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Abstract

We present a powerful general framework
for designing data-dependent online convex
optimization algorithms, building upon and
unifying recent techniques in adaptive reg-
ularization, optimistic gradient predictions,
and problem-dependent randomization. We
first present a series of new regret guarantees
that hold at any time and under very mini-
mal assumptions, and then show how differ-
ent relaxations recover existing algorithms,
both basic as well as more recent sophis-
ticated ones. Finally, we show how com-
bining adaptivity, optimism, and problem-
dependent randomization can guide the de-
sign of algorithms that benefit from more fa-
vorable guarantees than recent state-of-the-
art methods.

1 Introduction

Online convex optimization algorithms represent key
tools in modern machine learning. These are flexi-
ble algorithms used for solving a variety of optimiza-
tion problems in classification, regression, ranking and
probabilistic inference. These algorithms typically
process one sample at a time with an update per it-
eration that is often computationally cheap and easy
to implement. As a result, they can be substantially
more efficient both in time and space than standard
batch learning algorithms, which often have optimiza-
tion costs that are prohibitive for very large data sets.

In the standard scenario of online convex optimiza-
tion (Zinkevich, 2003), at each round ¢ = 1,2, ..., the
learner selects a point x; out of a compact convex set

Appearing in Proceedings of the 19" International Con-
ference on Artificial Intelligence and Statistics (AISTATS)
2016, Cadiz, Spain. JMLR: W&CP volume 41. Copyright
2016 by the authors.

Scott Yang
Courant Institute
New York, NY 10012

yangs@Qcims.nyu.edu

K C R™ and incurs loss fi(z;), where f; is a convex
function defined over K. The learner’s objective is to
find an algorithm A that minimizes the regret with
respect to a fixed point x*:

T
Regr(A, %) =Y filwr) — fi(a")

that is the difference between the learner’s cumula-
tive loss and the loss in hindsight incurred by x*,
or with respect to the loss of the best z* in K,
Regp(A) = maxg-ex Regp(A,z*). We will assume
only that the learner has access to the gradient or an
element of the sub-gradient of the loss functions f,
but that the loss functions f; can be arbitrarily sin-
gular and flat, e.g. not necessarily strongly convex or
strongly smooth. This is the most general setup of con-
vex optimization in the full information setting. It can
be applied to standard convex optimization and online
learning tasks as well as to many optimization prob-
lems in machine learning such as those of SVMs, logis-
tic regression, and ridge regression. Favorable bounds
in online convex optimization can also be translated
into strong learning guarantees in the standard sce-
nario of batch supervised learning using online-to-
batch conversion guarantees (Littlestone, 1989; Cesa-
Bianchi et al., 2004; Mohri et al., 2012).

In the scenario of online convex optimization just pre-
sented, minimax optimal rates can be achieved by
standard algorithms such as online gradient descent
(Zinkevich, 2003). However, general minimax optimal
rates may be too conservative. Recently, adaptive reg-
ularization methods have been introduced for standard
descent methods to achieve tighter data-dependent re-
gret bounds (see (Bartlett et al., 2007), (Duchi et al.,
2010), (McMahan and Streeter, 2010), (McMahan,
2014), (Orabona et al., 2013)). Specifically, in the
“AdaGrad” framework of Duchi et al. (2010), there
exists a sequence of convex functions v¥; such that the
update x;11 = argmingcx 19, « + By, (x, 7;) yields re-
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gret:

n T
Regp(A,x) < \/ﬁmtaxﬂx—xtﬂooz Z\ng,
i=1 \ t=1

where g; € Of:(x¢) is an element of the subgradient of
fr at z, g1 = Zthl gt,i, and By, is the Bregman
divergence defined using the convex function ;. This
upper bound on the regret has shown to be within
a factor v/2 of the a posteriori optimal regret with
respect to a family of quadratic regularizers:

T
— 1 2
max |z = ztlloo ns>o,lfles§n; ”gt”diag@)*l'

The comparison family demonstrated here is the set of
all non-negative diagonal matrices with bounded trace,
which is both computationally efficient and the most
commonly used benchmark in practice. Note, however,
that this upper bound on the regret can still be very
large, even if the functions f; admit some favorable
properties (e.g. f; = f, linear). This is because the
dependence is directly on the norm of g;s.

An alternative line of research has been investigated
by a series of recent publications that have analyzed
online learning in “slowly-varying” scenarios (Hazan
and Kale, 2009; Chiang et al., 2012; Rakhlin and Srid-
haran, 2013a,b; Chiang et al., 2013). In the frame-
work of (Rakhlin and Sridharan, 2013b), if R is a
self-concordant function, |- [|v2r(z,) is the semi-norm
induced by its Hessian at the point z;,' and §;41 =
gt+1(91, -+, Gty 21, ..., xy) is a “prediction” of a time
t+1 subgradient g;11 based on information up to time
t, then one can obtain regret bounds of the following
form:

RegT(-A’x)
T
a2
< 4%16&’%(7%(1‘) ;Hgt gtHVZR((Et),*—i_l :

Here, [|*[|v2R (z,),« denotes the dual norm of ||| w2 (,):
for any =, ||z]|ver(z),« = Sup”yHVZR(a:t)Sley. This
guarantee can be very favorable in the optimistic case
where g; ~ g; for all t. Nevertheless, it admits the
drawback that the chosen regularization admits no
guarantee of “near-optimality” with respect to a fam-
ily of regularizers as with the adaptive algorithm.

