particularly favorable when the gradient sequence is
sparse, in the sense that only a small number of coordinates dominate. In this regime, the diagonal
variant can outperform the scalar one by a factor of v/d.

Appendix C. Improved Analysis of Shampoo
In the original Shampoo paper (Gupta et al., 2018), the authors establish the regret bound

O(llxlrvr ey ") TN ). 20)

where My = 1 GG/, Ny = 1 G/ Gy, || X||r = maxx yex |X — Y| r, and 7 is the
maximum rank of {G;}7_;. In this section, we show that a sharper regret bound for Shampoo can
be obtained.
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Theorem 16 The Shampoo algorithm in (1) with Ly = M% /4 and R; = Ni /4 achieves

O lop masc{ y/Tr(MI?) Tr(NY?), M F Te(NE), Trvy) N2 ). e

1/4

Remark 17 Using |[MJ/* || p = /Te(MY?) and |[MY*||op = M7 ||55*, the bound in (21) admits

the symmetric expression
1/4 1/4 1/4 1/4 1/4 1/4
O lop masc{ V|1 NGl VL lop 1N 1, VL INE op } ).

Compared to (20), this bound removes the /7 factor and replaces the constraint-set dependence
| X F by || X||op. Moreover, since ||Alr < ||All« and ||Allop < ||All«, we have

1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4
max{ M NGy IV o 1INy I NG o < IV N7
In regimes where M%F/ Y and N%p/ % are close to full-rank, the improvement over ||M%F/ 4H* HNI/ 4H*
can be as large as a factor on the order of min{m,n}.

The following proposition is a standard regret bound for Online Mirror Descent.

Proposition 18 Consider the update in (1). Then, we have:

T
D (G, X, - X)

t=1

T
< i Z [Tr((Xt - X)TLt(Xt - X)Rt) - Tl"((Xt - X)TLt_l(Xt — X)Rt—l)]

1
+ 5 Tr((X; — X) "Ly (X —

l\?\d

T
Z (G/L;'G:R; ).

Lemma 19 For any sequence of matrices {Gy}1_, with G, € R™ ", define My = S\ GG/
and Ny = 3! GI'Gy. Then it holds that

T T
S m(GIM, 2Gy) < 2Te(v M) and Y Tr(GyN, ?G[) < 2Tr(y/Nr).
t=1 t=1

Proof For ease of notation, define My = 0 and Ny = 0. Then we can write Tr(G, M, 1/2 Gy) =
T&"(M;I/QGthT) = ’I‘r(M_l/Q(Mt M;_;)) for any ¢ > 1. Moreover, note that the matrix-
valued function 1»(M) = 2Tr(M'?) is concave and Vi)(M) = M~'/2. Thus, it holds that
B(My_1) — (M) < (Vp(M,), My_1 — M), which is equivalent to Tr(M; /*(M, — M,_;)) <
2(Tr(M/?) — Tr(M,/2)). Thus, we get

T
S TG M; Gy <Z Tr(M; /%) - Tr(M}/3)) = 2 Te (M%),

This proves the first inequality, and the second one follows from similar arguments. |
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Lemma 20 Recall that M; = >'_, GsG] and N, = 3", GI G,. With the choices L, =
M;"* and R, = N}'*, it holds that | Tr(G/ L7 'GR; ) < 2\/ Tr(M}/%) Tr(NH/?),

Proof By Cauchy-Schwarz inequality, we have Tr(G/ L; 'G¢R; ') < | L; 'G¢||p||G:R; ||  for
any t € {1,...,T}. By applying Cauchy-Schwarz inequality again, we obtain that

T T T T
Y Tr(G/LIGR ) < LG FIGR E < | DL G| D) D IGR 2

t=1
(22)
Since L, = M;"* and R, = N}/*, we have |L; 'G,|2 = Tr(G] L;2G,) = Te(G/ M, /*Gy)
and similarly ||G,R; " |% = Tr(G;N, Y 2GT) The statement now follows by using Lemma 19 in
(22). m

Lemma 21 We have Tr((X; — X) TL1(X1 — X)Rq) + 31 [Tr((Xe — X) TLy(X; — X)Ry) —
4 4 4
Tr((Xs — X) L1 (Xe — X)Reo1)] < X2, I Mrflop" Tr(NKY) + 212, Tr(M ) [N[lop™

Proof We can write

(Xy — X, L(X; — X)Ry) — (X — X, Ly 1(X; — X)Ry_1)
= (X = X)Ry(X; — X)Ly — Ly 1) 4+ (Xs — X) "Ly 1(Xy — X),Ry — Ry_1).

Note that for two PSD matrices A and B, (A, B) < ||A||op Tr(B). Therefore, we have

(X = X)Ry(Xy = X) T, Ly — L) < [[(Xy = X)Re(Xy = X) T lop Tr(Lip — Lip—1).

< ||A|lop||B|lop- Thus, we further have
1(Xe = X)R(X — X) flop < K¢ = XIZ I Rellop < 122, R lop-
Combining these two together leads to
(X; — X)Ro(X; — X)T, Ly — Le1) < 2], IRz lop(Tr(Ly) — Tr(Ly1)).
Similarly, we have
((X¢ = X) Leo1(Xe — X), Ry — Reo1) < | 2] 1L op (Tr(Re) — Tr(Ry-1)).

Thus, by summing the inequality from ¢ = 2 to ¢ = T', we conclude that

T

D X = X Le(Xe — X)Ry) — (X¢ — X, Ly 1 (X — X)Ry 1))
t=2

< 113, IR llop (Tr (L) — Tr(Ly)) + X3, Lrlop(Tr(Rr) — Tr(R1))
<112, IR llop Tr(Lr) + X3, L7 lop Tr(Re),

24



ADAPTIVE MATRIX ONLINE LEARNING THROUGH SMOOTHING

where in the last inequality we used that Tr(L;) > 0 and Tr(R;) > 0. Finally, note that Ly =

M}/* and Ry = N/*, and thus |[Lyllop = [MYlep = [[Mz[|55" and similarly |Rolop =
N (1)/ * This concludes the proof. |
|| P p

Applying Lemmas 20 and 21 to Proposition 18 leads to

X112,
2n

T
S (G X X) < VI (M Tr(NG ) (M) [N )y T (M) (N,

t=1

By setting 17 = ||X'||op/V/2, we obtain the bound in (21).

