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Abstract

Learning algorithms can be significantly im-
proved by routing complex or uncertain inputs
to specialized experts, balancing accuracy with
computational cost. This approach, known as
learning to defer, is essential in domains like
natural language generation, medical diagnosis,
and computer vision, where an effective deferral
can reduce errors at low extra resource consump-
tion. However, the two-stage learning to defer
setting, which leverages existing predictors such
as a collection of LLMs or other classifiers, of-
ten faces challenges due to an expert imbalance
problem. This imbalance can lead to suboptimal
performance, with deferral algorithms favoring
the majority expert. We present a comprehen-
sive study of two-stage learning to defer in ex-
pert imbalance settings. We cast the deferral loss
optimization as a novel cost-sensitive learning
problem over the input-expert domain. We de-
rive new margin-based loss functions and guar-
antees tailored to this setting, and develop novel
algorithms for cost-sensitive learning. Leveraging
these results, we design principled deferral algo-
rithms, MILD (Margin-based Imbalanced Learn-
ing to Defer), specifically suited for expert imbal-
ance settings. Extensive experiments demonstrate
the effectiveness of our approach, showing clear
improvements over existing baselines on both im-
age classification and real-world Large Language
Model (LLM) routing tasks.

1. Introduction

Effective learning algorithms often benefit from routing
complex or ambiguous inputs to specialized experts. These
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experts may be particularly effective in handling intricate
domains with overlapping class boundaries or in resolv-
ing uncertainty near decision thresholds. They can range
from human specialists with deep domain expertise to so-
phisticated yet computationally intensive machine learning
models. The challenge lies in dynamically assigning each in-
put to the most suitable expert while balancing the trade-off
between accuracy and computational cost. This becomes
even more involved when working with a diverse set of
experts, each with distinct capabilities and limitations.

The fundamental challenge is to learn from labeled exam-
ples to route input instances to the most appropriate experts,
a problem known as that of learning to defer with multi-
ple experts. In natural language generation, tackling this
issue is essential for reducing errors and hallucinations and
improving the efficiency of large language models (LLMs)
(Wei et al., 2022; Bubeck et al., 2023). Beyond NLP, expert
selection strategies are equally critical in domains such as
medical diagnosis, image annotation, economic forecasting,
and computer vision, where selecting the right expert can
significantly enhance both accuracy and resource efficiency.

The single-stage learning to defer paradigm has been ex-
tensively studied, beginning with foundational research on
learning with abstention by Cortes et al. (2016a;b; 2024a),
and followed by extensive work on abstention and deferral
(Madras et al., 2018; Raghu et al., 2019; Mozannar & Son-
tag, 2020; Wilder et al., 2021; Pradier et al., 2021; Keswani
et al., 2021; Raman & Yee, 2021; Liu et al., 2022; Verma
& Nalisnick, 2022; Charusaie et al., 2022; Cao et al., 2022;
Verma et al., 2023; Mao et al., 2024a;b;c;h; Mozannar et al.,
2023). In this single-stage approach, a predictor and a de-
ferral function are learned jointly, with the deferral function
determining the best expert for each input.

However, in many practical scenarios, strong predictors,
such as a family of LLMs, are already available, and retrain-
ing them alongside a deferral function can be computation-
ally prohibitive. In addition, the models, whether LLMs
or other classifiers, may be trained on privacy-sensitive
data and only the final models are available for general
use. Thus, the single-stage learning to defer framework
and its associated methods often overlook the practical con-
straints encountered in real-world applications. To address
these limitations, Mao et al. (2023a) introduced and studied
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the two-stage learning to defer framework, where the fam-
ily of predictors is fixed and only the deferral function is
learned. They provided non-asymptotic learning guarantees
and effective algorithms, demonstrating strong empirical
performance.

Nevertheless, learning to defer often faces a significant ad-
ditional challenge: in many real-world settings, a small
subset of experts is disproportionately favored across most
instances, resulting in expert imbalance. This issue arises
in various contexts, including LLM-based deferral (Mohri
et al., 2024) and top-k prediction tasks (Cortes et al., 2024b).
As a consequence, deferral algorithms may overlook less
frequently applicable, highly specialized, though possibly
costly, experts, and as a result perform only marginally bet-
ter than naive baselines that default to the majority expert,
see Appendix B for a further discussion and shortcoming
of current approaches. Thus, imbalance may hinder the
learning process and can lead to a degraded overall perfor-
mance with only small resource gains. Can we design new
imbalance-aware deferral algorithms that outperform the
best existing methods, yet keep resource needs low?

In the multi-class setting, a common strategy for addressing
imbalance involves oversampling underrepresented classes
or undersampling dominant ones (Chawla et al., 2002; Wal-
lace et al., 2011; Kubat & Matwin, 1997; Qiao & Liu, 2009;
Han et al., 2005; Estabrooks et al., 2004; Liu et al., 2008;
Zhang & Pfister, 2021). Another related approach assigns
different loss penalties to different classes, in the hope of
making the learning algorithm select the specialized experts
more often (see Appendix A). However, these methods lack
strong theoretical justification, as they modify the train-
ing distribution to diverge from the true target distribution.
Empirically, their effectiveness is inconsistent and often de-
pends on extensive hyperparameter tuning (Van Hulse et al.,
2007). In the deferral setting, such techniques are even
more problematic since they would require assigning addi-
tional costs to experts, while the deferral problem already
incorporates instance-specific expert costs.
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Figure 1. 1-D example with 4 classes (colored densities) and 3
experts (gray lines indicating accuracies). Experts have increasing
costs indicated by darker shades of gray.

A further challenge unique to the deferral problem is that
the learning distribution is defined over input-label pairs,
whereas the imbalance we aim to correct concerns experts,
not class labels. A 1-D example is provided in Figure 1
illustrating in colors the densities of 4 classes and accu-
racies of 3 experts, depicted in shades of gray. The cost
of the experts varies, with the darkest gray representing
the most accurate but also the most expensive expert. In
this setting, the left-most expert achieves the highest accu-
racy over most of the input distribution. The task of the
two-stage deferral learning problem is to determine which
regions of the input should be deferred to which experts to
achieve an optimal trade-off between cost and accuracy. As
illustrated in the figure, this choice may be independent of
class labels. This distinction between labels and experts
complicates the direct application of traditional imbalance-
handling techniques. Can we design a principled algorithm
for deferral that effectively accounts for expert imbalance
while preserving theoretical soundness and guarantees?

Our contributions. We present a detailed study of two-
stage learning to defer in imbalanced settings. We frame de-
ferral loss minimization as a cost-sensitive learning problem
over the input-expert domain, introducing a new distribution
over input-expert pairs (Section 3). This leads us to study
cost-sensitive multi-class classification under imbalance. In
Section 4, we build on recent margin-based methods to in-
troduce new cost-sensitive margin losses and establish guar-
antees tailored for imbalance. We propose novel algorithms
grounded in this theory, which also improve solutions in bal-
anced structured prediction tasks. In Section 5, we design
deferral algorithms leveraging class-independent cost struc-
tures, prove strong hypothesis-dependent consistency guar-
antees, and unify input-expert optimization with standard
input-label frameworks. Finally, in Section 6, we evaluate
MILD against the baseline (Mao et al., 2023a) across CIFAR-
10, CIFAR-100, SVHN, and Tiny ImageNet. We further
validate our framework on a real-world LLM routing task
(MMLU), showing that MILD effectively reduces computa-
tional costs by deferring to lightweight models (0.5B/1.5B)
when appropriate, thereby overcoming the tendency of base-
lines to overuse expensive generalist models.

2. Preliminaries

We consider a standard multi-class classification setting,
with an input space X and a label space Y = [c¢] = {1,...,c},
where c is the number of classes. We consider the general
stochastic setting where a joint distribution D over X x Y
allows each x to have multiple possible labels. The expec-
tation [E,,. is taken over the conditional distribution D
which introduces randomness into the problem.

ylz»

We study the two-stage learning to defer framework with
multiple experts. In this setting, we are given a set of p > 2
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experts, g1, ..., gp. In our setting, all experts are fixed pre-
trained models, and only the router f is learned. Each
expert is represented as a function mapping X x Y to R. The
learner’s goal is to select the most suitable expert g, for
each input, balancing expert accuracy and inference cost.

Formally, let F be a hypothesis set of functions mapping X x
[p] to R, and let F,y; be the set of all measurable functions
with the same domain and range. The goal is to find a
predictor f € F that minimizes the deferral loss function,
Lget, defined for any f € Fop and (x,y) € X x Y by:

P
Laet (f>2,9) = > i@, y) Le(ay=k,
k=1
where f(7) = argmax;,,) f(, k) represents the prediction
of an expert by f for input x, using the highest index for
tie-breaking. The cost ¢ (x,y) is incurred when expert g
is selected.

A common choice for ¢ incorporates g’s classification
error and inference cost (typically computational) (Mao
et al., 2023a); for example, cx(z,y) = 1g, (2)2y + Bk, Where
gr(z) = argmax,. ]gk(m y) represents the prediction
made by expert g for input z and ), accounts for the
inference cost of expert gy.

The deferral generalization error of a hypothesis f, denoted
by €., (f), is the expected deferral loss of f over the data
distribution D: &, (f) = E¢y )~ [Lact(f,2,9)]. The
best-in-class generalization error of &, denoted by €[ (%),
is the infimum of the generalization errors over all hypothe-
sesinF: & (F) =inf ey €, (f). We will adopt similar

Lder
definitions for other loss functions.