The discussion above naturally compels one to ask
whether it is possible to combine the two data-
dependent methods into a technique that captures the

The norm induced by a symmetric positive definite
(SPD) matrix A is defined for any z by ||z||a = Vz T Az.

desirable attributes of both while discarding the de-
ficiencies. For instance, one would aspire to attain
regret guarantees of the form:

T
_ i — 8.2
mpclle —wlloey mjinf 32— 5l

(1)
This paper presents a powerful general framework for
designing online convex optimization algorithms com-
bining adaptive regularization and optimistic gradient
prediction which helps address several of the issues
just pointed out. Our framework builds upon and uni-
fies recent techniques in adaptive regularization and
optimistic gradient predictions, and as an example,
attains the regret bound (1). In Section 2, we de-
scribe a series of adaptive and optimistic algorithms for
which we prove strong regret guarantees, including a
new Adaptive and Optimistic Follow-the-Regularized-
Leader (AO-FTRL) algorithm (Section 2.1) and a
more general version of this algorithm with composite
terms (Section 2.3). These new regret guarantees hold
at any time and under very minimal assumptions. We
also show how different relaxations recover both ba-
sic existing algorithms as well as more recent sophisti-
cated ones. In a specific application, we will also show
how a certain choice of regularization functions will
produce an optimistic regret bound that is also nearly
a posteriori optimal, combining the two different desir-
able properties mentioned above. Lastly, in Section 3,
we further analyze adaptivity and optimism in the
stochastic optimization framework, constructing algo-
rithms for random coordinate descent and stochastic
empirical risk minimization that benefit from more fa-
vorable guarantees than recent state-of-the-art meth-
ods.

2 Adaptive and Optimistic
Follow-the-Regularized-Leader
algorithms

2.1 AO-FTRL algorithm

In view of the discussion in the previous section,
we present an adaptive and optimistic version of the
Follow-the-Regularized-Leader (FTRL) family of algo-
rithms. In each round of standard FTRL, a point
is chosen that is the minimizer of the average lin-
earized loss incurred plus a regularization term. In
our new version of FTRL, we will find a minimizer
of not only the average loss incurred, but also a pre-
diction of the next round’s loss. In addition, we will
define a dynamic time-varying sequence of regulariza-
tion functions that can be used to optimize against this
new loss term. Algorithm 1 shows the pseudocode of
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Algorithm 1 AO-FTRL

1: Input: regularization function rg > 0.

2: Initialize: g =0, x; = argmin,cx ro(z).

3: fort=1,...,7T: do

4 Compute g; € 0 fi(xy).

5: Construct regularizer r; > 0.

6 Predict giy1 = Gev1(91, -5 96, T1, -+, T4).

7 Update ;11 = argmin g, + G/, 1 + 704 ().
ze

8

: end for

our Adaptive and Optimistic Follow-the-Regularized-
Leader (AO-FTRL) algorithm.

Note here that we have subsumed the step-size that is
common to many incremental gradient methods into
the regularization function. This is because we will
later tune our regularization in a problem-dependent
way to yield state-of-the-art guarantees. Combining
the regularization with the step-size avoids the need
to handle an additional parameter.

In the rest of the paper, we say that a regularization
function r; : R® — R corresponding to an algorithm is
prozimal if argmin, ¢ r¢(x) = x¢. The following result
provides a regret guarantee for the Algorithm 1 when
using such regularizers.

Theorem 1 (AO-FTRL-Prox). Let {r;} be a sequence
of proximal non-negative functions, and let g; be the
learner’s estimate of g: given the history of functions
fi,---, fi—1 and points xq,...,x4_1. Assume further
that the function hoy: & — gi.,@ + g @ + roa(x) is
1-strongly convex with respect to some norm || - ||«
(i.e. Toy is 1-strongly convex with respect to || - ||(¢)).
Then, the following regret bound holds for AO-FTRL
(Algorithm 1):

Reg;(AO-FTRL, z)

T T
= th(%) — fi(x) <ror(x) + Z lg: — §t||%t),* .
t=1 t=1

Proof. Recall  that x4, = argmin,(gix +
Giv1) 'z + rou(xr) = argmin, hoy(x), and let
y; = argmin, z'gy; + ro.(x). Then, by convex-
ity, the following inequality holds:

T T
D filw) = ful@) <D g (- )
t=1 t=1

(9¢ — G0) " (me — )

] =

i
_|_,_.

3 (xe— ) + 9/ (ye — ).

Now, we first prove by induction on 7' that for all

x € K the following inequality holds:

T T
th—r(ﬂﬁt — )+ 9 i < Zg::E-FTo:T(UU)

t=1 t=1

For T = 1, since gy = 0 and r; > 0, the inequal-
ity follows by the definition of y;. Now, suppose the
inequality holds at iteration 7". Then, we can write

T+1
Z!};(% —ye) + 9] v
=1
[T
= D_a (@ =)+ 9/ w
Lt=1
+ 9741 (Tr41 = Y1) + 971y
[T
< th—r-TT+1 + TO:T($T+1)‘|
Lt=1

+ 9741 (@41 — Y1) + 971y
(by the induction hypothesis for x = z741)
T
)

< |:(91:T +9r+1) Tr41+ 7’0:T+1($T+1)}

+ Gpy1 (—yr+1) + 911y
(since r; > 0, Vi)

< [(gl:T + §T+1)T Y41 + TO:T+1(CUT+1)}

+ gIT“-H(*yT—H) =+ 9;+13JT+1
(by definition of z741)

< gIT+1y + ro.r+1(y), for any y.
(by definition of yr.41)

Thus, we have that ZZ;I fe(xe) — fe(z) < ror(x) +
ZtT:l(gt — 3¢)"(z¢ — y) and it suffices to bound
Zz;l(gt —§¢) " (wy — y;). Notice that, by duality, one
can immediately write (g; — g:) " (2t — v:) < |lg¢ —
Gtll)llre — yelly. To bound [zy — wsl|() in terms
of the gradient, recall first that since r; is proximal
and z; = argming hg.4—1,

xy = argmin hop—1(x) + (),

yr = argmin ho, 1 (z) + re(x) + (9¢ — gt)Tm'