Appendix D. Gradient-based Prediction Algorithm
D.1. Proof of Lemma 2
It follows from the definition of regret that
T T T
(

Regp = Z(Gt, X¢) — min (G, X) = Z

T
G, X DH G H . 23
t=1 Xllop<D 3= t=1 bR tZ:; . =

Recall that S; = "%, G and ®(S) = ||S|, and hence the last term above is D®(S7). Moreover,
for ¢t > 1, using the update in (2), we write

(Gii1,Xi11) = (Se1 — Si, —DVP(S,))
= D(®4(St41) — Be(Se) — (VP4(Sy), Sti1 — St)) — DB(Sy11) + DB(Sy)
= DB, (St11 ]| St) — DO4(S41) + DP4(Sy).

Adding and subtracting D:I;tﬂ (S¢41), this can be written as

(Gy1, Xe41) = DBg, (Se+1 [ Se) + D(®441(St41) — Pe(Ses1)) + D(R4(St) — Pyy1(Ses1))-
Summing the above inequality from ¢ = 1 to ¢ = T' — 1, and noting that (G, X;) = 0, we obtain:

T T-1 T-1
Y (G, X)) =D Bg (Si11S0) + D) (Rr41(Se41) = 1(Se41)) + D(@1(S1) — D1(S1)).
t=1 t=1 t=1

(24)
Finally, combining (23) and (24) yields the desired result.

D.2. Proof of Theorem 4

We apply the regret decomposition in Lemma 2 and bound each term using properties from Defini-
tion 3.

Underestimation term By dominance (Definition 3, Property (b)), we have
O7(Sr) = ¥(Sy;Lr/n) > |Srlls = ®(Sp).

Hence, ®(S7) — ®7(St) < 0.
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Bregman divergence term Since &, = \Tl(-; L¢/n), by smoothness (Property (d)) we have

By, (Sesn 180 < 2 Tr((Sein — )Ly (Sen — ) = D IH(GLAL o).

Recall that M; := ZS 1 G G/. Since |Gitillop < G, from (3) we have Ly = G?T+ M, =
v/ My+1. Applying Lemma 19, we obtain

T—-1

Bn
> Bg (Si41lISh) < ZTr G/ 1L Gp1) < Bn(Te(vMr) — [|Gall+).
t=1

t=1

Stability term Since L;;; = L; from (3), we can use upper stability (Property (c)) to obtain

. ~ - - 1 1
Bra1(Stat) — B1(Sert) = (Spars Lusa /m) — F(Seas Lo/m) < a (n TH(Lia) - 1 Tr(L») .

Summing the above inequality from ¢ = 1to 7" — 1, we get

T-1 T-1
~ ~ a a
S (@01 (Si1) — Bi(Si1) € 3 S(Tr(Lusr) — Tr(Ly)) = & (Tr(Ly) — Te(Ly)),
t=1 =1 ! U
Moreover, using ¥ (X; 0) = || X||. and upper stability once more, we have

$1(G1) = U(G1;0) + T(Gy; L1 /n) — U(Gy; )<||G1H*+%Tr(L1>-

Combining the above,

T-1

D (Besi(Sean) = Bi(Sp11)) + 81(Gr) < Gl + o Tr(Li)
t=1

Finally, Using /M7 < L7 and collecting all terms,
Regr < D((B1+2) Tr(Ly) + (1= Bn)[| Gl ).
Choosing n = /«/3 yields the stated bound.

D.3. Proof of Proposition 5

We first show the lower bound that /3 > 1. Let U be any (c, 3)-admissible smoothing of || - ||,
according to Definition 3. By upper stability (Property (c)), for any L > 0,

TU(0; L) — ¥(0;0) < a(Tr(L) — Tr(0)) = o Tr(L).

Moreover, from dominance in Property (b) we have ¥(0;0) = 0|, = 0, hence U(0;L) <
a Tr(L). Next, by smoothness (Property (d)), for any X € R"*™, it holds that

gTr(XTL_lx),

gTr(XTL*X).

U(X;L) < ¥(0;L) + (V¥(0; L), X) +

U(—X;L) < ¥(0; L) — (V¥(0; L), X) +
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Averaging the two inequalities yields 1(¥(X;L) + ¥(-X;L)) < ¥(0;L) + 5 Tr(XTL~1X).
Using dominance again, we have W(£+X; L) > || X]||., and combining with the bound on ¥(0; L),

we obtain:
*g Tr(X'L7!'X), VL>0,XeR™™"

X+ < aTr(L) +

Now fix ¢ > 0 and choose L. = \/%\/ XX T + eI = 0. With this choice, the right-hand side
becomes

o Tr(L) + § Tr(X'L7'X) = %ﬁ Te(VXXT +el) + 4/ 0‘7’8 Te(X (XX +£1)~/2X)
< \/QQ,BTI‘(\/}T—FEI).

Letting ¢ — 0 and using Tr(vVXXT) = ||X]|., we conclude that ||X||. < v/2af|X]|. for all X.
This is possible only if o3 > L, completing the proof of the lower bound.

In the remaining, we show that the regularized smoothing defined in (4) is (%, 1)-admissible and
verify the properties in Definition 3 one by one.

Feasibility By Danskin’s theorem (Bertsekas, 1999), the gradient of (IVJR(S; L) is given by solving
the maximization problem

VsU%(S; L) = arg max {<s, X) — 1Tr(XTLX)} . (25)
X [lop<1 2

In particular, this implies that Vg @R(S; L) is a feasible point and thus | Vg E’R(S; L)|lop < 1.

Dominance It is easy to verify that UF(S; 0) = max|x|,,<1(S; X) = [|S||«. Moreover, for any
fixed X that satisfies | X||op < 1 and L € S, it holds that Tr(X LX) < TI‘(L)HXng < Tr(L).
Hence, we further have

(S,X) — %T&(XTLX) + %T&(L) > (S, X).