3. Deferral Loss Function

In this section, we formulate the minimization of the deferral
loss as a cost-sensitive learning problem over the input-
expert domain. To achieve this, we first derive alternative
expressions for Lger. Recall that the margin of f € F for
the labeled pair (x,k) € X x [p] is defined as ps(z, k) =
f(x, k) —maxy .k f(x, k"), which represents the difference
of the score assigned by f to the pair (z, k) and that of the
runner-up expert. The following lemma provides a margin-
based reformulation of the deferral loss.

Lemma 3.1. For any f € F and (x,y) € X x Y, the loss
function Lger can be expressed as follows:

Ldef(fv‘r»y)
P p P

= Z( > Ck'(xvy)lk'*k)lpf(m,k)so_(p_2) > en(z,y).
et \B1 =

Assuming that the costs satisfy ¢ € [0,1], which can be
achieved through appropriate normalization, then the defer-
ral loss function takes the following general form.

Lemma 3.2. Forany f € F and (x,y) € X x Y, the loss
function Laer can be expressed as follows:

def(fa z, y)
p p
= > (I =cr(z,y)p, @ ryo + 2 cr(z,y) - (p-1).
k=1 k=1
The proofs for both lemmas are presented in Appendix E.

Based on these results, and ignoring constants that do not
depend on f, the loss Lqer can be equivalently written as:

p
Ldef(fv‘rv y) = Z Ek(mvy)lpf(z,k)sm
k=1

v(f’x7y)7

for appropriate rewards ¢ (with k € [p]), which vary
over the support of the joint distribution D. In partic-
ular, Lemma 3.1 leads to an equivalent form of Ly by
setting reward ¢ (z,y) = Yy ¢ (2,y) and Lemma 3.2
yields an alternative equivalent form with reward ¢ (x, y) =
1-cp(z,y).

Fix € X and define p(k|z) = W

malizes the reward into a conditional probability, where
C(z) = Emz[zgzlék(w,y)] is the normalization factor.
Then, we have

, which nor-

p

E [Laes (f2,y)] = Z

e 4 Ck(l' y)]1

ps(z,k)<0

P
Z p(klz)1,, (2 k)0 (D)

Note that the reward ¢, and consequently the probability
p(k | x), is inversely proportional to the cost c. This aligns
with the intuition that samples should be deferred to experts
with lower cost. Let D denote the marginal distribution over
X and define the distribution P over X x [p] by V(x,k) €

x [p],P(z, k) = p(k|z)D(x). Then, we can express the
expected deferral loss as:

E L e , X, = E 14 e ,.’177I€
(z,y)w[ aet (f,,9)] (w,k)~?[ det (f, 2, k)]

with Edef(f,-r, k) = C(‘r)lpf(w,k)so 2

where the loss function {4 is defined for all (f,z, k) €
Fanl x X x [p]. Thus, 40 represents a cost-sensitive loss
function over the input-expert domain, suitable for address-
ing our expert imbalance problem. This motivates the study
of cost-sensitive multi-class classification with imbalanced
data in the following section.

4. Imbalanced Cost-Sensitive Multi-Class
Classification

This section gives a theoretical analysis of imbalanced cost-
sensitive multi-class classification, leveraging recent work
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of Cortes et al. (2025) on imbalanced margin for multi-
class classification. We first extend existing theoretical tools
to the cost-sensitive instance-dependent case. Then, we
present a theoretical analysis of this framework and derive
new algorithms for imbalanced cost-sensitive multi-class
classification. Our algorithms are novel, even in the bal-
anced case and can lead to improved structured prediction
theory and algorithm design (see Appendix I).

4.1. Theoretical Analysis

Let f:X x [p] - R be a scoring function belonging to the
hypothesis set F. We define the cost-sensitive zero-one loss
function L as follows: for all (f,z,k) € Fx X x [p],

L(faka) = C(l’,k,f(l’)) 1)0f(1',k?)§07

where ¢(x, k,f(x)) € [0,1] is a non-negative cost bounded
by one that is vanishing when k = f(x). Note that £4¢ is a
special case of L.

A. Cost-sensitive margin loss functions. We first introduce
new cost-sensitive instance-dependent margin loss func-
tions.

Let ®,:u ~ min(1, max(0,1 - u/p)) denote the p-margin
loss function. We can upper-bound the cost-sensitive zero-
one loss function L as follows:

L(f7ka) < C(JE, k7f($))¢)p(pf(xv k))
=c(z, k7f(x))<1>p(f(x7k) - r’g}gi(f(:v,k'))

=c(z, k,f(2))P,(f (2, k) - f(z,f(x)))
< lz[’l:[il}){]{c(a?,k, k,)(bp(f(ka) - f(.%‘, k,))}

The second equality follows from the fact that when k =
f(xz) we have c(x, k,f(x)) = 0. Otherwise, for k # f(x), the
runner-up prediction satisfies argmax;, ., f(x, k") = f(x).

This analysis motivates the definition of the cost-sensitive
margin loss function as the function L,: Fon x X x [p] = R,
defined as follows, for any fixed p > O:

Lp(f7‘r>k) = ;ﬂ?;(]{c(x’ kvk,)q>p(f(x= k) - f(kal))}

Inspired by the analysis of Cortes et al. (2025) for imbal-
anced learning in standard multi-class classification, we
extend our definition to the imbalanced setting. Given
a vector of margin parameters p = [pg]pep], We intro-
duce the imbalanced cost-sensitive margin loss function
as the function L,: Fan x X x [p] - R, defined by: for all
(f, 2, k) € FxXx[p],

Lo(f, ) = mac{eo, b K) @, (£, ) = f (2 K) |

B. Margin bounds. We now establish a general margin-
based generalization bound, which serves as the foundation

for deriving new algorithms for imbalanced cost-sensitive
classification.

To capture class-specific variations in confidence margins,
we adopt the definition of class-sensitive Rademacher com-
plexity from prior work, which introduces a distinct confi-
dence margin weight p; for each class 7. Given non-negative
confidence margin parameters p = [y ]re[p], the empirical
class-sensitive Rademacher complexity of J for a sample

S =(x1,...,%y) is defined as:
T 1 & & f(xlvk)
R p(F) = —E|sup € 2 ],
P melfe? 7;7%/; Pj

where S; denotes the subsample of S consisting of points
labeled with j, with cardinality m; = |.S;|, and € = (€;x);
represents a matrix of independent Rademacher variables
€;1:S, each uniformly distributed over {-1,+1}. For any
integer m > 1, the class-sensitive Rademacher complexity
of  is the expectation of R ,(F) over all samples S of

size m: Ry, p(F) = Egenm [Rs p(F)].

Using these notions of complexity, we prove the following
imbalanced cost-sensitive margin bound.

Theorem 4.1 (Margin bound for imbalanced cost-sensitive
classification). Let JF be a family of functions mapping from
Xx[p] toR, and fix p = [px]kep)- Then, for any § > 0, with
probability at least 1 - 6, each of the following inequalities
holds for all f € F:

s log%
U < Eapl) + 1B 0) 1

= o~ log 2
EL(S) <E€s.p(f) +4/2pMs5p(F) +3 T

Our proof (see Appendix F) is similar to that of Cortes et al.
(2025), modulo our adaptation to the instance-dependent
cost-sensitive nature of our notion of margin loss. This
formulation requires substantial adaptation and extends
the previous work, which is limited to the standard class-
imbalanced setting with uniform costs. In particular, we es-
tablish novel margin bounds based on a refined upper bound
involving a maximum operator and derive new Rademacher
complexity bounds for this term using the vector contraction
lemma. Our bounds can be generalized to hold uniformly
for all p = [pr]iep) € (0,1]7, at the cost of additional
log log-terms, using standard proof techniques (Mohri et al.,
2018, Theorem 5.9). As with standard margin bounds, these
learning guarantees suggest a trade-off: Increasing pj, re-
duces the complexity term (second term) but simultaneously
increases the empirical imbalanced cost-sensitive margin
loss, :‘1\37 o([f), by imposing stricter confidence margin re-
quirements. Thus, if f maintains a low empirical imbal-
anced cost-sensitive margin loss even with relatively large
pr values, it admits a strong generalization error guarantee.
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4.2. Algorithms

The margin guarantees established in the previous section
provide a foundation for developing new algorithms. We
begin by deriving a more explicit learning guarantee within
a broad framework, which we then use to define a general
cost-sensitive learning algorithm for imbalanced data.

A. Explicit upper bounds. To make these guarantees more
explicit, we introduce the following setup. Given a feature
mapping ®: X x [p] - R%, we can identify X x [p] with
a subset of R, with |®(xz,k)| < X for all z € X and
X = maxpe[p) Xk, for some norm | - . We assume J is
given by F = { feF:|fl< f}, for some appropriate norm
||, onsome space F and F > 0. This formulation covers a
wide range of hypothesis sets, including linear, kernel-based,
and neural network models. In particular, it captures the
settings of neural networks with weight matrices constrained
by a Frobenius norm bound (Cortes et al., 2017; Neyshabur
etal., 2015) or a spectral norm complexity constraint relative
to reference weight matrices (Bartlett et al., 2017). In all
of these cases, the empirical class-sensitive Rademacher
complexity can be upper bounded as follows:

where the complexity term F depends on F. Combining this
upper bound with Theorem 4.1 yields the following more
explicit guarantee.

Corollary 4.2. Fix p = [py]pe[p)> then, for any 6 > 0, with
probability at least 1 — § over the choice of a sample S of
size m, the following holds for any f € F:

() <o () + 220

As with Theorem 4.1, this bound can be generalized to hold
uniformly for all p = [pg Jie[p] € (0,1]7, at the cost of ad-
ditional log log-terms. This generalized guarantee provides
a basis for designing algorithms choosing f € F and p to
minimize the bound.