The fact that rg.(x) is l-strongly convex with re-
spect to the norm || - [|(;) implies that ho.;—1 + 7 is
as well. In particular, it is 1-strongly convex at the
points x; and y;. But this then implies that the con-
jugate function is 1-strongly smooth on the image of
the gradient, including at V(ho.t—1 + 7¢)(2:) = 0 and
V(ho.t—1+7:)(yt) = —(9: —G+) (see Lemma 1 in the ap-
pendix or (Rockafellar, 1970) for a general reference),
which means that [[V((hot—1 + 7¢)*)(—(g: — g¢)) —
V(o1 + 7)) Oy < gt — Gell ey
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Since V((ho:—14+7¢)")(=(9:—G¢)) = ye and V((ho:t—1+
7¢)*)(0) = x4, we have that [[2: —yell (1) < [lg¢ — Gell (#),%-
O

The regret bound just presented can be vastly supe-
rior to the adaptive methods of (Duchi et al., 2010),
(McMahan and Streeter, 2010), and others. For in-
stance, one common choice of gradient prediction is
Ji+1 = g, so that for slowly varying gradients (e.g.
functions that change “predictably”), g; — g: =~ 0, but
llgelley = llgll)- Moreover, for reasonable gradient
predictions, [|gi1ll¢ = [lg¢ll(r) generally, so that in
the worst case, Algorithm 1’s regret will be at most
a factor of two more than standard methods. At the
same time, the use of non self-concordant regulariza-
tion allows one to more explicitly control the induced
norm in the regret bound and consequently learn faster
per update than in the methods of (Rakhlin and Srid-
haran, 2013a). Section 2.2.1 presents an upgraded ver-
sion of online gradient descent as an example, where
our choice of regularization allows our algorithm to ac-
celerate as the gradient predictions become more ac-
curate.

Note that the assumption of strong convexity of hg.;
is not a significant constraint, as any quadratic or en-
tropic regularizer from the standard mirror descent al-
gorithms will satisfy this property.

Moreover, if the loss functions {f;}$°; themselves are
1-strongly convex, then one can set r9.; = 0 and still
get a favorable induced norm || - ||,y . = 13 If
the gradients and gradient predictions are uniformly
bounded, this recovers the worst-case log(7T') regret
bounds. At the same time, Algorithm 1 would also still
retain the potentially highly favorable data-dependent

and optimistic regret bound.

Liang and Steinhardt (2014) (Steinhardt and Liang,
2014) also studied adaptivity and optimism in online
learning in the context of mirror descent-type algo-
rithms. If, in the proof above, we assume their condi-
tion:

o1 (—ng1:0) < o (—n(g1e — 30)) — n2/ (90 — Ge),

then we obtain the following regret bound:
T T 7(0)+ro.

SE R@) = S8 f@) < M Our

algorithm, however, is generally easier to use since it

holds for any sequence of regularization functions and

does not require checking for that condition.

In some cases, it may be preferable to use non-
proximal adaptive regularization. Since non-adaptive
non-proximal FTRL corresponds to dual averaging,
this scenario arises, for instance, when one wishes
to use regularizers such as the negative entropy to
derive algorithms from the Exponentiated Gradient

(EG) family (see (Shalev-Shwartz, 2012) for back-
ground). We thus present the following theorem for
this family of algorithms: Adaptive Optimistic Follow-
the-Regularized-Leader - General version (AO-FTRL-
Gen).

Theorem 2 (AO-FTRL-Gen). Let {r:} be a se-
quence of mon-negative functions, and let g be the
learner’s estimate of g; given the history of functions
f1,--.y ft—1 and points x1,...,xs_1. Assume further
that the function hoy: & — g{.,@ + 31z + roa(x) is
1-strongly convexr with respect to some norm || - )
(i.e. Toy is I-strongly convex with respect to || - ||)).
Then, the following regret bound holds for AO-FTRL
(Algorithm 1):

T T
> fila) = ful@) <ror—a(x) + > llge = Gellf 1.
t=1 t=1

Due to spatial constraints, the proof of this theorem,
as well as that of all further results in the remainder
of Section 2, are presented in Appendix 6.

As in the case of proximal regularization, Algorithm 1
applied to general regularizers still admits the same
benefits over the standard adaptive algorithms. In par-
ticular, the above algorithm is an easy upgrade over
any dual averaging algorithm.

Corollary 1. With the following suitable choices of
the parameters in Theorem 3, the following regret
bounds can be recovered:

1. Adaptive FTRL-Prox of (McMahan, 2014) (up to
a constant factor of 2): g = 0.

2. Primal-Dual AdaGrad of (Duchi et al., 2010):
ro:t = ¢r, g = 0.

3. Optimistic FTRL of (Rakhlin and Sridharan,
2013a): 19 = R where n > 0 and R a self-
concordant function, ry = ¥y = 0,Vt > 1.

2.2 Applications

2.2.1 Adaptive and Optimistic Gradient
Descent

Corollary 2 (AO-GD). Let K C xI_,[—R;, Ri]
be an n-dimensional rectangle, and denote A;; =

\/ZZ:l(ga,i - Ea,i)2. Set

n t
Asi—As_1
To:t = Z Z Tl(xz - ms,i)Q-

i=1 s=1

Then, if we use the martingale-type gradient prediction
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Jt+1 = gt, the following regret bound holds:

Z gt,i — gt—l,i)Q-
t=1

Moreover, this regret bound is nearly a posteriori opti-
mal over a family of quadratic regularizers :

R; Z Z gt,i - 91;1,1‘)2
t=1

Regr(AO-GD, ) < Z

- R, f Z
m?x i ns>011811>< ||gt gt— 1||dmg(5

Notice that the regularization function is minimized
when the gradient predictions become more accurate.
Thus, if we interpret our regularization as an implicit
learning rate, our algorithm uses a larger learning rate
and accelerates as our gradient predictions become
more accurate. This is in stark contrast to other adap-
tive regularization methods, such as AdaGrad, where
learning rates are inversely proportional to simply the
norm of the gradient.

Moreover, since the regularization function decom-
poses over the coordinates, this acceleration can oc-
cur on a per-coordinate basis. If our gradient predic-
tions are more accurate in some coordinates than oth-
ers, then our algorithm will be able to adapt accord-
ingly. Under the simple martingale prediction scheme,
this means that our algorithm will be able to adapt
well when only certain coordinates of the gradient are
slowly-varying, even if the entire gradient is not.