Maximizing both sides over X € {X : || X||op < 1}, we recognize the left-hand side as UR(S: L),
while the right-hand side yields maxx,,<1(S, X) = [|S||«. Hence, this proves that UE(S;L) >
S|« for all L € S'* and S.

Upper stability Consider any L; < Ls and fix S € R™*™, For any X € R™*" we have
Tr(XTL;X) < Tr(X "LyX). This further implies that

{<s, X) - Tr(X;LQX) N Tr(2L2) } < {<s, X) Tr(X;L1X) N Tr(2Ll) } N Tr(Ly) ; Tr(Ly)

Maximizing both sides over X € {X : || X]|op, < 1} yields

~ ~ 1
UH(S; Ly) < UH(S;Ly) + 5 (Tr(L2) — Tr(Ly)).
Since S is arbitrary, this proves Property (c) holds with o = %
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Smoothness Fix L > 0 and let ¢x, <1 (X) denote the indicator function of the operator-norm
unit ball. Define

9(X) = yx|op<1(X) + %T&"(XTLX).

Then the regularized potential in (4) can be written as
~ 1
Ui(S; L) = m}zgx{(S, X)—g(X)} + 5 Tr(L),

where (S,X) = Tr(STX) denotes the Frobenius inner product. Ignoring the additive constant
3 Tr(L), which does not depend on S, we may view W*(-; L) as the Fenchel conjugate of g.
Since 1 Tr(X "LX) is 1-strongly convex with respect to the norm

XL = y/Tr(XTLX),

and the indicator ¢ x|, <1 is convex, the function g is 1-strongly convex with respect to || - [[L. By

Fenchel duality, its conjugate \TIR(‘; L) is therefore 1-smooth with respect to the dual norm

IS|L-1 == 4/ Tr(STL-1S).
Consequently, for any S;, S», the associated Bregman divergence satisfies

Bin(.p,)(S21IS1) = UF(Sy; L) — W#(S1;L) — (Vs ¥H(S1; L), Sz — S1)
1

<3 Tr((S2 — S1) 'L~ '(S2 — S1)).

This verifies Property (d) with 8 = 1.

Appendix E. Proofs for Section 4
E.1. Proofs for FTPL (Theorem 6)

In this section, we verify that the stochastic smoothing potential family s (S; L) satisfies all the
properties in Definition 3 with («, ) = (/m++/n, ﬁ), and the regret bound directly follows
from Theorem 4. The first three are relatively straightforward while characterizing the smoothness

property is the main challenge here; as we shall see, it requires tools from noncentral Wishart theory.

Feasibility Using the variational representation of the nuclear norm [[S||. = max x|, <1(S,X)
and exchanging the order of expectation and differentiation via (Bertsekas, 1973, Proposition 2.2),
we have
VIUS(S;L) = E [arg max(S + LZ, X>} .
25 |Xlop<1

Thus, since the operator norm is a convex function, by Jensen’s inequality we have

IV (S; L) lop < E[Hargmax<s +LZ,X)
2 X]lop<1

}gl.

op
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Dominance It is easy to see that when L = 0, the stochastic perturbation vanishes and hence
U9(8S;0) = ||S||+. Moreover, since the nuclear norm is convex and E[Z] = 0, Jensen’s inequality
implies that

PEL)=, (E - S+LZ). > [s+L ][], = I1S].-

E
ZoMN (0,1, 1 Zo MN(0,1,10)
This proves Property (b).

Upper stability Consider any two matrices L1 < Lo and fix S € R™*™, Using the linearity of
expectation and triangle inequality, we have

U5 (S;Ly) — U3(S;L;) = E S + LoZ|. — E S + L1 Z|.
( 2) ( 1) Z~/\/t/\/(O,Im,In)|| + e H ZNMN(O,Im,In)” +h H
= E S+ LoZ||, — IS + L1 Z|x
ZNMN(OJM’I”)[H + LoZ|. — [|S + L1 Z|[]
< E [|(Lo — L1)Z].] .

Z~MN(0,1,,,15)

Moreover, it holds that ||(Lg —L1)Z||« < ||Z||op||L2 — L1]|+, and Gordon’s inequality for Gaussian
matrices (Vershynin, 2010, Theorem 5.32) establishes that Ez y(pr(0.1,, 1) [|Zllop < VM + /0.
Using the fact that ||Ly — Li ||« = Tr(Lg — L;) = Tr(Lg2) — Tr(L; ) since Ly — L > 0, we obtain

I5(Q. IS (Q. < _ < _
U7 (8;Lg) — W7 (S;Ly) < ZNMN%IWIn) 1Z|op|[ L2 — Ly [« < (v/m + v/n)(Tr(Lz) — Tr(Ly)).

This proves that Property (c) is satisfied with a = y/m + /n.

Smoothness To simplify the notation, in the following, we view the Hessian of a matrix function
F . R™*™ — R as a bilinear map on R"*", Equivalently, under the Frobenius inner product, we
identify it with a self-adjoint linear operator and write

V2F(X)[D1, Do) = (V2F(X)[Dy],D2), YDy, Dy € R,

Fix L - 0. First, since the perturbation follows a matrix Gaussian distribution, by (Abernethy
et al., 2016, Lemma 1.5), \I/S(S;L) is twice differentiable. For any S1,S, € R"*", let AS =
Ss — S;. By the fundamental theorem of calculus,

~ ~ 1 o~
U5 (Sy; L) — U9(Sy; L) :/ (VsW¥®(S; + tAS; L), AS) dt. (26)
0

For any fixed ¢ € [0, 1], we apply the fundamental theorem of calculus again to obtain
1
VsWU(S; +tAS; L) — Vg (Sy; L) = / VU5 (S + stAS; L)[tAS] ds
0

1 ~
= / tVEUo (S 4 stAS; L)[AS] ds. (27)
0

Combining (26) and (27) yields
Bys(.1,(S21/S1) = U3(Sy; L) — U9(Sy;: L) — (VsU¥(Sy; L), Sy — S1)

1,1 B (28)
:// t VEWS(S) + stAS; L)[AS, AS] ds dt.
0J0
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Given the above expression of Bregman divergence, to prove Property (d), it suffices to show that
ViU®(S;L)[D,D] < STr(D'L'D), VD e R™". (29)

We now prove (29) in three steps; the proofs of several technical lemmas are deferred to Ap-
pendix E.1.1. Define the random matrices G := S + LZ and A := GG . Since n > m and
Z ~ MN(0,1,,,1,), G is full row rank almost surely.