Let ¥ be a decreasing convex function such that ®,(x) <

v (%) for all z € R and p > 0. ¥ may be the hinge loss,

U(z) =max(0,1 - x), or any member of the broad family
of composition-sum (comp-sum) losses (Mao et al., 2023e)
defined by ¥(z) = & (e™*), with ®7 for 7 > 0 given by

ﬁ((1+u)1’7—1) 7>20,7%1

log(1 + u) T=1,

7 (u) = {

for all u > 0. This family includes the logistic loss (7 = 1)
and the exponential loss (7 = 0). Using the fact that ®,(t) <

v (%), the guarantee of Corollary 4.2 and its generalization

to a uniform bound can be expressed as: for any § > 0, with
probability at least 1 — 4, for all f € &F,

Eu(f) S;[i > ,gn?;a{c(x;k)\p(w)}]

j=11ieS;

where the last term accounts for the log-log terms and the
d-confidence term.
B. General cost-sensitive algorithm. Define p = Y7, p;

and X = ¥£7_, (m;X3) 3. It is straightforward to show that
for constant p, the second term of the bound is minimized

2y1
when 2 = (X% g 4. This leads to the following

regularization-based algorithm:

1[i > Igle?;ﬁ{c(xi,j, k’)\p(%f@k))}

M| ;=1 ies;

+min | f?, )
feF

where A and p;s are selected via cross-validation, with p;s

1
m;X2)3 _
close to (miX;)8 p. For a large number of classes p, we can

assign the same p; to classes with smaller representation.

S. Algorithms for Expert Imbalance Settings

In this section, we develop deferral algorithms for expert
imbalance settings, leveraging the results of the previous
section. We first derive simplified cost-sensitive algorithms
for the settings where the costs depend only on . Next,
we establish a strong hypothesis set-dependent consistency
guarantee for the corresponding loss function. This result
further justifies the proposed algorithm. Finally, we ap-
ply these results to the deferral setting, which leads to a
novel deferral algorithm for expert imbalance settings with
favorable theoretic guarantees.

5.1. Algorithms for Class-Independent Cost-Sensitive
Learning

When c(z, k, k") is independent of (k, k") (denoted more
simply as C'(z)), as is the case in the deferral setting (i.e.,
L4ef in Eq. (2)), choosing ¥ to be the logistic loss, using the
monotonicity of the log function and upper-bounding the
maximum by a sum, we obtain:

Lo(f,z,k) <C(x) log[l n maxexp( f(x, k") - f(x, k) )]
k'£k Dk

<C(x) log[ i exP(f(x’ k') - f(a, k) )]
k=1 Pk
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See Appendix G for detailed derivations and formulations
with other choices of ®, such as the comp-sum loss with
7 # 1. We consider the imbalanced cost-sensitive surrogate

loss L, defined as:

Lo (f,x,k) = C(x)log[ Zp: exp(f(:c,k') _ f(aj,k‘))]
k'=1 Pk

=C(2) lp(f, 2, k). (5)

Then, in this special case where c¢(z, k, k") = C(x), the algo-
rithm presented in the previous section can be re-expressed
as follows, with p;s chosen via cross-validation and close
1
(m;X3)3 _
to —x F

. 1 7
min A|f|* + = 3 Ca:) (£, i ks).- (©)
feF m jes

5.2. Hypothesis-Set Dependent Consistency Bounds

Given a hypothesis set F, an F-consistency bound (Awasthi
et al., 2022a;b; Mao et al., 2023e) for a surrogate loss L; of
a target loss function L is an inequality of the form

erfi SLZ(f)_8E2(?)+ML1(?)
<T(e () - €L (F) + M, (F)), (D

where I: R, — R, is a non-decreasing concave function
with T'(0) = 0, and M (F) is the minimizability gap for
hypothesis set F and loss function L. The minimizability
gap is defined as the difference between the best-in-class ex-
pected loss and that of the expected pointwise infimum loss:
ML(F) = &} (F) - Ex[inf peg Ey. [L(f, 2, k)]]. Due to the
super-additivity of the infimum, the minimizability gap is
always non-negative. It becomes zero when the best-in-class
error £/ (F) equals the Bayes error £ (Fan1), specifically
when F = F,; (Mao et al., 2024g). The F-consistency
bound relates the minimization of the estimation error for
the surrogate loss L; to that of the target loss L, quantita-
tively. It provides a stronger and more informative guarantee
than Bayes-consistency (Zhang, 2004; Bartlett et al., 2006;
Steinwart, 2007), which it implies (by setting F = F,y1).
Bayes-consistency is a fundamental guarantee in the study
of surrogate losses, including in learning to defer settings
(Mozannar & Sontag, 2020; Verma & Nalisnick, 2022),
where it ensures that minimizing the excess error of a sur-
rogate loss also minimizes that of the target deferral loss.
However, it can be uninformative in practice, as it applies
to all measurable functions and ignores the constraints of
restricted hypothesis classes. Recent work by Mao et al.
(2023a) studies F-consistency bounds for learning to defer,
which are more informative because they are specific to the
hypothesis class and non-asymptotic. Note that we use the
term J-consistency as our hypothesis set is denoted by J.

The following result establishes an F-consistency bound for
the imbalanced cost-sensitive surrogate loss L, introduced

with respect to the cost-sensitive zero-one loss. A hypothesis
set F is considered complete if, for every input-expert pair
(z,k) € X x [p], the set of scores {f(x,k): f € F} spans
all real numbers. Most commonly used hypothesis sets are
complete.

Theorem 5.1 (F-consistency bound for imbalanced
cost-sensitive surrogate loss). Let F be a complete hypothe-
sis set. Then, for all f € F, p> 0, the following inequality
holds:

EL(f) - EL(F) + ML(T)
<V2(&, (f) - & (9) + M ()

The proof can be found in Appendix H. Theorem 5.1 pro-
vides the first F-consistency guarantee for a cost-sensitive
surrogate loss. Even in the standard imbalanced case where
the cost C'(x) = 1, it offers new guarantees for the surro-
gate loss studied in (Cortes et al., 2025). In this special
case, Theorem 5.1 also extends the standard F-consistency
guarantees in (Mao et al., 2023e) to the imbalanced setting.

5.3. Application to Deferral

In the context of deferral, to be precise, we should choose
c(x,j,k") = C(x)1,-,. However, since {j = &'} leads to a
constant term, we instead consider the surrogate loss Ep with
W chosen as the logistic loss. Alternatively, we can use other
functions ¥, such as the comp-sum loss (see Appendix G).
By reformulating the input-expert problem within the input-
label domain, we obtain:

Ean)- 8 | B [c@Tan]]
- B | E contniran)|
T2 L k=1
= E

i E [Ck(xvy)]zp(f,a:,k)]

m~‘Dx_k:1y\x
» _

- E zck(x,y)épwm)].

(z,y)~D k=1

Thus, given a sample S drawn from D™, the em-
pirical objective to minimize for our algorithm is
E(m’y)NS[Zizl cr(x,y) lp(f,x, k)] This leads to a novel
algorithm for deferral with expert imbalance, defined by:

. 1 & & ~
min )\”fHQ +— Z Z ck?(xiayi)fp(fa xiak)v
feF M i1 k=1

with 0, (f,z,k) = 10g[§: exp(f(kal) _f(m,k))].

Pk

Let Edcf,p(fa z, y) = Zi’:l Ek‘(l,v y) Z/P(fv &€, k) be the corre-
sponding deferral surrogate loss. We call our new algorithm
MILD (Margin-based Imbalanced Learning to Defer).
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Table 1. Synthetic experts. Comparison of our MILD algorithm with TDEF on CIFAR-10, CIFAR-100, SVHN and Tiny ImageNet: (a)

First cost type (error rate), (b) Second cost type (error rate + cost).
(a)

Deferral Loss

Ratio of Expert Deferral (%)

(b)

Deferral Loss

Ratio of Expert Deferral (%)

Method Setup Dataset DL~ error rate 1 2 3 4 5 Method Setup Dataset DL~ error + cost 1 2 3 4 5
TDEF 0.0520 =0.0022 7131 19.18 951 —  —

CIFAR-10 TDEF i 0.5950 + 0.0011  63.68 2361 1271 —  —
MILD 0.0403 + 0.0018 7001 1999 1000 —  — MILD CIFAR-I0 5779 . 0.0018  67.02 2004 1294 — —
TDEF 0.2399 +0.0019 8326 1254 420  — — TDEF 0.8150 + 0.0037 57.13 23.66 1921 — —