As an illustrative example, suppose we are trying to
predict the gradient and did so to varying degrees of
accuracy per coordinate. Specifically, let A, = |[{i €
[1,n]|52r < S (gsi — Gs4)? < 51|, and assume
that Ay is roughly constant over k such that Vk,j,
A < CA; for some mild universal constant C. Then

the bound in Corollary 2 can be upper bounded by
o = A1 C

ZzooAkf N 1,

algorithms with predictable sequences will incur a re-
gret of \/ny/> 07 Apgr = A1y/nV2, so that we im-
prove by a v/d factor.

while standard learning

Moreover, since it is unlikely that the gradient pre-
dictions will ever be uniformly accurate across coordi-
nates, some degree of the above improvement should
take place for any model and problem.

Furthermore, notice that if we are in the sparse case in
which AdaGrad performs well (see Duchi et al. (2010),
Section 1.3), the martingale-type predictor §: = g¢—1
will automatically tune the regularization of Algo-
rithm 7 into an AdaGrad-type one.

Algorithm 2 CAO-FTRL
1: Input: regularization function r¢ > 0, composite
functions {¢1}52, where ¢; > 0.

2: Initialize: g =0, x; = argmin,cx ro(z).

3: fort=1,...,7T: do

4: Compute g; € dfi(xy).

5: Construct regularizer r; > 0.

6: Predict the next gradient gy4 =
Jt+1(g1y oy Gty T1y w0y Tt).

T Update z;41 = argmingcx gf,z + gz +

70:t(2) + Y141 ().
8: end for

In terms of computation, the AO-GD update can be
executed in time linear in the dimension (the same
as for standard gradient descent). Moreover, since the
gradient prediction is simply the last gradient received,
the algorithm also does not require much more storage
than the standard gradient descent algorithm. How-
ever, as we mentioned in the general case, the regret
bound here can be significantly more favorable than

the standard O (\/T supseqy 7 119113 X iy Rf]) bound

of online gradient descent, or even its adaptive vari-
ants.

2.3 CAO-FTRL algorithm (Composite
Adaptive Optimistic
Follow-the-Regularized-Leader)

In some cases, we may wish to impose some regular-
ization on our original optimization problem to en-
sure properties such as generalization (e.g. lo-norm in
SVM) or sparsity (e.g. I!-norm in Lasso). This “com-
posite term” can be treated directly by modifying the
regularization in our FTRL update. However, if we
wish for the regularization penalty to appear in the
regret expression but do not wish to linearize it (which
could mitigate effects such as sparsity), then some ex-
tra care needs to be taken.

We modify Algorithm 1 to obtain Algorithm 2, and we
provide accompanying regret bounds for both proxi-
mal and general regularization functions. The latter is
presented in Appendix 6.

In each theorem, we give a pair of regret bounds, de-
pending on whether the learner considers the compos-
ite term as an additional part of the loss. All proofs
are provided in Appendix 6.

Theorem 3 (CAO-FTRL-Prox). Let {r:} be a se-
quence of proximal non-negative functions, such that
argmingcx 1:(x) = x4, and let G, be the learner’s esti-
mate of g; given the history of functions fi,..., fi—1
and points T1,...,xi—1. Let {¢}52, be a sequence of
non-negative conver functions, such that ¢, (x1) = 0.
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Assume further that the function hoy : © +— g,@ +
g;lx + ro:t(x) + Y1e41(x) is 1-strongly convexr with
respect to some norm |- ||). Then the following regret
bounds hold for CAO-FTRL (Algorithm 2):

T
> filwy) = filw)

< Yr.p_1(x) + ror—1(

)+ Z llge — gt“(t 1),%

Z fe(@e) + e(xe)] = [fe(2) + e(2)]
t=1

)+ Z lge = Gellsy -

<TOT

Notice that if we don’t consider the composite term as
part of our loss, then our regret bound resembles the
form of AO-FTRL-Gen. This is in spite of the fact that
we are using proximal adaptive regularization. On the
other hand, if the composite term is part of our loss,
then our regret bound resembles the one using AO-
FTRL-Prox.

3 Adaptive Optimistic and Stochastic
Follow-the-Regularized-Leader
algorithms

3.1 CAOS-FTRL algorithm (Composite
Adaptive Optimistic Stochastic
Follow-the-Regularized-Leader)

We now generalize the scenario to that of stochastic
online convex optimization, where, instead of exact
subgradient elements ¢;, we receive only estimates.
Specifically, we assume access to a sequence of vectors
of the form §;, where E[g¢|g1, ..., gt—1,Z1,. -, Tt] = Gt
This extension is in fact well-documented in the lit-
erature (see (Shalev-Shwartz, 2012) for a reference),
and the extension of our adaptive and optimistic vari-
ant follows accordingly. For completeness, we provide
a proof of the following theorem as well as its non-
proximal analogue in Appendix 8.

Theorem 4 (CAOS-FTRL-Prox). Let {r.} be a se-
quence of proximal non-negative functions, such that
argming e me(x) = w¢, and let g, be the learner’s
estimate of §: given the history of noisy gradients
G1s---,0t—1 and points x1,...,x¢—1. Let {14}, be
a sequence of non-negative convex functions, such
that Y1 (xz1) = 0. Assume further that the function
ho:t () = G{qx+ i 12+70:4 (%) + 141 () is 1-strongly
convex with respect to some norm | - ||(;y. Then, the
update w11 = argming hot(x) of Algorithm 3 yields

Algorithm 3 CAOS-FTRL

1: Input: regularization function r¢ > 0, composite
functions {¢1}52, where ¢; > 0.
2: Initialize: g =0, x; = argmin,cx ro(z).

3: fort=1,...,7T: do

4: Query gt where E[gt|$1a"'axtagla"'vgt—l] =
gt € Oft(xe).

5: Construct regularizer r; > 0.

6: Predict next gradient Ji+1 =
§t+1(91, ce 7gt,l‘1, ce ,J,‘t).