Step 1 (Hessian reduction to E[A~'/2]) Let ®(S) = ||S||.. If S is full row rank, then & is twice
differentiable at S and for all directions D,

V29(S)[D,D] < Tr(DT(SST)"V/?D)  (Lemma22).

Using dominated convergence (or Leibniz’ rule) to interchange expectation and differentiation, we
obtain N
V&U¥(S;L)[D,D] = E[V?®(S + LZ)[D,D]] < Tr (DT E[A~/?] D). (30)

Step 2 (bound E[A '] via a Wishart argument) LetY :=L'Sand A := (Y+Z)(Y+2Z)'.
Then
A=S+LZ)(S+LZ) =L(L 'S+ Z)(L'S+Z)'"L=LAL,

and hence . }
AP =L'A7'L7! = EAY=LT'EAYLL (31

Moreover, A follows a (noncentral) Wishart distribution with n degrees of freedom and identity
scale. In particular, it holds that

E[A™] < ————I  (Lemma 24). (32)
n—m-—1
Combining (31) and (32) yields
1
EAY < ——— L2 (33)
n—m-—1

Step 3 (from E[A~'] to E[A~'/2]) Since ¢ — /% is operator concave on ST (Bhatia, 1997),
Jensen’s inequality gives

E[A—I/Q] _ E[(A‘l)l/ﬂ < (]E[A_l])l/z,
Using (33) and the monotonicity of the matrix square root, we have
1 1/2 1
(B[A~1])"? < <L—2) =1
n—m-—1 n—m—1
Plugging this into (30) leads to

1

VEU4(S;L)[D,D] <
n—m-—1

Tr(D'L™'D).
This completes the proof.
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E.1.1. TECHNICAL MATRIX LEMMAS
In the following lemma, we characterize the derivative of the nuclear norm.

Lemma 22 Consider the nuclear norm function ®(X) = ||X||., where X € R™*™ with m < n.
If X is full row rank, then ® is twice differentiable at X, and for all D € R™*",

V29 (X)[D,D] < Tr(D T (XX ")~/2D).

Proof We begin by rewriting the nuclear norm as ®(X) = ||X||. = Tr(VXXT). Define A(X) =
XXT and g(A) = Tr(v/A), so that & = g o A. The mapping A(X) is a polynomial function
and hence twice differentiable everywhere. Moreover, since X is full row rank, A (X) is positive
definite. The function g is a spectral function induced by ¢ — 1/ 2 whichis C? on (0, 00); therefore,
g is twice Fréchet differentiable over S’ (Lewis and Sendov, 2001). Consequently, ® is twice
differentiable at X.

Moreover, applying the chain rule for Fréchet derivatives, we obtain:

Vo(X)[D] = Vg(A)[VA(X)[D] (34)
V23(X)[Dy, Da] = V29(A)[VA(X)[D1], VA(X)[Da]] + Vg(A)[V>A(X)[Dy, Dyf].  (35)

We now compute the derivatives of A explicitly. For any D € R"™*", we have VA (X)[D] =

XDT + DX, and for any D;, Dy € R™*", we have VZA(X)[D;,Dy] = DD, + DD/ .
Next, we consider the derivatives of g. For any symmetric matrix D, Vg(A)[D] = 1 Tr(A~1/?D).
Furthermore, since the scalar function ¢t — t1/2 s operator concave (Bhatia, 1997), the induced
spectral function g is concave on S7'. As a result, V2g(A)[D, D] < 0 for all symmetric D. Spe-

cializing (35) to D; = D = D, we obtain
V2@ (X)[D, D] = V?¢(A)[VA(X)[D], VA(X)[D]] + Vg(A)[V?A(X)[D,D]].  (36)

The first term in (36) is nonpositive by concavity of g. For the second term, we compute
1
Vg(A)[V2A(X)[D,D]] = Vg(A)2DD '] = 3 Tr(A~Y22DD") = Tr(DTA~Y/2D).
Combining these bounds and substituting A = XX yields the desired inequality. |

Before presenting our key lemma on a noncentral Wishart matrix in Lemma 24, we first recall
a basic property of the noncentral chi-square distribution (Muirhead, 2005). Recall that if € R”
satisfies  ~ N (p,Ij), then X := ||z||3 follows a noncentral chi-square distribution, denoted by
X2 (A), with degrees of freedom & and noncentrality parameter A := || u|3.

Lemma 23 Suppose X ~ xi(\) with k > 3. Then
E[X™!] < L
~ k-2
Proof A noncentral chi-square admits a Poisson mixture representation (Muirhead, 2005, Corollary
1.3.5). Specifically, if X ~ x2(\) and J ~ Pois(\/2), then conditional on J = j, we have
X|(I=j)~x3 +o2;- Hence, by the law of total expectation,

E[X'] =E[E[X! |3]] =E|E|(xia0) ]| (37)
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For U ~ x?2 with r > 1, a direct calculation gives

L /OO gy = NE D 1
2721 (r/2) Jo 2T(%) r—2

Applying this with 7 = k£ 4 2J in (37) gives

_ 1 1
E[X! :E[E[ 2 1H<u~z <
X~ (eraa) || <Eli oy 5| S5
since J > 0 almost surely and ¢ — 1/t is decreasing. |

Using Lemma 23, we are ready to present our key result on the expected inverse of a Wishart
matrix. Our proof is inspired by Hillier and Kan (2022).