CIFAR-100 .
MILD M 02272+ 0.0037 8121 1276 6.03  — — MILD o CIFAR-100 7958 4 0.0032 5043 2727 2230 — —
TDEF SVHN 00468 £0.0015 8327 1201 472 — — TDEF SVHN 06285+ 00026 7775 1471 754 —  —
MILD 0.0254 + 0.0016 8033 1339 628 — @ — MILD 0.6170 + 0.0024 7833 1458 7.09 — = —
TDEF Tiny 0.34838 +0.0028 71.80 28.16 0.04 — — TDEF Tiny 0.8819 +0.0016 457 7531 20.12 — —
MILD ImageNet  0.3365 = 0.0033 70.68 19.25 1007 —  — MILD ImageNet  0.8653 = 0.0019 849 4339 4812 — —
TDEF 0.0924 £ 0.0046 51.54 19.53 1876 10.17 — TDEF 04421 +£0.0034 4811 2281 1831 1077 —
MILD CIFAR-10 40847 - 0.0038 5150 1941 1899 1010 —  wmwp CIFAR-I0 4740+ 0.0021 4487 2265 2050 1198 —
TDEF 0.2982 +0.0028 5371 1832 2054 743 — TDEF 0.6687 +0.0044 4292 2350 2331 1027 —
MILD a CIFAR-100 9899+ 0.0019 5521 1778 18.53 848 — MILD " CIFAR-100 ) 6506 + 0.0032 4504 2086 2104 13.06 —
TDEF SVHN 0.0604 = 0.0027 63.47 1487 1476 691 — TDEF SVEN 0.4265+0.0017 6079 1550 1585 786  —
MILD 0.0342 = 0.0018 6399 1456 14.07 738 — MILD 0.4148 £ 0.0023 61.04 17.86 1404 706 —
TDEF Tiny 0.5287 £ 0.0032 47.81 3510 1478 231 — TDEF Tiny 0.8576 +0.0028 3227 1668 1872 3233 —
MILD ImageNet  0.5072 = 0.0036 54.69 1223 14.82 1826 — MILD ImageNet  0.8324 +0.0019 2891 7.27 2455 3927 —
TDEE 0.1062  0.0017 3894 20.93 2090 9.87 936 TDEF ClFAR.jo 0368400013 3753 2233 1814 1175 1025
MILD CIFAR-10 40903+ 0.0019 4040 20.13 1994 1073 880  MILD 0.3512£0.0015 3755 2026 2048 1009 1162
TDEF 0.3215 £ 0.0023 4635 1723 20.11 899 732 TDEF . 0.6051 + 0.0055 37.46 18.63 20.67 12.77 1047
MILD CIFAR-100 03178 . 0.0032 4269 2064 1932 1002 733 MILD am CIFARI00 5850 0.0047 3223 2134 2139 1346 1158

(1)

TDEF 0.0684 £0.0019 5347 1747 1575 772 559 TDEF SVHN 0.3412£0.0031 5213 18.02 1593 639 753
MILD SVHN 0.0353 £ 0.0020 54.12 1846 1475 6.17 650 MILD 0.3290 £ 0.0022 5222 1902 1582 6.63 631
p— Tiny 05857  0.0038 3638 17.02 3602 995 063 TDEF Tiny 0.8481 +0.0035 33.65 4202 892 882 6.59
MILD ImageNet 05656 +0.0029 46.09 1891 3129 324 047  MILD ImageNet  0.8167 +0.0031 1722 1002 1548 3543 21.85

Intuitive interpretation. Intuitively, MILD dynamically
adjusts the confidence threshold required to defer to each
expert based on their overall utility and cost. By mathemati-
cally penalizing the over-selection of a dominant expert via
the margin parameter pj, MILD forces the router to require
exponentially higher confidence to defer to the most expen-
sive or dominant model. This effectively makes it “cheaper”
for the router to trust highly specialized or underutilized
experts, preventing the system from lazily collapsing to the
most common choice.

By reformulating the input-expert problem within the input-
label domain, Theorem 5.1 directly yields the following
J-consistency bound for the deferral loss.

Corollary 5.2. Let F be a complete hypothesis set. Then,
forall f €F, p> 0, the following holds:

ELdef(f) - Eidef(:}d) + MLdef (‘rf)

<Vo(er,, (-8, (), ()

As mentioned above, when £ (F) = £ (Fan), the minimiz-
ability gaps vanish. A special case occurs when F = F);.
Thus, we further obtain the following excess error bound
for the deferral loss.

Corollary 5.3. Forall f € &, p > 0, the following excess
error bound holds:

Eaur () = &L, (Fan) < V2(Ec,, ()~ &

L(lef,p

(9;111))%-

Corollaries 5.2 and 5.3 provide strong theoretical guaran-
tees for the deferral algorithm based on minimizing the

deferral surrogate loss T_/dcf, p- In particular, when the sur-
rogate estimation loss & (f) - &€& (F) is reduced
ef,p def,p

to a small value of ¢, the target deferral estimation loss
€Ly (f) = &, (F) is upper bounded by V2e.

6. Experiments

We evaluated MILD against the state-of-the-art baseline
TDEF (Mao et al., 2023a) on image classification bench-
marks and a Large Language Model (LLM) routing task.
TDEF minimizes a surrogate loss shown to be J-consistent
and serves as the primary baseline, being the only existing
method designed specifically for two-stage multi-expert de-
ferral (see Section 6.2 and Appendix D for the relationship
to standard cost-sensitive and confidence-based methods).
Both methods are trained using a logistic surrogate loss.
For MILD, we define the reward ¢ (x,y) = ¥ prex cir (2, )
following Lemma 3.1. Choice of p in MILD follows the
theoretical optima (see Appendix C.4).

We report Deferral Loss (DL), the average target loss
Laet(f,x,y) on test data, alongside expert deferral ratios.
Results are reported as mean + standard deviation over five
runs. For simplicity, we omit the standard deviations of the
deferral ratios.

Image Classification Benchmarks. We used CIFAR-10,
CIFAR-100 (Krizhevsky, 2009), SVHN (Netzer et al., 2011),
and Tiny ImageNet (Le & Yang, 2015). These vision tasks
serve as controlled proxies where expert imbalance perfectly
mirrors class imbalance, allowing us to mathematically iso-
late the mechanics of the router. To simulate varying degrees
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Table 2. Real experts. Comparison of our MILD algorithm with TDEF on CIFAR-10, CIFAR-100, SVHN with real experts: (a) First cost

type (error rate), (b) Second cost type (error rate + cost).
(a)

Deferral Loss

Ratio of Expert Deferral (%)

Method  Setup Dataset

(b)

Deferral Loss

Ratio of Expert Deferral (%)

Method Setup Dataset

DL ~ error rate 1 2 3 4 5 DL ~ error + cost 1 2 3 4 5
TDEF 01170 £0.0027 6249 2577 1174 —  — — 0.5413+00036 2293 3311 4396 —  —
MILD CIFAR-I0 1060+ 0.0020 6687 2075 1238 —  — MILD CIFAR-I0 5242400038 1009 2320 6671 —  —
TDEF 0436800059 8764 730 506 —  — TOEF 09270+ 0.0084 2527 2745 4728 —  —
wip D CIFARIO0 65 0.0042 7673 1331 996 —  — wip (O CIFAR-I00 gt 200042 1170 3913 4908 —  —
TDEF SVEN 00752400013 5158 2699 2143 —  — TOEF SVEN 03259200017 206 1204 8590 —  —
MILD 00579+ 0.0015 77.16 1739 545 —  — MILD 03200 £0.0000 594 2398 7008 —  —
— 0.1480 2 00020 4695 1864 2308 1133 — TDEF 04538 £0.0016 2688 1950 2358 3005 —
MILD CIFAR-I0 1339, 0.0023 4553 22.17 2157 1073 — MILD CIFAR-I0 0 44322 0.0022 2090 1941 2112 3857 —
TDEF 04620 +0.0064 6366 1384 1356 894 — TDEF 07824+ 00031 3936 2289 1926 1849 —
wip D CIFAR-I00 ) ars . 0.0048 56,15 1807 1576 1002 — wip (D CIFAR-I00 - on s 0.0037 3048 2255 2206 2491 —
TDEF SVEN 0083100027 3244 2327 2661 17.68 — TDEF SVEN 02972£00020 1174 2873 1254 4699 —
MILD 0.0634+0.0011 50.63 2055 2386 496 — MILD 0.2802+0.0027 988 1226 1140 6646 —
TDEF CFARLe 01554+00011 3316 2208 1813 1616 1047  TOEF A0 04121500009 2739 1878 424 1258 3701
MILD 10 01507400027 3292 2027 1858 1697 1126  MiLD 0402200011 1272 2422 799 3951 1556
TDEF 04554200023 5001 1673 2018 749 559  TDEF 07781 £0.0053 4455 1641 1467 1203 12.34
wip (D CIFAR-100 o'ty 00034 4806 1924 1720 756 785  wmip (D CIFAR-I00 - oocag  0.0046 3341 1793 1845 1340 1681
TDEF SVHN 0.0886 00012 2721 1998 2028 1178 2075  TDEF SVEN 02844 £00046 614 792 1860 4307 2427
MILD 0.0707 = 0.0017 4578 1931 15.85 6.73 1233 MILD 0.2682 + 0.0028 12.38 1595 18.06 25.65 27.96

of expert imbalance, we constructed three setups: Setup I
(70%-20%-10% coverage), Setup 1I (50%-20%-20%-10%),
and Setup 111 (40%-20%-20%-10%-10%). Detailed config-
urations are provided in Appendix C.1. We tested two cost
functions: (a) error only: c; = 1g4,+,; and (b) error + cost:
penalizing both error and expert coverage. We adopted a
ResNet-18 (He et al., 2016) as the predictor model. Both
methods were trained using the Adam optimizer (Kingma
& Ba, 2015) with a batch size of 1,024, weight decay of
1 x 1073, and learning rate of 1 x 1072 for 200 epochs.

Synthetic Expert Results. Table 1 presents results for syn-
thetic experts (perfect accuracy on sub-domains). MILD
consistently achieves lower deferral loss by allocating ex-
perts closer to the optimal distribution. In the cost-sensitive
setting (Table 1(b)), MILD effectively shifts mass from the
high-cost Expert 1 to lower-cost experts, outperforming
TDEF. Note that the higher loss magnitude in setting (b)
reflects the average cost of the setting (sum of cost x cover-
age), like 0.72 + 0.22 + 0.12 = 0.54 for Setup 1.