T Update @;11 = argmingcx §{,¢ + g, 2 +

70:t(2) + Y141 ().
8: end for

the following regret bounds:

> fela) - ft<x>]

<E

T
Yrr—1(x) +ror—1(w) + Z ¢ — §t||(2t1),*1
=1

T

Z (2¢) + V() — ft(rv)—atwt(@]

ro.7 (T +ZHgt gt” ]

The algorithm above enjoys the same advantages over
its non-adaptive or non-optimistic predecessors. More-
over, the choice of the adaptive regularizers {r;}$2,
and gradient predictions {g§}$2; now also depend on
the randomness of the gradients received. While
masked in the above regret bounds, this interplay
will come up explicitly in the following two examples,
where we, as the learner, impose randomness into the
problem.

3.2 Applications

3.2.1 Randomized Coordinate Descent with
Adaptive Probabilities

Randomized coordinate descent is a method that is
often used for very large-scale problems where it is
impossible to compute and/or store entire gradients
at each step. It is also effective for directly enforcing
sparsity in a solution since the support of the final
point z; cannot be larger than the number of updates
introduced.

The standard randomized coordinate descent update
is to choose a coordinate uniformly at random (see e.g.
(Shalev-Shwartz and Tewari, 2011)). Nesterov (2012)
(Nesterov, 2012) analyzed random coordinate descent
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in the context of loss functions with higher regularity
and showed that one can attain better bounds by using
non-uniform probabilities.

In the randomized coordinate descent framework, at
each round ¢t we specify a distribution p; over the n
coordinates and pick a coordinate i; € {1,...,n} ran-
domly according to this distribution. From here, we
then construct an unbiased estimate of an element of
the subgradient: §; = (gt;% This technique is
common in the online learniﬁé literature, particularly
in the context of the multi-armed bandit problem (see
e.g. (Cesa-Bianchi and Lugosi, 2006) for more infor-
mation).

The following theorem can be derived by applying
Theorem 4 to the gradient estimates just constructed.
We provide a proof in Appendix 9.

Theorem 5 (CAO-RCD). Assume K -

x [=Ri, Ri]. Let iy be a random wvariable sam-
pled according to the distribution p:, and let
gt _ (g;reit)eit ’ .ét _ (ggeit)eit ’
Pt iy Pt iy

be the estimated gradient and estimated gradient pre-

diction. Denote Ay ; = \/ijl(ga,i — ﬁa,i)Q, and let

n t
To:p = ZZ Bas ;RAiSfl’i (i — m54)°

=1 s=1

be the adaptive regularization. Then, the regret of the
algorithm can be bounded by:

E lz fe(xe) + () — fe(z) — @tw(ﬂf)]

t=1

p

<4zn:R. XT:IE (9ti — G1.i)?
O ' t=1 £t

In general, we do not have access to an element of the
subgradient g; before we sample according to p;. How-
ever, if we assume that we have some per-coordinate
upper bound on an element of the subgradient uni-
form in time, ie. g ;| < L; YVt € {1,...,T},j €
{1,...,n}, then we can use the fact that |g; ; — g ;| <

max{L; — gm,gj/,g} to motivate setting g; ; := 3 and
Dij = % (by computing the optimal dis-
k=1

tribution). This yields the following regret bound.

Corollary 3 (CAO-RCD-Lipschitz). Assume that
at any time t the following per-coordinate Lipschitz

bounds hold on the loss function: |g.;| < L;, Vi €

o (RLy)?P 7
{1,...,n}. Setp,;, = S (R L, )7 O the probability

distribution at time t, and set g, ; = % Then, the
regret of the algorithm can be bounded as follows:

E lz filzy) + ap(zy) — fi(z) — atw(x)]

t=1

" 3/2
<2VT (Z(RiLi)z/?’) .
i=1

An application of Holder’s inequality will reveal that
this bound is strictly smaller than the 2RLv/nT bound
one would obtain from randomized coordinate descent
using the uniform distribution. As a motivating exam-
ple, if the problem were poorly conditioned and there
was only a single dominant coordinate ¢*, then the
bound of Corollary 3 would be 2/T R;« L;~ while the
standard bound would have an extra /n factor.

Moreover, the algorithm above still entertains the in-
termediate data-dependent bound of Theorem 5.

Notice the similarity between the sampling distribu-
tion generated here with the one suggested by (Nes-
terov, 2012). However, Nesterov assumed higher reg-
ularity in his algorithm (i.e. f, € Cb!) and generated
his probabilities from there. In our setting, we only
need f; € C%!. Tt should be noted that (Afkanpour
et al., 2013) also proposed an importance-sampling
based approach to random coordinate descent for the
specific setting of multiple kernel learning. In their
setting, they propose updating the sampling distribu-
tion at each point in time instead of using uniform-in-
time Lipschitz constants, which comes with a natural
computational tradeoff. Moreover, the introduction
of adaptive per-coordinate learning rates in our algo-
rithm allows for tighter regret bounds in terms of the
Lipschitz constants.

We can also derive the analogous mini-batch update:

Corollary 4 (CAO-RCD-Lipschitz-Mini-Batch). As-
sume K C X [—Ry, R;]. Let U¥_ {II;} = {1,...,n}
be a partition of the coordinates, and let en;, =
Zienj e;. Assume we had the following Lipschitz con-

dition on the partition: ||g, en,|| < L; Vj € {1,...,k}.

(SiLi)2/3

Define S; = Zjem R;. Setpi; = SE (50,8 98 the
5 .
_ L;

probability distribution at time t, and set g ; = 5.

Then the regret of the resulting algorithm is bounded
by:

T
E lz fe(we) + () — fi(x) — aﬂ/}(x)]

t=1

L 3/2
<T (Z(SiLi)z/LQ')

i=1
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While the expression is similar to the non-mini-batch
version, the L; and R; terms now have different mean-
ing. Specifically, L; is a bound on the 2-norm of the
components of the gradient in each batch, and R; is the
1-norm of the corresponding sides of the hypercube.