Lemma 24 LetZ € R™ " have i.i.d. N'(0, 1) entries and let'Y € R™*™ be deterministic. Assume
n > m + 2 and define Ay := (Z +Y)(Z+Y)" € R™*™. Then, for any Y,
E[AJ!] < ¥Im. (38)
Yi = n-m-1
Proof Step 1: reduce to diagonal Y. Let Y = UXV' be a singular value decomposition,
where U € R™*™ and V € R™*™ are orthogonal, and ¥ = [diag(o1,...,0,,) 0] € R™*". Let

Z:=U'ZV. By orthogonal invariance of the standard Gaussian, Z4 Z, and
Ay = (Z+USV)H)(Z+USV)T =UZ+2)(Z+%)'U".
Hence Ay' = UA'UT with Ay = (Z+X)(Z + %), and taking expectations gives
EAY'] = UEAGUT.
Since U is orthogonal, to prove (38) it suffices to bound E[A'].

Step 2: E[AS'] is diagonal Let 7 := {T = diag(£1l,...,£1) € R™*™} and define T =

cliag(T, I,—m) € R™™ ™. Since 3 has diagonal left block, we have TET = X. Moreover, TZT 4
Z, and therefore

As = (Z+2)(Z+32)" £(TZT + TEST)(TZT + TET)" = TA5 T.

Inverting the matrices and taking expectations yields E[A5'] = T E[A5'] T forall T € 7, which
forces E[A '] to be diagonal.

Step 3: bound each diagonal entry Since E[A'] is diagonal, it is enough to show E[(A5") ;] <

ﬁ for each ¢. Fix ¢ = 1 (the others are identical by relabeling rows). Write the first row of
_ » _ =T
Z+ 3 as ilT € R"™ and the remaining rows as Z_; € RM=Dxn o that Z + X = [gl ] . A Schur
-1

complement computation gives

1 1
(Axhn = — =
202 - 22T (Z1Z7 )21z #H Pz
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where P = I,, — 21(2_121)*12_1 is the orthogonal projector onto Row(z_l)L. Almost

surely rank(Z_;) = m — 1, hence P has rank n — m + 1.

Conditioned on 2,1, the vector 2; ~ AN (oie1,1,) is independent of 2,1, and thus 2; Pz
is a noncentral chi-square random variable with & = n — m + 1 degrees of freedom (and some
noncentrality parameter depending on P and o). Since n > m + 2, we have k£ > 3, and Lemma 23
implies

sliaghn 2] - sfeTea 2] < gy = ot

Taking expectations over Z_; yields E[(Ag")11] < -—L—. Therefore E[A5'] < —L T, and

n—m—1° — n—-m—1

conjugating by U completes the proof. |

E.2. Proofs for FAML (Theorem 8)

In this section, we verify that the hyperbolic smoothing potential family Nl (S; L) satisfies all the
properties in Definition 3 with («, 8) = (1,1).
Feasibility Recall from Section 4.2 that VS\TIH(S; L)=(SST + LLT)_I/2 S. Since LL = 0,
it holds that
T H T H T T ™2 qaT T T\ /2
Vel (S; L)V W (S L)T = (ss +LL ) Ss (ss +LL ) <1

This implies || Vs # (S; L)||op < 1, verifying Property (a).

Dominance It is easy to see that U# (S;0) = Ti(VSST) = ||S||+. Moreover, since LL" = 0,
we have v/SST + LLT = VSST, yielding U (S; L) > ||S||...

Upper stability We rewrite the potential as ¥/ (S;L) = || [S L] .. Then by triangle inequal-
ity, for any L; < Ly and S € R™*", we have

B(8: L) - B(S:L) = |8 Lo][, 8 L[, <0 Lo L[, = Lo~ Ll

Since Ly — L; > 0, we further have ||Lo — L[« = Tr(Lg2) — Tr(L;). This proves Property (c)
with o = 1.

Smoothness We rely on the characterization of the nuclear norm in Lemma 22. For any L - 0
and S € R™*", the augmented matrix [S L] is full row rank. Hence, ¥¥(S;L) = || [S L] ||,
is twice differentiable and it follows from Lemma 22 that for all D € R™*",

ViU (S;L)[D,D] < Tr(D'(SST + LLT)" /D).
Since SS' > 0 and L is positive definite, this further implies that
VU (S;L)[D,D] < Tr(D"(LLT)"'/?D) = Tr(D'L™'D).

Hence, we follow the same argument as in Theorem 6 and use (28) to conclude that Property (d) is
satisfied with § = 1.
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Appendix F. The Cost of Solving Subproblems
F.1. Shampoo and One-Sided Shampoo

For Shampoo and one-sided Shampoo, each outer iteration requires solving the quadratic projection
subproblem in (1) over the operator-norm ball. As discussed in Section 2, this typically necessitates
an iterative inner solver, since the operator-norm geometry precludes a simple closed-form update.

For a clean comparison with FTPL and FAML, consider one-sided Shampoo and suppose SVD
is the common primitive for matrix square roots, polar factors, and projections. Then solving the
subproblem using accelerated gradient descent requires, beyond forming L;, one full SVD per inner
iteration. Moreover, the subproblem condition number depends on L; and in the worst case can
scale as V/T. As a result, reaching a desired accuracy may take O(T 1/ 4) iterations, leading to a
total of O(T%/*) SVD calls.

In contrast, as we shall establish in the next sections, our proposed methods, FTPL and FAML,
avoid iterative projections and require fewer SVD-based primitives. FTPL requires only k£ + 1 such
calls per round: one matrix square root and k polar factors, the latter of which can be computed in
parallel. FAML is even cheaper, requiring only two such calls per round: one matrix square root
and one polar factor.

Practically, the gap can be even larger. FTPL and FAML rely mainly on polar computations,
which can be implemented efficiently via Newton—Schulz using only matrix multiplications. By
contrast, AGD requires projections that generally involve full SVDs, which are less GPU-friendly
and often require higher numerical precision. This difference can lead to substantial empirical
speedups for FTPL and FAML.