Real Expert Results. Table 2 presents results using experts
trained on data subsets (imperfect accuracy). MILD consis-
tently outperforms TDEF across all settings. For example,
on CIFAR-100 (Setup I, Error Only), MILD reduces loss
from 0.4368 to 0.4265, successfully mitigating the tendency
of TDEF to ignore specialized experts. Further experiments
with severe expert imbalance are detailed in Appendix C.3,
highlighting the benefits of MILD in extreme scenarios.

6.1. LLM Routing on MMLU

LLM Routing on MMLU. This task serves as our primary
natural imbalance benchmark. Here, expert imbalance is
entirely independent of class labels; instead, the multiple-
choice labels do not dictate expert specialization. The ex-
perts’ competence varies naturally based on the inherent

linguistic complexity of the input features. This natural
capability gap causes the 7B model to dominate organically,
demonstrating that expert imbalance occurs independently
of class labels.

To validate MILD in this context, we evaluate on the MMLU
benchmark (Hendrycks et al., 2021) using the Qwen 2.5 fam-
ily (Yang et al., 2025) as experts: 7B-Instruct (Strong),
1.5B-Instruct (Medium), and 0.5B-Instruct
(Tiny). We compare MILD against TDEF and three addi-
tional baselines adapted for routing (Standard Cross-Entropy
(CE), Class-Weighted CE (CWCE), and LDAM (Cao et al.,
2019)) on a subset of Mathematics and History tasks un-
der two settings: (a) error only: Costs based purely on
error (¢; = lg;2y). Expert 1 is optimal for 82.2% of
queries. (b) error + cost: Costs include inference penalties
(B = [B1,52,03] = [1.0,0.6,0.1]). Efficiency incentives
make Expert 3 optimal for 56.8% of queries.

For the LLM routing task, we adopted a DeBERTa-v3-
xsmall (He et al., 2023) model as the router. Both methods
were fine-tuned for 5 epochs with a learning rate of 5 x 1075
using the AdamW optimizer (Loshchilov & Hutter, 2019).
Extended details are provided in Appendix C.2.

Table 3 shows the results. In setting (a), TDEF collapses
to the majority expert (99.6% usage of Expert 1), ignoring
the 17.8% of cases where smaller models suffice. MILD
recovers an imbalanced distribution (83.3% Strong, 10.4%
Mid) much closer to the Optimal oracle (82.2%, 12.8%).

In setting (b), the contrast is sharper. The Optimal strategy
uses the Strong expert 31.2% of the time. TDEF fails to learn
this, collapsing to 0% usage of the Strong expert (selecting
only the cheapest). MILD successfully identifies the com-
plex queries, routing 17.9% to the Strong expert and 73.8%
to Tiny, achieving a loss significantly lower than TDEF. Fur-
thermore, MILD (0.813 + 0.040) significantly outperforms
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Table 3. LLM Routing on MMLU with Qwen 2.5. MILD adapts
to the cost structure and tracks the optimal oracle distribution far
better than TDEF, which tends to collapse to extremes.

Def. Loss Ratio of Expert Deferral (%)
Setting Method (mean =+ std) 7B (Str) 1.5B (Mid) 0.5B (Tiny)
Optimal — 82.2 12.8 5.0
a) B I
((;): o O rpEr 04380080 996 0.4 0.0
MILD  0.425+0.080  83.3 10.4 6.2
. Optimal — 31.2 12.0 56.8
((E):]E:f_'f;r‘f])c"“ TDEF  0.928£0.030 0.0 0.0 100.0
o MILD  0.813+0.040 17.9 8.3 73.8

the other tested baselines: Standard CE (0.985 + 0.038),
CWCE (0.942 + 0.045), and LDAM (0.915 + 0.035). Tra-
ditional heuristics either ignore instance-dependent rout-
ing costs entirely or rely strictly on global static frequen-
cies, which are fundamentally insufficient for dynamic, cost-
sensitive expert deferral.

Estimating the offline cost matrix via a small, fixed routing
training dataset is a one-time, computationally negligible
step compared to the massive live inference compute sav-
ings achieved by the routing system during deployment. For
instance, in our MMLU experiment, the router was trained
on just 4,000 queries. Once deployed, routing millions of
real-world queries relies purely on a single forward pass
through the lightweight router and incurs zero extra expert
evaluation overhead. Furthermore, our mathematical formu-
lation is model-agnostic: whether an expertis a 7B or a 70B+
parameter model, the router strictly operates on the inferred
numerical cost distributions, guaranteeing mathematically
identical scaling dynamics.

6.2. Further Analysis and Discussion

Ablation Study on p Selection. To isolate the empiri-
cal contribution of our theoretical derivation, we evaluated
MILD on the LLM MMLU routing task (under the “Error
+ Cost” setting) in three configurations: 1) MILD (Uni-
form): a naive baseline setting all pr = 1/3. 2) MILD
(Theory): strictly un-tuned theoretically derived values
(pr o< (mypX2)1/3), entirely skipping cross-validation. 3)
MILD (Tuned): tuned via a coarse grid search around the
theoretical prior. The theoretical initialization alone reduces
the test deferral loss (0.822 + 0.042) compared to uniform
margins (0.884+0.055), nearly matching the fully tuned per-
formance (0.813 +£0.040). This proves the theoretical bound
directly drives the algorithm’s success, with cross-validation
merely providing minor empirical smoothing.

Robustness to Noisy Cost-Matrix Estimates. In prac-
tice, expert performance characteristics only need to be
estimated once offline over a fixed training set. However,
to demonstrate that MILD is robust to imperfect or noisy
estimations during this offline training phase, we injected
severe noise (20% random Gaussian variations) directly into
the estimated cost matrix to simulate highly stochastic and
unpredictable expert errors (e.g., LLM hallucinations).

Under this 20% noise setting, the test deferral loss of TDEF
degraded from 0.928 + 0.030 (clean) to 1.054 + 0.045. In
contrast, MILD remained highly stable, with its test deferral
loss only slightly changing from 0.813 + 0.040 (clean) to
0.826 + 0.041. Its robust margin-based decision boundaries
act as a buffer that absorbs stochastic noise, preventing the
router from overfitting to erratic estimation errors.

Extreme Imbalance in LLM Routing. To test the lim-
its on our real-world LLM task, we evaluated an extreme
95%/5% optimal split on the MMLU dataset (under the
“Error + Cost” setting) by heavily skewing the inference
routing costs to favor the 7B model. Under extreme imbal-
ance, TDEF collapses entirely to 100% usage of the majority
expert (0.950 + 0.030), failing to identify the remaining 5%
of cases where smaller models suffice. In contrast, MILD
successfully preserves the minority expert routing (94.6%
usage for 7B, 5.4% for smaller models) and achieves a
strictly lower overall deferral loss of 0.885 + 0.032.

Standard Cost-Sensitive Methods and Temperature Scal-
ing. We also emphasize that existing methods for imbal-
anced cost-sensitive multiclass classification are not directly
applicable here. These methods generally aim to correct for
imbalances in the label distribution. They do not account for
the instance-dependent nature of deferral decisions, where
expert suitability varies across the input space regardless of
the label. For example, as shown in Figure 1, expert accu-
racy may depend entirely on the input region even when all
labels are equally represented.

The critical distinction between MILD and standard temper-
ature scaling or margin methods (such as (Cao et al., 2019))
is that standard methods adjust logits based on global, static
class label frequencies for standard 0-1 classification. In
our two-stage deferral setting, MILD applies these adjust-
ments to experts while simultaneously incorporating dy-
namic, instance-dependent expert costs ¢ (x,y). Deriving
an F-consistent margin bound for this setting required sub-
stantial theoretical extensions beyond standard frequency-
based adjustments. Consequently, standard cost-sensitive
baselines (and static frequency-based margins) fail to cap-
ture the structure of the deferral problem, whereas the TDEF
baseline and MILD are specifically tailored to this setting.

7. Conclusion

We presented principled algorithms to address the inherent
imbalance commonly encountered in deferral tasks. By
reformulating the minimization of the deferral loss as a
cost-sensitive multi-class classification problem, we derived
algorithms that are both theoretically sound and effective for
handling expert imbalance. Our empirical results demon-
strate the benefits of these new deferral algorithms in imbal-
anced settings.
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Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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A. Related Work