3.2.2 Stochastic Regularized Empirical Risk
Minimization

Many learning algorithms can be viewed as instances
of regularized empirical risk minimization (e.g. SVM,
Logistic Regression, Lasso), where the goal is to min-
imize an objective function of the following form:

ij

If we denote the first term by F(z) = Y7, f;(2),
then we can view this objective in our CAOS-FTRL
framework, where f; = F and v; = a1. In the same
spirit as for non-uniform random coordinate descent,
we can estimate the gradient of H at x; by sampling
according to some distribution p; and use importance
weighting to generate an unbiased estimate: If g, €
OF (x;) and g/ € dfj(x), then

th

)+ a(x).

pt]t

This motivates the design of an algorithm similar to
the one derived for randomized coordinate descent.
Here we elect to use as gradient prediction the last gra-
dient of the current function being sampled f;. How-
ever, we may run into the problem of never having
seen a function before. A logical modification would
be to separate optimization into epochs and do a full
batch update over all functions f; at the start of each
epoch. This is similar to the technique used in the
Stochastic Variance Reduced Gradient (SVRG) algo-
rithm of Johnson and Zhang (2013). However, we do
not assume extra function regularity as they do in their
paper, so the bounds are not comparable. The algo-
rithm is presented in Algorithm 4 and comes with the
following guarantee:

Corollary 5. Assume K C xP [-R;,R;]. De-

note 57, \/Za 1 gaz ga,i>2; and let roy =
Z?Zl Zs:l %:“(zz x5;)? be the adaptive reg-
ularization.

Then the regret of Algorithm 4 is bounded by:

T
Y felwe) + ap(a) — filx) - aw(x)]

t=1

. .2
k_(s=D(T/R)+T/k m ‘gf._ggz

2D

i=1 s=1t=(s—1)(T/k)+1 j=1

DPt,j

Algorithm 4 CAOS-Reg-ERM-Epoch
Input: scaling constant o > 0, composite term v,
ro = 0.
Initialize: initial point x; € K, distribution p;.
Sample j; according to pp, and set t = 1.
for s=1,...,k: do

Compute gJ Vifi(z) V5 e {l,...,m}.

fora=1,...,T/k: do

Ifr mod k =0, compute g/ = V f;(z+) Vj
> 0.

—_

Set g: =
)
Sample Jt+1 ~ pr1 and set gy = pg:;'
Update 7,41 = argmin, c §1,@ + /412 +
roe(2) + (t+ Donp(z) and t =t + 1.
end for
: end for

—
e

— =
[NCR

Moreover, zf IVfilla < Lj Yj, then setting

Dt = Z’"z yields a worst case bound of:

8" Ry/T (Z Lj)z.

We also include a mini-batch version of this algorithm
in Appendix 10, which can be useful due to the vari-
ance reduction of the gradient prediction.

4 Conclusion

We presented a general framework for developing ef-
ficient adaptive and optimistic algorithms for online
convex optimization. Building upon recent advances
in adaptive regularization and predictable online learn-
ing, we improved upon each method. We demon-
strated the power of this approach by deriving algo-
rithms with better guarantees than those commonly
used in practice. In addition, we also extended adap-
tive and optimistic online learning to the randomized
setting. Here, we highlighted an additional source of
problem-dependent adaptivity (that of prescribing the
sampling distribution), and we showed how one can
perform better than traditional naive uniform sam-

pling.
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Appendix
6 Proofs for Section 2

Lemma 1 (Duality Between Smoothness and Con-
vexity for Convex Functions). Let K be a convex set
and f : K — R be a convex function. Suppose f is
1-strongly convex at xo. Then f*, the Legendre trans-
form of f, is 1-strongly smooth at yo = V f(xq).

Proof. Notice first that for any pair of convex functions
fig : K — R, the fact that f(xg) > g(zo) for some
xo € K implies that f*(yo) < g*(yo) for yo = V f(x0).

Now, f being 1l-strongly convex at xy means that
f(x) = h(@) = f(zo) + g0 (x — o)+ § [l — 203 Thus,
it suffices to show that h*(y) = f*(yo) + 24 (y — yo) +
3lly = woll3, since zo = V(1*) (yo)-

To see this, we can compute that
h*(y) = maxy 'z — h(z)
x

=y (y — yo + z0) — h(x)
(max attained at yo + (z — x¢) = Vh(z) = y)

=y (y — yo + o)

[0+ (2 = 20) + 3l - ]

1
5”3/ —yoll3 +y 2o — f(0)

1
= F(@o) + 2 o + 2 (v = v0) + 5y — woll3

) 1
= (o) + 4 (v = v0) + 5|1y — voll3

O

Theorem 2 (AO-FTRL-Gen). Let {r;} be a se-
quence of mon-negative functions, and let g be the
learner’s estimate of g+ given the history of functions
fi,---, fi—1 and points xq,...,x4_1. Assume further
that the function hoy: & — gi.,@ + gl i@ + roa(x) is
1-strongly convex with respect to some norm || - ||«
(i.e. To is I-strongly convex with respect to || - ||(¢)).
Then, the following regret bound holds for AO-FTRL
(Algorithm 1):

T T
S i) = ful@) < roraa @) + 3 llor— Gl ..
t=1 t=1

Proof. Recall that x;,y = argming, ' (g1.4 + Ger1) +

ro.¢(x), and let y; = argmin, 2 ' g1.; + 70.—1(2). Then

by convexity,

T T

fulxe) = @) <D g/ (@ — )
t= . t=
= Z(Qt —gt) (Tt — )

t=1

+ 9 (@ — ) + 9/ (e —2)

Now, we first show via induction that Vx € K, the
following holds:

T T

Sodl @ —v) + 9w <Y gl v +ror(@).
t=1 t=1

For T = 1, the fact that r, > 0, g1 = 0, and the
definition of y; imply the result.