F.2. FTPL

As discussed in Section 4.1, each iteration of the update in (8) computes G;G,', followed by a
Cholesky factorization and & parallel computations of matrix polar factors. Below we describe a
concrete implementation of the polar factor via the Newton—Schulz iteration. Given an input matrix
S € R™*" initialize and iterate

x©0 _ S X+ _

= Bl = 131 - XO(X®)T)x O, (39)
F

It is known that the iterates converge (locally) quadratically to polar(S), and in particular the itera-
tion converges provided the singular values of X lie in (0,/3) (Higham, 2008). Each Newton—
Schulz step is dominated by two matrix—matrix multiplications, for a leading cost 2 x (2m?n) =
4m?n floating-point operations per step.

Let spar > 1 denote the effective parallel speedup for the £ polar-factor computations. Putting
these components together, the leading-order wall-clock cost per iteration is

3 4kK m*n
S~ 3 S

N~~~ par
GtG{  Cholesky

N——
K Newton—Schulz steps
for each of k polar factors

where K denotes the number of Newton—Schulz iterations used to compute each polar factor.
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F.3. FAML

The first implementation based on (11) requires computing a matrix inverse square root. We describe
a concrete realization using the coupled Newton—Schulz iteration. Given an input matrix A € S'",
initialize

VIA[lF VIATF

vo _ A 70 I

and iterate

TO = 2Oy @) vy i+ — %Y(i)(3I — 1), 70D = 131 — T)HZ®),

1
2

The coupled iteration converges provided ||[I — A/||A||r|lop < 1. Each Newton—-Schulz step is
dominated by three m X m matrix-matrix multiplications, resulting in 6m? floating-point operations
per iteration.

In each outer iteration of the algorithm, the following operations are performed:

* Compute G;G; : 2m?n flops;
* Compute S;S; : 2m?n flops;
» Coupled Newton—-Schulz iteration: 6m? flops per step;
« Final preconditioning: 2m?n flops.
Consequently, the leading-order per-iteration cost is
6m?n + 6 Km?>,

where K denotes the number of coupled Newton—Schulz iterations.
Alternatively, the update in (10) can be implemented by computing the polar factor of the aug-

mented matrix S; = [St %Lt} . We describe a Newton—Schulz-based implementation that ex-

ploits the block structure of §t. Since the final update only uses the leading block of the polar factor,
the procedure can be specialized to avoid explicitly forming L;. In particular, for the choice of Ly
in (3), this avoids computing a matrix square root such as (G2I + Mt)l/ 2,

LetS = [S L] denote the input, and maintain iterates X0 = [X(i) Y(i)] at step ¢ of the
Newton—Schulz iteration. Applying the standard update (39) gives

X+ %(31 _X® ()A((i))T))A((i)‘
Writing this update in block form yields
T® — %(31 — XX —y@) (Y(i))T)’ X+ = o x ) v+ — @y @)

Crucially, the update of X (%) depends on Y () only through the Gram matrix X (X)) T4y @) (y@)T,
We therefore eliminate Y (?) by defining

B = XOXNT 4 y@y)T,
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Since
B(i+1) — X(i+1) (X(i+1))T + Y(i+1) (Y(i+1))T — r]:\(l)B(Z)rI\(l)7
we obtain the equivalent recursion
T — %(31 _ B(i)), X0+ = 70X ) BGEHY) — 7OREOTE) (40)
For initialization, note that
ISIF = [ISI% +IILlF = [SIIF + Tr(LLT),
and set R
©o_ S go _ SST _SST+ILT
ISI ISl ISI%
Moreover, with the choice of L; in (3), we have Lth— = G?’I+M,, so LtLg— can be formed directly
from M, := "' GG/ without explicitly computing (G?T + M;)'/2,
Each Newton—Schulz step in (40) requires one m X m by m X n multiplication (to update
X +1D) and two m x m by m x m multiplications (to update B(+1), for a total of 2m2n + 4m?

floating-point operations. Including the initialization cost of forming SST and G;G (each 2m?n),
the resulting leading-order per-iteration cost is

4m*n + K (2m*n +4m?),

where K denotes the number of Newton—Schulz iterations.

Appendix G. Proofs for Online-to-Nonconvex Conversion

We first describe the O2NC reduction protocol in full. At each iteration ¢, the environment draws
a sample (; ~ D and reveals the corresponding stochastic gradient G; at a random midpoint W.
This gradient induces a (discounted) linear loss, which we feed to an online learner A to obtain the
next update direction. Finally, we update the parameters using the direction selected by the online
learner:

W, = W,_1 + 5: Xy, s¢ ~ Uniform(0, 1), 41
G = Vwl(W5G),  G~D, 42)

45 }(X) = 371 (G, X), (loss revealed) (43)
X1 = A(Z? }) e X, (learner selection) (44)
Wi = Wi+ Xy, (45)

The choice of evaluating the stochastic gradient at the random midpoint is motivated by the follow-
ing fact: by using the fundamental theorem of calculus, we have

L(W;) = L(W;—1) = (Vi, Wy = W) = (V, Xy),

where V; = fol VL(W;_1 + s(W; — W;_1)) ds is the average gradient along the line segment
between W;_1 and W;. Moreover, G is an unbiased estimate of V', i.e., E, ¢, [G¢] = V. Hence,

we have
E[L(W;) — L(W;1)] = E [(G,X4)]. (46)

St 5t,Gt
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Algorithm 1 Muon

1: Initialize: Go = 0

2: foriterationt =1,...,7T do

3: Gt — VWé(Wf, Q) c Rmxn
G, « 6Gt71_+ Gy

P; < polar(Gy)

Wt+1 — W, — o, P,

: end for

4
5:
6.
7

Algorithm 2 Pion

1: Initialize: Go = 0, My = 0

2: for iterationt =1,...,7 do

3 Gt — VWE(Wt, Ct) € Rmxn
4 G+ B1Gi1 + Gy

5: Mt — /821\7[,5,1 + GtG;r
6

7

8
9:

Cholesky factorization M, = L,L;
P« + 30, polar(Gy + 1L, Z{"), where Z{" ~ MN (0,1, 1,.)
: Wt+1 — Wt — O[tPt
end for

Algorithm 3 Leon
1: Initialize: Go = 0, M, = 0
2: foriterationt =1,...,7T do

3 Gy Vwl(W,;G) € Rmxm
4: Gt — Blétfl + Gy

5 M, + M, + GG/

o (GG +am) e,
7. Wi & W, — /P,

8: end for

For clarity and ease of exposition, we also provide the practical implementation version of Muon,
Pion, and Leon in Algorithms 1, 2, and 3, respectively. For Pion and Leon, the theoretical setting
corresponds to 31 = S and B2 = (2. Moreover, the displayed pseudocode omits the additive
regularization term %I in the preconditioner; including this term recovers the theoretical updates
in (16) and (18).