Learning to defer. The single-stage learning to defer paradigm has been extensively studied, beginning with foundational
research on learning with abstention by Cortes et al. (2016a;b; 2024a), and followed by extensive work on abstention and
deferral (Madras et al., 2018; Raghu et al., 2019; Mozannar & Sontag, 2020; Wilder et al., 2021; Pradier et al., 2021;
Keswani et al., 2021; Raman & Yee, 2021; Liu et al., 2022; Verma & Nalisnick, 2022; Charusaie et al., 2022; Cao et al.,
2022; Verma et al., 2023; Mao et al., 2024a;b;c;h; Mozannar et al., 2023). In this single-stage approach, a predictor and a
deferral function are learned jointly, with the deferral function determining the best expert for each input. Specifically, in the
abstention setting, where the cost function is constant, Cao et al. (2022); Mao et al. (2024c;b) proposed surrogate losses that
are Bayes-consistent (Zhang, 2004; Bartlett et al., 2006; Steinwart, 2007). More generally, in the deferral setting, where the
cost function depends on both the instance and the label, Mozannar & Sontag (2020); Charusaie et al. (2022); Verma &
Nalisnick (2022); Mozannar et al. (2023); Mao et al. (2024h) proposed Bayes-consistent surrogate losses. Furthermore,
Verma et al. (2023); Mao et al. (2024a) extended the surrogate losses in (Verma & Nalisnick, 2022; Mozannar & Sontag,
2020) to the multi-expert deferral setting. In the specific case of abstention, the literature on selective classification provides
methods for optimizing the generalization error of non-abstained samples under a fixed selection rate (see, for example,
(El-Yaniv et al., 2010; Wiener & El-Yaniv, 2011; El-Yaniv & Wiener, 2012; Wiener & El-Yaniv, 2012; 2015; Geifman &
El-Yaniv, 2017; 2019)). However, these methods are not directly applicable to the deferral problem due to the presence
of label-dependent costs and multiple experts. Extensions to the regression setting have also been studied in (Wiener &
El-Yaniv, 2012; Geifman & El-Yaniv, 2019; Jiang et al., 2020; Zaoui et al., 2020; De et al., 2020; Shah et al., 2022; Li
et al., 2024b; Cheng et al., 2023) for abstention and in (Mao et al., 2024f) for multi-expert deferral. Additional research has
expanded this framework to include deferring to populations (Tailor et al., 2024), adversarial robustness (Montreuil et al.,
2025a), multi-task learning applications (Montreuil et al., 2025b), top-k learning (Montreuil et al., 2026a), and tailored
query mechanisms (Montreuil et al., 2026b).

However, in many practical scenarios, strong predictors, such as a family of LLMs, are already available, and retraining
them alongside a deferral function can be computationally prohibitive. Thus, the single-stage learning to defer framework
and its associated methods often overlook the practical constraints encountered in real-world applications. To address
these limitations, Mao et al. (2023a) introduced and studied the two-stage learning to defer framework, where the family
of predictors is fixed and only the deferral function is learned. They provided non-asymptotic learning guarantees and
effective algorithms, demonstrating strong empirical performance. Specifically, they developed a novel family of surrogate
loss functions and algorithms with broad potential application, especially in LLMs and other practical settings. They
proved that these surrogate losses satisfy JH{-consistency bounds (Awasthi et al., 2022a;b; Mao et al., 2023e;f;c;b;d; 2024d;e;
2025c;a;b; Mao, 2025; Zhong, 2025; DeSalvo et al., 2025; Cortes et al., 2026; Mohri & Zhong, 2026¢;b;a), which are
non-asymptotic, hypothesis-set-specific upper bounds on the target estimation loss expressed in terms of the surrogate
estimation loss. These bounds provide stronger and more informative guarantees than Bayes-consistency (Zhang, 2004;
Bartlett et al., 2006; Steinwart, 2007; Mozannar & Sontag, 2020), which only guarantees that minimizing the surrogate loss
over all measurable functions asymptotically minimizes the target loss. This approach differs from post-hoc methods (Okati
et al., 2021; Narasimhan et al., 2022) in that it can be used with existing predictors trained in the standard classification
setting.

Learning from imbalanced data. A common strategy for addressing data imbalance involves oversampling underrepre-
sented classes or undersampling dominant ones (Chawla et al., 2002; Wallace et al., 2011; Kubat & Matwin, 1997; Qiao &
Liu, 2009; Han et al., 2005; Estabrooks et al., 2004; Liu et al., 2008; Zhang & Pfister, 2021). Another related approach
assigns different loss penalties to different classes (Iranmehr et al., 2019; Masnadi-Shirazi & Vasconcelos, 2010; Elkan,
2001; Zhou & Liu, 2005; Zhao et al., 2018; Zhang et al., 2018; 2019; Sun et al., 2007; Fan et al., 2017; Cui et al., 2019;
Jamal et al., 2020; Gabidolla et al., 2024). However, these methods lack strong theoretical justification, as they modify the
training distribution in ways that diverge from the true target distribution. Empirically, their effectiveness is inconsistent
and often depends on extensive hyperparameter tuning (Van Hulse et al., 2007). In the deferral setting, such techniques are
even more problematic since they would require assigning additional costs to experts, while the deferral problem already
incorporates instance-specific expert costs.

Beyond these data modification and cost-sensitive learning approaches, there have been a variety of techniques in the
imbalanced multi-class classification setting, including logistic loss modifications (Lin et al., 2017; Cao et al., 2019; Tan
et al., 2020; Jiawei et al., 2020; Hong et al., 2021; Tian et al., 2020; Menon et al., 2021; Khan et al., 2019; Menon et al.,
2021; Ye et al., 2020; Kini et al., 2021; Zhu et al., 2023; Wei et al., 2024; Li et al., 2024a), data augmentation (Wang et al.,
2021a; Zhu et al., 2024; Liu et al., 2024; Gao et al., 2023), representation learning (Liu et al., 2019; Cui et al., 2021; Gao
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et al., 2024; Meng et al., 2023; Han, 2023), decoupled training (Kang et al., 2020; Zhong et al., 2021), classifier design
(Tang et al., 2020; Yang et al., 2022; Kasarla et al., 2022; Shi et al., 2024; Du et al., 2024), ensemble learning (Zhou et al.,
2020; Xiang et al., 2020; Wang et al., 2021b; Cui et al., 2022; Zhang et al., 2022; Yang et al., 2024), etc. We refer the reader
to a recent survey by Zhang et al. (2023) for a more extensive list and details.

It remains an open question how these techniques can be extended and applied to the deferral problem with expert imbalance.
A further challenge unique to deferral is that the learning distribution is defined over input-label pairs, whereas the imbalance
we aim to correct concerns the distribution of experts, not labels. This distinction complicates the direct application of
traditional imbalance-handling techniques. Furthermore, the traditional techniques mentioned above are often limited to
empirical study and lack theoretical guarantees. Instead, this work designs a principled algorithm for deferral that effectively
accounts for expert imbalance while preserving theoretical soundness and guarantees.

B. Imbalance in Two-Stage Learning to Defer

Notion of imbalance. To define the notion of imbalance in the two-stage learning to defer setting, we refer readers to the
definition of the deferral loss function L4es (Section 3). In this context, x denotes the input instance, and imbalance refers to
a situation where, for a large majority of instances, the same expert consistently incurs the lowest cost—that is, is considered
the most suitable expert according to the cost function used in minimizing the deferral loss. This results in a highly skewed
deferral pattern that over-relies on a small subset of experts, potentially not effectively using others who may be better suited
for specific parts of the input space.

The term distribution of experts refers to the empirical distribution over expert selections induced by the deferral policy
across the input space. For example, in an LLM-based deferral system, imbalance may occur when one pretrained LLM
performs significantly better than others across most inputs. If the deferral mechanism does not account for this, it may
default to that model universally, ignoring specialized models that perform better on certain subpopulations.

Our experimental setup is designed to reflect precisely this kind of imbalance scenario—where a small subset of experts
dominates unless appropriately regulated.

Failure of standard deferral algorithms. The observation that models trained on imbalanced datasets tend to underperform
on minority categories is well-established in the imbalanced learning literature (Zhang et al., 2023). This phenomenon is
often associated with long-tailed distributions, where a few dominant classes receive the majority of the training data, leading
classifiers to perform poorly on underrepresented classes—sometimes only marginally outperforming naive baselines that
always predict the majority class.

In our context, this translates to a small subset of experts being favored across most of the input space, resulting in a similarly
long-tailed distribution over expert selections. Consequently, deferral algorithms trained under such imbalance tend to
overfit to the dominant experts and not effectively use others—mirroring patterns observed in general imbalanced learning.

While this issue has not been extensively studied in the specific context of two-stage learning to defer, our work builds on
this well-known phenomenon to motivate the need for more balanced expert use. In particular, we present severe expert
imbalance scenarios in Appendix C.3, where baseline methods fail, and show that our proposed algorithm, MILD, performs
effectively to illustrate this point.

C. Additional Experiments and Details
C.1. Image Classification Setup Details

To systematically evaluate robustness to expert imbalance, we constructed three expert setups with varying degrees of
coverage and overlap. These setups simulate scenarios where experts have specialized sub-domains of competence. In
particular, experts are designed to exhibit varying performance across different labels, a specific form of imbalance. We
adopt this setup because label-based separation provides a clear and interpretable way to model expert specialization, and it
can also serve as a proxy for more general forms of input partitioning. Our methods remain effective in scenarios where
expert performance varies according to other characteristics of the input space (e.g., image features rather than labels).

Setup I: «“7 vs. 2 vs. 1”°. Three synthetic experts were available. Expert 1 was always correct for the first 70% of classes
(e.g., classes 0-6 for CIFAR-10) and predicted uniformly at random for the remaining classes. Expert 2 was always correct
for the next 20% of classes (e.g., classes 7-8 for CIFAR-10) and predicted randomly for the remaining classes. Expert 3 was
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always correct for the last 10% of classes (e.g., class 9 for CIFAR-10) and predicted randomly for all other classes.

Setup II: “S vs. 2 vs. 2 vs. 1”. Four experts were available. Expert 1 was always correct for the first 50% of classes (e.g.,
classes 0—4 for CIFAR-10) and predicted uniformly at random for the remaining classes. Expert 2 was always correct for the
next 20% of classes (e.g., classes 5—-6 for CIFAR-10) and generated random predictions for the remaining classes. Expert
3 was always correct for the next 20% of classes (e.g., classes 7-8 for CIFAR-10) and generated random predictions for
the remaining classes. Expert 4 was always correct for the last 10% of classes (e.g., class 9 for CIFAR-10) and predicted
randomly for all other classes.