Now suppose the result is true for time 7. Then

T+1

G (@ =)+ 9w

t=1

A

= D3 @ —v) + 9/ w

Li=1

+ 9711 (@741 — Yr41) + 9741 Y141

[T
ZQ:CETH + 7’0:T1($T+1)‘|

IA

Li=1

+ 971 (Tr1 — yri) + 97 YT
(by the induction hypothesis for x = x4 1)

< (g7 + §T+1)T Tr41 + TO:T($T+1):|

+ 971 (—yr11) + 91y
(since r¢ > 0, Vt)

< |(g1.7 + §T+1)T Yyr+1 + To:T(ZUTH)}

+ G (—yrs1) + 9711y 41
(by definition of z741)

< glir 1y + ror(y), for any y.
(by definition of yr.1)

Thus, we have that Zle fe(xe) — fi(z) < ror_1(z) +
Z?:l(gt — i) " (x¢ — ) and it suffices to bound
Z;T:l (9:—3¢) " (z¢ —y:). By duality again, one can im-
mediately get (ge—g¢) " (ze— ) < lge—Gelle—1), 1w —
Yt (t—1)- To bound ||z —y| ) in terms of the gradient,
recall first that

2y = argmin hg.;—1(x)
T

Yy = argmin ho.s—1(x) + (g¢ — flt)Tf-
T
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The fact that rg.;—1(z) is 1-strongly convex with re-
spect to the norm || - |[(;—1) implies that ho.;—1 is as
well. In particular, it is strongly convex at the points
x; and y;. But, this then implies that the conjugate
function is smooth at V(ho.t—1)(x¢) and V(ho.t—1)(yt),
so that

IV (h.—1)(— (gt — Gt))
— V(ho.e—1) 0l )y < llge

Since V(h,—1)(—(9: — Gt)) = ye and V(hi,_1)(0) =
xy, we have that [[z; — yellg—1) < l9¢ — Gell(e—1) -

— 9tllt—1)

O

Theorem 3 (CAO-FTRL-Prox). Let {r:} be a se-
quence of proximal non-negative functions, such that
argmingcx me(x) = x4, and let G, be the learner’s esti-
mate of g given the history of functions f1,..., fi_1
and points 1, ...,xi—1. Let {¢}52, be a sequence of
non-negative convex functions, such that ¥1(x1) = 0.
Assume further that the function hoy : © — gi.,x +
g;lz + 70:4() + Y1.441(x) is 1-strongly convex with
respect to some norm || - ||¢). Then the following regret
bounds hold for CAO-FTRL (Algorithm 2):

T
> filwe) -
t=1
T

< Yrr-1(@) + ror-1(x) + Z 9e = Gelli—1)
. t=1
Z [fe(ze) + Ye(ze)] = [fe(z) + ()]
t=1

+ Z gt — Gellsy « -
t=1

< ror(z)

Proof. For the first regret bound, define the auxiliary
regularization functions 7 () = r4(x) + ¢4 (x), and ap-
ply Theorem 2 to get

T
> felw) -
=1
T
z) + Z 9: = GtllF—1)
=1
)+ Z llgs = GellF—1)

= r.r-1(z) + ror—1(

Notice that while r; is proximal, 7;, in general, is not,
and so we must apply the theorem with general reg-
ularizers instead of the one with proximal regularizers.

For the second regret bound, we can follow the pre-
scription of Theorem 1 while keeping track of the ad-
ditional composite terms:

Recall that 24y, = argmin,z'(g1.+ + Gsy1) +
r0:t+1(2) + Y1.441(2), and let y, = argmin, gy +
ro:4(2) + 1:4(2).

We can compute that:

T
Z fe(we) + aup(ze) — [fie(@) + ()]
=1

g1 (xe — ) + Ye(@e) — Ye(2)

M=

&~
Il
—

(gt - gt)T(JUt - Yt)

Il
M=

H
l
—

+ 30 (@ —ye) + 9/ (ye — ) + (1) — i (2)

el

Similar to before, we show via induction that Vz €
T ~
K, > G (xe — yi) + g yr + Yu(we) < ror(e) +
T
Zt:l gth + ().

For T = 1, the fact that r, > 0, g1 = 0, ¥1(z1) = 0,
and the definition of y; imply the result.
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Now suppose the result is true for time 7. Then

T+1
DG @ —ye) + 9 o+ be(we)

t=1

T
= lz G (2 —ye) + 90 ye + wt(xt)]

t=1
+ 9741 (@741 — Yr41) + 971 YT+
+ Y7y (Trer)

IN

T
lz 9{ xr11 + rox(Trer) + wt(xTﬂ)]

t=1
+ 9711 (@141 — Yr41) + 971 Y41
+ Yry1(rrin)
(by the induction hypothesis for z = x741)

. T
< (911 + gr41) Tr41 +rors1(@rer) + (@)
+ G171 (—Yr41) + 91 YT+

+Yri1(Tre)
(since ¢y > 0, Vt)

_ T
< (g1.7 + gr+1) yr41 +ror+1(yr+1) + e(yre1)
+ Gpy1 (—yr+1) + 971y

+ Y1 (yr+1)
(by definition of x711)

< 91T:T+1y + ro.7+1(Y) + Y1741 (y), for any y
(by definition of yr41)

Thus, we have that

D felwe) + dulwn) = [folz) + ()]

T
<ror(z) + Z(gt — 30 (@ — ),

t=1

and we can bound the sum in the same way as be-
fore, since the strong convexity properties of hg.; are
retained due to the convexity of ;.