G.1. Proof of Proposition 10

Proposition 25 (Formal O2NC bound) Define the exponentially weighted average (EWA) of the
random midpoints

t
_ 1— .
Wt:zl—gtg Bt Swsa t:1>"'7T7
s=1
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and the random time index T € {1,...,T} with

1t _
2 t=1,...,T -1,

1-p" _
W’ t="T.

Let E; = Gy — VL(W/}) denote the stochastic noise, and let

t

Reg!” (D) = max =5 (G, X, — X
gt (D) B, 2 6 ( )

be the discounted regret (with radius D). If D = /3 p, then the expected p-stationarity gap at W ,
satisfies

(o] (L(W)—L(W*)) 1 8111
DI < (1"_5)pT [Regﬁ ZReg ]

Ewgmt\ufﬁgﬁﬁlé

Our proof for Proposition 25 is built on the following decomposition.

Lemma 26 (Ahn et al., 2025, Appendix A.1) Forany 3 € (0, 1),
1

E[||VL(W

. J‘ (47)

T t

T—
L(Wr)—L(Wo) =Y " (L(W,)—L(W;_1) BYY N B ~L(W,_1)).

t=1 t=1 s=1

Proof of Proposition 25 By combining (46) with Lemma 26 and taking total expectation, we
obtain

’ﬂ

-1

E[L(W1) — L ZBT "E[(Gy, X4)] + > BTUE[GS, X)),

t=1 s=1

We now relate the inner sums to regret. Specifically, for any comparator X with || X|| < D, we have

t

> B TUE[(GL X)) = E[Xt: 577G X, = X)| B Ki 776 X))

s=1 s= s=

Taking X = arg min|x|<p (Zizl Bt75Gy, X) and recalling the definition of the discounted regret
in (13), we obtain
.I.

Moreover, let E; = G; — VL(Wt) denote the stochastic noise. Then by the triangle inequality, we
further have —Hzt: —Hzizl BISVL(Wy) , + HZZ:l B5E,

¢
} + D]EHZ
f s=1

56 B(G X)) < E[Reef’(D)] - DE[S
~ s=1

¢ yielding

t

> BUE(G.X.)] < E|Reg/(D)| - DE [Hi B TVL(W,)
s=1

s=1

S ""
(48)
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Apply (48) with ¢ = T" and also witheach ¢ = 1,...,T — 1, then combine them using Lemma 26.
Rearranging yields

D EHZT: ,8T—'fVL(\7\7't)HT (1 B)DTZ_IEHZt: BTSVL(W,)
t=1 t=1 s=1

T-1
E[L(Wo) — L(Wr)] +E[Reg} (D)] + (1 8) Y E[Reg/’ (D

(49)

T T-1 t
4D EHZ 5T—'fEtHT +(1-8DY IEHZ
t=1 t=1 s=1

Next we convert the discounted-gradient terms into a stationarity guarantee for an EWA iterate.
Foreacht = 1,...,T, define a random iterate Y, supported on {W1,..., W;} by

-8B
1—5t

so that E[Y;] = W,. We will use the following concentration-of-the-mean bound.

Pr(Yt:Ws) B, s=1,...,1t,

Lemma 27 Foreveryt=1,...,T, we have E ||Y; — W| < %D.

5. Let ?t be an independent copy of Y;. By Jensen’s

Proof Fix t and define ¢q; = 11 /;?t

inequality,
R R t i1 L
E|[Y:— Wi =E[|Y, —E[YJ|| SE[Y: = Yil =2> > grigr; | Wi — Wj.
i=1 j=1
By the triangle inequality, |[W; — W[ < 3>0_. | [W, — W,_]|. Thus
B t t s—1 N N
EY: = Wil <230 (303 ariars) W = Wil
s=2 i=s j=1
Moreover,
t s—1 B t . s—1 A 6t,3+1
S S wms = (Y () (T < 0
1=s5 j=1 1=s J=
Using Wy — W_1|| < [|X]| + [ Xso1] < 2D, we get
ﬁt s+1 46
E|Y:— W, <4 D < D.
[Ye — Wy Z 5t S
This completes the proof. |

Now take D = %p so Lemma 27 gives E ||[Y; — W¢|| < p. By the definition of the p-
stationarity gap, this implies

IVLW) ¥ < |EVLYL]|, =

T
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Plugging this into (49) yields

1_/8T o) -« ¢ x7 (o]
— 5 EIIVLOWD) ] + 3 (1 = 89 E[IVL(W))IIf]
t=1
< LE[LwWy) - LW L E[Reg(D BTlE
<  E[L(Wo) ~ L(Wr)] + - E[Regr ( 5 ; [Reg,”

+EH§T3/3“EtHT +(1-5)
t=1 =

Note that by a scaling argument, we have 7 Reg[ﬁ ]( D)= Regz[f ] (1). Finally, by the definition of 7,

P & = R ~ iy, 1= 87 > \ylel
E[|[VLW)[{"] = 7| D_(1 = 8) E[[VL(WIIf"] + — 5 BIIVLW2)I] ).
t=1

Divide the previous inequality by 7', substitute D = %p, use 5 < 1, and use E[L(Wy) —
L(Wrp)] < L(Wy) — L(W¥) to obtain (47). This completes the proof. [ |

G.2. Proof of Theorem 12

For clarity, we assume the FTPL expectation is computed exactly; the finite-sample implementation
follows similarly by a concentration argument as discussed in Remark 7.