Setup III: ““4 vs. 2 vs. 2 vs. 1 vs. 1. Expert 1 was always correct for the first 40% of classes and predicted randomly for
the remaining classes. Expert 2 was always correct for the next 20% of classes and predicted randomly for the remaining
classes. Expert 3 was always correct for the next 20% of classes and predicted randomly for the remaining classes. Expert 4
was always correct for the next 10% of classes and predicted randomly for all other classes. Expert 5 was always correct for
the last 10% of classes and predicted randomly for all other classes.

We carried out experiments with two types of experts: synthetic and real. The synthetic experts were generated precisely as
described in the three steps. Real experts, on the other hand, were trained on the training data from their corresponding
classes plus a 1% fraction of training data from the other classes. For example, in the “7 vs. 2 vs. 1" setup on CIFAR-10,
Expert 1 was trained using all training data from classes 0—6 and 1% of training data from classes 7-9.

We considered two types of cost functions. For the first type, we chose the misclassification errors of the experts as the cost
functions: ¢;(z,y) = Lg, (x)+y- For the second type, we chose the misclassification errors of the experts plus the percentage
of the domain where the expert is accurate as the cost function. For example, in setup I (‘7 vs. 2 vs. 17), the cost functions
are chosen as ¢ (z,y) = lg, (2)2y + 0.7, c2(2,y) = 1g,(2)2y + 0.2 and c3(z,y) = 1 + 0.1 for Expert 1, Expert 2, and
Expert 3, respectively.

g3(z)#y

C.2. LLM Routing on MMLU: Extended Details
We provide further details on the MMLU experimental setup used in Section 6.
Models. We adopted the Qwen 2.5-Instruct family of models (Yang et al., 2025) as experts due to their state-of-the-art
performance in the open-weights category and their consistent architecture across sizes.
* Expert 1 (Strong): Owen2.5-7B-Instruct. Used as the generalist anchor.
* Expert 2 (Medium): Qwen2.5-1.5B-Instruct. Represents a balanced edge-device model.
e Expert 3 (Tiny): Qwen2.5-0.5B-Instruct. Represents an extremely lightweight speculative model.
Dataset. We constructed the routing dataset using the MMLU (Massive Multitask Language Understanding) benchmark

(Hendrycks et al., 2021). Specifically, we aggregated the ‘high_school_mathematics’ and ‘high_school_world_history’ subsets
to create a mix of reasoning-heavy and knowledge-heavy queries. The test set consisted of 2,000 samples.

Cost Settings. We defined two distinct regimes to test the router’s adaptability:
1. Setting (a) Error Only: The cost is binary, cx(2,y) = 1g, (2)=y- This tests the router’s ability to maximize accuracy

without regard for compute. Since the 7B model is generally superior, this setting creates a massive imbalance where
one expert is optimal > 80% of the time.

2. Setting (b) Error + Cost: The cost includes a normalized inference penalty, cx(7,y) = lg, (2)2y + Br. We set
B =[1.0,0.6,0.1]. This creates a complex trade-off: the 0.5B model is “optimal” (lowest loss) for any query it gets
right, while the 7B model is only optimal for queries where both smaller models fail.

C.3. Severe Expert Imbalance Analysis

To further stress-test the algorithms, we examine a scenario with severe expert imbalance, where the baseline method TDEF
fails, while our proposed algorithm, MILD, performs effectively.

Severe expert imbalance scenario: For this scenario, we consider two experts, defining their cost functions based on

misclassification errors: ¢;(z,y) = 1g; (2)#y- This expert configuration, which reflects the real experts setting discussed in
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Table 4. Comparison of our MILD algorithm with TDEF on CIFAR-10, CIFAR-100, SVHN under severe expert imbalance.

Deferral Loss Ratio of Expert Deferral (%)

Method Dataset

DL ~ error rate 1 2
D e pelhe T o
wip ORI Gl Toes orse  sas
b VAN (lameLomis s00s 08

Section 6, involved training Expert 1 with all training data from 90% of classes and 1% from the remaining classes. Expert
2 was similarly trained using all data from 10% of classes and 1% from the remaining classes.

Table 4 shows that a naive application of the TDEF algorithm in this scenario predominantly selects Expert 1, thereby
failing to leverage Expert 2 despite its relevance to a nontrivial portion of the data. In contrast, MILD consistently achieves
significantly smaller deferral losses by selecting the experts much closer to their optimal allocation.

C4. Choice of p

As discussed in Section 4.2 (B. General cost-sensitive algorithm), while our general algorithm allows p; to be tuned freely
over a range of values, the search is in fact guided by the theoretically optimal values derived from our analysis. Specifically,

. . . X2)F _ . . . N
the theoretical guidance suggests choosing p; close to (miX3)® p. In the experiments, we use this expression to initialize the

search range, and perform validation-based tuning in a small neighborhood around these theoretically motivated values,
(X5 o (mX)h

= )
robust within this neighborhood, which suggests that our theoretical estimation serves as a reliable prior for guiding the
selection of p;.

using a step size of 1 over the interval

+ 5]. Empirically, we observe that performance is quite

D. Discussion on Alternative Baselines

We briefly address the applicability of confidence-based methods to the two-stage multiple-expert deferral setting. (For a
discussion on standard cost-sensitive methods, see Section 6.2.)

Confidence-based methods. Standard baselines that rely on thresholding prediction confidence are primarily designed
for the single-expert (or abstention) setting, where the decision is binary and costs are typically constant. Extending this
paradigm to the multi-expert setting is non-trivial, as it is unclear how to define optimal thresholds when experts possess
heterogeneous costs and predictive capabilities. To the best of our knowledge, the algorithm proposed by Mao et al. (2023a)
is the only existing baseline specifically formulated for two-stage deferral with multiple experts.

While one might consider a cascading approach, where experts are queried sequentially based on confidence, this strategy is
inherently sensitive to the ordering of experts and implicitly assumes a fixed ranking of predictive strength. Furthermore, it
ignores the instance-dependent inference costs associated with each expert. In contrast, our method operates in a routing
framework, selecting the most suitable expert from a parallel ensemble based on both accuracy and cost, regardless of expert
ordering. Moreover, even in the simpler abstention setting, confidence-based methods have been shown to be suboptimal
(Cortes et al., 2016a) and are outperformed by learning-to-defer approaches (Mao et al., 2023a). Crucially, neither approach
accounts for expert imbalance, the central challenge addressed by our work.
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E. Reformulation of the Deferral Loss: Proofs of Lemma 3.1 and Lemma 3.2

Lemma 3.1. Forany f € F and (z,y) € X x Y, the loss function Laes can be expressed as follows:

p p p
Laet (f, 2, y) = Z( > Ck’(xvy)lk’ik)lpf(:c,k:)<0 -(p-2) > er(z,y). (D
=1 \k'=1 =1
Proof. Forany f € F and (x,y) € X x Y, we have
P
Laet (f52,9) = > ci(@,y) Le(a)=k
k=1
P P
=3 Ck(%y)( > Leayer Liree — (- 2))
k=1 k=1
P P P
= Z k(2 Y) L@y en Livsk = (0= 2) ) en(2,y) ®)
k=1 k'= k=1
p (P
= Z( Y, e, y)lk’#c)lf(av):tk (r-2) 2 cr(,y)
k=1\k'=1
p p p
= Z( Z Ck’(xvy)lk’ﬂc)]-pf(w,k)go - (p - 2) Z Ck(xay)a
=1 \k'=1 k=1
which completes the proof. O

Lemma 3.2. Forany f € F and (z,y) € X x Y, the loss function Laes can be expressed as follows:

P P
Lact (f> 2, ) = D (1= cu(2,9)) 1y, (o k<0 + Z -(p-1). (1)
k=1 k=1
Proof. Forany f € F and (x,y) € X x Y, we have
p
def(faxay) = Z Ck(xvy)lf(m):k
k=1
P
= > (@, y) (1 - Leoyen)
k=1
p p
=Y Z ck(2,y) = Dleayer — Z Le(2)+k )
k=1 k=1
p
= 2 (1= cn(z,9)) Lecayer + Z ce(z,y) - (p-1)
k=1 k=1
P P
=2 (I=c(z,y)p, @m0 + 2 cr(z,y) - (p-1),
k=1 k=1
which completes the proof. O
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F. Margin Bound: Proof of Theorem 4.1

Theorem 4.1 (Margin bound for imbalanced cost-sensitive classification). Let F be a family of functions mapping from
X x [p] to R, and fix p = [pr]rep)- Then, for any § > 0, with probability at least 1 - 0, each of the following inequalities

holds for all f € J:
= log%
EL(F) < Esp(F) + 43/ 2Ry () + fri
1
EL(S) < Es.p(f) + 4/ 2R () +3\/ (;g log 5

Proof. Consider the family of functions taking values in [0, 1]:

F' ={z=(a,k)~ Lp(f,2,k): f € F}.

By (Mohri et al., 2018, Theorem 3.3), with probability at least 1 — 4, for all g € F,

og 2
BLo(2)] € - 3 0(a) + 2Re(3) + 3\ ot

ElLp (oo )] < 85p(f)+29%s(?')+3\/§.