Step 1: Bounding the discounted regret. By Theorem 6, forany ¢t =1,...,7,

¢ 1/4
Reg/ (1) <2v2C | Tr ||| Y B2IG,G] +mﬁG L O ()7 0

where G := maxs_1__7 ||Gsllop- Under Assumption 1, we have E[G;G/] < Q2. Using Jensen’s
inequality and Tr(v/A) = ||A'/2||, for A = 0,

t
E Tr Z BAt=5)G,GT | <Tr Zﬁ?ts [G,G]]

t
- Q|
< Tr 62(75 S)Q2 < Hi (@))
\E S
Combining (50)—(51) yields

Qs | mG
E|R <2v2C . 52
[Reg;” (1)] f<1_ﬂ2+5> (52)
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Step 2: Bounding the discounted noise. Under Assumption 1, E[E,E]] < E[G,G/] =< Q2.
By Jensen’s inequality and the same trace-sqrt manipulation,

IEHZt: o =Em (zt:ﬁt—SE> 5t SE
s=1 s=1

t t t
< Tr F [Z Z Bt—sBt—TE ET} < Tr Z 32(t—s) E[EE]]
s=1r=1 s=1
t ]l
<T 2t-s)02 | <« * , 53
=T\ ; L i (53)

where we used the conditional unbiasedness of the stochastic oracle, so cross terms vanish

Step 3: Plug into the O2NC bound and choose parameters.
together with (52)—(53) implies

[HVL( )HP] 4AL N 1+(1-8)(T-1) ~2\/§C’< Q. mG)

Proposition 25 (with D = 4 15 5)

A= B)T T Ji—p B
1+(1-B)T -1 [lQl.
+ T . M 54)

Using1l+ (1—-8)(T—1) <8+ (1— )T and y/1 — 32 > /T — 3, we obtain

E[|VLW >Wﬂs“f§§+@¢xu4m§+l_@'Qm

V1-p
mG
+2\f0< +1—5)7. (55)
Since 2v/2 + 1 < 4, we further simplify to
- 4AL 1 2v/2CmG (1-B)mG
E|[|[VL(W)|s | £ 7———+4C | = 1-— — 4 2V20—F—.
IVEOVAI] < =7 H4CIRI (=5 VT =)+ +2v2 5
We now choose ( as a function of €. Let
€ € 2
V1I-B= = =1— (===,
2007l 7=~ (werar.)
and assume £ < 10v/2 C||Q|., so that § > 1. Plugging these choices into (56) gives
. 1 AL 4C)Ql.
El|VLW|P| < —2 . T 4001Q) /T —
2| VLW < =g, T+ pores TAClQlvi-B
—_— N——— =¢/b
< 1600C2(|QlIx)2AL  _ 80C2(||Q]|x)?
- pe<T eT
n QﬂgmG n 2\/50(1 —g)mG' 57)
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The last term satisfies

g2 _ V2mG e?
400C%([1Q[l+)* 100 C(l1Q]l+)*

2{0( B)mG < 4V2C(1 = B)mG = 4v2CmG -

o . 10v2C(||Ql+)*
which is < /5 provided e < = 7=~

reduces to

. Under this additional small-accuracy condition, (57)

1600C2 D2AL  80C? )2 2V/20mG 2
(11Qll«) n (1Ql[«) n V2Cm L2

pe2T eT T 5

IN

E[ VLW,

Hence, if

)

2 2 2 2
T > max 8000 C2(||Q]|«) AL7 400 C%(||Ql+)? 10v/2CmG 7
ped g2 5

then E, { IVL(W,)| 2 ]} < ¢, which means Pion outputs a (p, )-stationary point after 7" iterations.
This proves the theorem.

G.3. Proof of Theorem 13

The proof follows the same O2NC reduction as in Theorem 12; the only change is the regret guar-
antee of the underlying online learner. Specifically, Leon (derived from FAML) achieves the same
discounted-regret bound as Pion but without the dimensional factor, i.e., it corresponds to replacing

1/4
C = ( 1 > by C' = 1 in the proof of Theorem 12. Substituting C' = 1 throughout yields

n—m—1
the stated iteration complexity for Leon, with all other steps unchanged. For brevity, we do not
repeat the argument.

Appendix H. Empirical Validation: Additional Details

To empirically validate the stability—convergence behavior suggested by our theory, we compare
Pion and Leon against Muon on a synthetic Robust Matrix Sensing objective explicitly constructed
to violate smooth-optimization assumptions. The purpose of this experiment is not to showcase
best-case speed on benign losses, but to stress-test whether the intrinsic (implicit) smoothing built
into the Matrix OLO formulation of Pion and Leon translates into visibly steadier descent dynamics
when gradients are discontinuous and the landscape contains oscillatory nonconvex structure.

The key distinction is that Pion and Leon admit explicit stability—convergence guarantees in our
framework, whereas Muon does not. This gap becomes most evident in nonsmooth regimes: with-
out an intrinsic smoothing mechanism, Muon can react sharply to abrupt changes in the gradient
matrix—exactly the behavior induced by objectives with kinked terms or rapidly varying compo-
nents. In contrast, Pion and Leon inherit an implicit smoothing effect from the Matrix OLO geom-
etry. Consequently, we expect Muon to exhibit more fluctuations on this stress test, while Pion and
Leon follow smoother, more stable trajectories, with Leon typically enjoying a modest advantage
consistent with our theoretical bounds.

We instantiate this stress test via a Robust Matrix Sensing with Nonconvex Ripples objective:

N

FX) = 1 3 (AR X)] - (1 - 09 cos(3(Ax, X)) +0.5),
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Figure 1: Convergence paths with different constant learning rates on the synthetic nonsmooth
nonconvex stress test.

where A} are random measurement matrices with i.i.d. Gaussian entries. In our experiments, X &
R4 with d = 20 and N = 100 measurements. For Leon, we set B1 = P2 = 0.9. The absolute-
value term introduces ¢;-type nonsmoothness and hence gradient discontinuities near (A, X) = 0,
while the high-frequency cosine modulation creates persistent nonconvex “ripples” that repeatedly
perturb the local geometry. Together, these components generate abruptly varying gradient signals
designed to destabilize optimizers that track instantaneous gradients too closely.
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