Since E.(f) <&, (f) =E[Ly(f,z,k)], we have

, log%
EL(f) <Esp(f) +2Rs(F') +3 o
m

Fix f, (z;,k;) and p > 0, define ¥ as follows:

and thus, for all f € F,

U([f(xi, k) kerp)) = gle%;)ﬁ{c(%,ki,k')@p(f(xuk’i) ~ f(zi, K}

Then, by the sub-additivity of the maximum operator, we can write for any f, fed:

\I/([f(xia k)]kE[p]) - \I'([f(xiy k)]ke[p])
< lgl&LX{C(.’l?i7 k’i, k?’)q)p(f((l}i, k‘l) - f(x“ ki,)) - C(l‘i, k‘i7 k’,)q)p(f(.ﬁi, kil) - f(xi, k‘,))}

2c(x;, ki k ~ . .
< ]gt?p]{([)) [f (2, k) = f(@i, k) ke ||1} (by %-Llpschltzness of &)

\p/_” [f(xi, k) = Flas, k) Iel) ”2

Thus, W is %-Lipsohitz with respect to the |||, norm. Thus, by the vector contraction lemma (Maurer, 2016; Cortes et al.,
2016¢), Rg(F') can be bounded as follows:

J

This proves the second inequality. The first inequality, can be derived in the same way by using the first inequality of (Mohri
et al., 2018, Theorem 3.3). O
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G. Derivation of Surrogate Losses

Using the fact that c(x, k, k") = 0 for k = k', we can rewrite L, as
Lo, k) = mac{e(e, b, K) Ry, (£, k) ~ fr, K))}.

For ®,(t) < ¥(t/p), we have:

f(l‘,k‘) B f(ka,) )}

!
Lp(f,il?,k) S%}S?{C(.T,k,k )\I’( DOk

In particular, choosing ¥ to be the logistic loss yields:

F ) = f(a, ) )]}

Lo(f, 2, k) < max{c(m, k k") log[l + exp(
k'+k Pk

When c¢(z, k, k') is independent of (k, k"), we can write:

f(z7k,) - f(ka) )]}
Pk

-C@) 11]33?{108;[1 + exp(f(m’ k’)p; f(=z, k) )]}

f(SC, k,) ~ f(:L',]C) )]

=C(z)log[1+ maxexp(
| k'+k Pk

< C()log1+ T exp(f (2, ) —f(m))]

k'+k Pk

= C(x)log Zp: exp(f(x’k,) —J(@.k) )]
[ k=1 Pk

Lo(f,z, k) < Il?ai({C(l’) log[l + exp(
'+

Otherwise,

f(:vvk’)—f(fmk))]}

Pk

! c(z,k,k")
:loglrg}g?[l_,_exp(f(%,k )_f(x,k))] ]

Lo(f. 2, k) < I]gla]i({c(x, k, k" 10g|:1 + exp(
£

Pk

, c(x,k,k")
) bgl 5 [1 +exp(f(x,k ) —f(m))] ]
k'+k

Pk

Another choice is to set ¥ as the comp-sum loss with 7 # 1, which yields:

Lo(f, 2, k) < max{c(:v, k k")®" [exp( f(x, k") = f(x, k) )]}
k'+k Ok

; , [ k)~ fe ) \]'
e[ {0 )
< 1

’ f(xa k,) — f(ka) T _
< I_Tkgk{c(x,k,k )([1+exp( o ):| 1)}

When c¢(z, k, k') is independent of (k, k"), we can write:

Lo(f,z, k) < C(z) Z {([1 +exp(f(x’ K) = f(z.k) ):|1_T - 1)}
L=7 7% Pk
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H. F-Consistency Bound: Proof of Theorem 5.1

Theorem 5.1 (F-consistency bound for imbalanced cost-sensitive surrogate loss). Let F be a complete hypothesis set. Then,
forall f €3, p>0, the following inequality holds:

N

EL(S) — &1 () + ML(F) < V2(Ep, (f) - & (9) + M, (9)) .

Proof. The conditional error and the best-in-class conditional error of the cost-sensitive zero-one loss can be expressed as
follows:

E[L(f,z,k) 2] = C(z) Z[:] P(klz)1,, (@4)<0 = C(x)(1 - p(f(2)]x)),
ke[p

inf E[L k =C 1- k .
BEEL( 200 2] = C(o)(1- sl
Let kmax = argmaxy,[,) p(k|z). Then, the difference between the two terms is given by:
BIL(f,k) | 2] = g EIL(f. . 8) | ] = p(hnaslo) - p(F(2) o).

For the imbalanced cost-sensitive surrogate, the conditional error can be expressed as follows:

B[Co(f,2, ) | 2]
= > p(k|n)®,, (ps(2,y))

ke[p]

=C(x) ) P(k|x){10g[kil exp(f(x’k,) AL )]}

ke[p] Pk

@ kD= f (@ f(x)
=C(x)p(kmax|z)log( S e Phmax )+C’(x)p(f(x)|x)log( et )

k'e[p] k'e[p]

S k)= f (k)
+C(x) > p(k|m)1og( Yoe Pk )
1

k¢ {kmax,f(z)}

For any f € F and x € X, by the completeness of F, we can always find a family of hypotheses {ﬁb: TS R} c J such that
?# (z,-) take the following values:

B f(z, k) if k¢ {kmax,f(2)}
fu(x, k) = log(expl f(z, kmax)] + ) if k=f(z) (10)
log(exp[ f(z,f(x))] —p) ifk = kmax-

Note that the hypotheses ?u has the following property:

f(z,k) Fulz k)
Z e P = Z e " ,VYueRand k' €[p]. (11)
kelp] kelp)

Thus, the best-in-class conditional error can be upper bounded as follows:

}Eglg[tp(f,x, k)| z] < Lgﬂf@l}@[’[,,(fﬂ,z,k) | z].
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The conditional regret can be lower bounded as follows:
E[C — inf E[L
E[Lp (oo k) | o] = nf E[L,(f.2.k) | 2]

> IE[Ep(f,x,k’) | x] - Ebeélg[tp(fu,x,k) | m]

fz.k") f(@.k")

Pk Pl
Zk'é[])] e max Zk’e[p] [ max
= sup{p(kmax|x) log 7 (@ Fmae) —log F (@)
MER (& Pkmax (& Pkmax
f(@,k") f(z,k")
> Pf(z) > e Pi(e)
k’e[p] € k'e[p]
+p(f(x)2)| log| —Farmy— |~ o8| —Fmmm—
e i) e Pi)

(ef(ac,k’max) + ef(x’f(x)))p(krnax|$)

ef (@ kmax) (p(kpax|z) + p(f(x)|17))]
(ef(%kmax) + ef(wﬂ“””’))p(f(w)lw)

ef @@ (p(kmaxlz) + p(f(z)]2))

(Maximum is achieved by p* =

> p(kmax|z) log[

+ p(f(x)lw)log[

PRICRICN)

p(f(2)|%) pe(a) —ef ®Fmax) o (ko 12) Phopa )
P(kmax|T) Pk max +p(f(1)|w)/7f(m)

o 2p(Kmax|®) ] e 0[ 2p(f(z)[z) ]
2 P(kmaxle) L g[(p(kmwu)w(f(w)m)) +p(f(@)ln)log o S o)
(minimum is attained when f(z,f(x)) = f(, kmax))
1 p(Fmax|7) 1 p(f(2)|z) 1]
2 [P(masdz) + plf(o) )] > 2” o) + p(F@) 2| " ‘pwmaxm (@) 2 ]

(Pinsker’s inequality (Mohri et al., 2018, Proposition E.7))

. 1[p(kmax|x) —p(f(2)l) ]
2| p(kmel) + p(F()[)

> S (p(hmasl) = p(F(2) 1)) (P(Fmasle) + p(F(2)]) < 1

= [p(kmax|®) + p(f(z)[z)]

(P(Kmax|z) > p(f(2)[z))

By taking the expectation of both sides and using Jensen’s inequality, we obtain:

[SIE

EL(f) — L () + ML(F) < V2(Ep, (f) — &5 (F) + Mg, (9)),

which completes the proof. ]

I. Cost-Sensitive Learning and Structured Prediction

While our primary focus is addressing class imbalance in learning to defer, our theoretical analysis and algorithm offer
independent contributions to cost-sensitive learning and related areas such as structured prediction. We briefly discuss that
in this section.

We introduced a margin-based upper bound on the cost-sensitive loss function:
L(f,z,k) < max{c(x, kK@, (f(2,k) - f(z, k'))}
k’e[p]

This bound extends prior work by incorporating instance-dependent cost functions (z-dependent), making it both more
general and tighter than the upper bound used in (Cortes, Kuznetsov, Mohri, and Yang, 2016c¢) (see Lemma 4 and the
surrogate losses on page 8), the closest related study on margin-based cost-sensitive and structured prediction bounds.

For instance, adopting the hinge loss for ¥ as an auxiliary margin-based loss to upper bound L, yields a loss function that
serves as a lower bound for the hinge-loss-type surrogate loss in that publication (which coincides with the StructSVM loss
function), even in the balanced case (py, = p for all k). Similarly, using the logistic loss for ¥ as an auxiliary margin-based
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loss function to upper bound L, results in a loss function that is upper bounded by the logistic-loss-type surrogate in (Cortes,

Kuznetsov, Mohri, and Yang, 2016¢) (an extension of Conditional Random Field (CRF) loss function), even in the balanced
case.

For the same reasons, our margin-based theoretical analysis yields more favorable learning bounds, since our margin loss L,
serves as a lower bound for the multiplicative margin loss considered in (Cortes, Kuznetsov, Mohri, and Yang, 2016c), even
in the balanced case. Thus, this leads to improved learning bounds for structured prediction compared to that study, as well
as structured prediction algorithms with stronger theoretical guarantees.

We leave a more detailed study of the theoretical and algorithmic implications of our analysis for cost-sensitive learning and
structured prediction to future work.
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