O

Theorem 6 (CAO-FTRL-Gen). Let {r:} be a se-
quence of mon-negative functions, and let g be the
learner’s estimate of g; given the history of functions
fis--oy fie1 and points x1,...,x4—1. Let {4}, be
a sequence of non-negative convex functions such that
P1(x1) = 0. Assume further that the function ho. :
T = 912+ Gy 2410 (@) P11 (2) ds 1-strongly con-
vex with respect to some norm ||-||4). Then, the follow-

ing regret bound holds for CAO-FTRL (Algorithm 2):

T
> filw) = filw)

=1

t T

< Yr.p_1(x) + ror—1(z) + Z llge — gt”%t—l),*
=1

. t
D Selwe) +delwe) = [fol@) + o))

t=1

T
<ror-1(z) + Z gt — gt”%t),* .
=1

Proof. For the first regret bound, define the auxiliary
regularization functions 7¢(z) = r(z) + axp(x), and
apply Theorem 2 to get

T
> filw) = filw)
=1
T
< for-1(@) + Y lgr — Gellf
=1

T
= rr-1(x) +ror—1(x) + Z llgr — GtllF—1)
t=1

For the second bound, we can proceed as in the
original proof, but now keep track of the additional
composite terms.

Recall that ;.1 = argmin, = (g1.¢ + Gro1) + 0.t (7) +
Y1.441(x), and let y; = argmin, " g1, + ro.r—1(7) +
¥1.¢(x). Then

T
D felwe) + dulae) = fulx) = ()

9 (me — ) + (@) — ()

[M]=

~
Il
-

I
M=

(9¢ — gt)—r(xt — ) + ﬁt—r(ift —Yt)

~
Il
-

+ 9 (e — ) + e(we) — V()

No;v, we show via induction that Va:T e K,
Soim1 90 (@ = ye) + 9l yr + anp(m) < 3 gl w +
Ye(w) + ro.r—1(2).

For T = 1, the fact that r, > 0, g1 = 0, ¥1(z1) = 0,
and the definition of y; imply the result.
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Now suppose the result is true for time 7. Then

T+1
G (@ —y) + 9 v+ bi(wn)
t=1
T
= [Z 8 (@ — ) + 9 ye + %(%)]
t=1
+ 911 (@1 — Y1) + 901 YT
+Yri1(rri1)
T
< [Z 9! o1 +ror—1(rre1) + ¢t($T+1)]
t=1
+ §¥+1($T+1 —yrs1) + 9;+13/T+1
+Yri1(rri1)
(by the induction hypothesis for = zp41)
<

{(glzT + §T+1)T T4 + ror(Trer) + wt(-TT+1)}

+ Gpaa (—yrs1) + 97 YT
+ Yryi(@rga)
(since r¢ > 0, Vt)
< glr 1 yr+1 + G71yr41 + ror (Yri1)
+ Y11 (yre)
+ 9741 (=yr41) + 911 YT 1
(by definition of z741)

< glriry +ror(y) + Yo (y), for any y
(by definition of yr41)

Thus, we have that Y, fi(x:) + e(ze) — fo() —

T -
Pi(x) < ror—1(z) + Xii(9 — §) " (@ — y) and
the remainder follows as in the non-composite set-
ting since the strong convexity properties are retained.

O

7 Proofs for Section 2.2.1

The following lemma is central to the derivation of
regret bounds for many algorithms employing adaptive
regularization. Its proof, via induction, can be found
in Auer et al (2002).

Lemma 2. Let {a;}32, be a sequence of non-negative
numbers. Then S'_, —%— 23:1 a;.

j=1 ZJ
Corollary 2 (AO-GD). Let K c xI,[—Ri Ri]
and denote As; =

be an n-dimensional rectangle,

\/Eizl(ga,i - Ea,i)Q. Set
T0:t = ZZ ASﬁAS Li(p; — ws,i)Q.

i=1 s=1

Then, if we use the martingale-type gradient prediction
Jt+1 = gt, the following regret bound holds:

T
Regp(z) < 4ZR Z (9t,i — Ge—1,4)2.
t=1

Moreover, this regret bound is nearly a posteriori opti-
mal over a family of quadratic regularizers :

n T
m?XRiE E Gti — Jt—1,i)?
i=1 \ t=1

:mZaXRZ- n6>01<£1f1>< Z”gt Ge— 1||dmg() 1

Proof. 1o, is 1-strongly convex with respect to the
norm:

" \/Zt (9asi — Ja,i)?
a=1\Ya,i a,i

i=1

which has corresponding dual norm:

n

R;
-y
t -
i=1 \/Zazl(ga,i — Ja,i)?

By the choice of this regularization, the prediction g; =
gi—1, and Theorem 3, the following holds:

Regr(A, z)
n T
<2
1=1 s=1
\/ZZ:l(ga,i - ga %

Hx||%t)7*

\/Za 1 gaz ga,i)Q

(i — m5,)°

T
+ Z lg: — gt1ll7,
t=1

- gtfl,i)Q

n T
= Z 2R; Z(gt,i

Ri(gti — gi—1,)?
i=1t=1 \/Za 1 gaz Ga— 11)

n T
< Z 2R; Z(gt,i = G1-1,i)?
i=1 t=1
n T
+ Z 2R; Z(gt,i = 9t-1,)*
i=1 t=1
by Lemma 2
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The last statement follows from the fact that noisy linearized estimate g, (x; — x). After that, we

- can apply Algorithm 2 on the gradient estimates to

2
n 2 n
. 9 1 .
o 1n£ - E E o :ﬁ E lgr.7.ill2 | »
S7 v<5’ a>7n =1 i=1 7 =1

since the infimum on the left hand side is attained
when S; X Hgl;Tﬂ‘HQ. O

8 Proofs for Section 3

Theorem 4 (CAOS-FTRL-Prox). Let {ri} be a se-
quence of proximal non-negative functions, such that
argmingcc re(x) = x4, and let §; be the learner’s
estimate of §: given the history of noisy gradients
G1s---,0t—1 and points x1,...,x¢—1. Let {14}, be
a sequence of non-negative convex functions, such that
Y1(x1) = 0. Assume further that the function

host(2) = G4 + §lia 2 + 10:(2) + Y1y (2)

is 1-strongly convex with respect to some norm || - || ().
Then, the update x¢11 = argming, hox(x) of Algo-
rithm 3 yields the following regret bounds:

T
E | filw) = fulz)
t=1 i
<E |¢Yr.r-1(x) +ror—i(z) + Z lg: — gt?t—l),*]
: t=1
E (D filw) + () — fila) — at%(fﬂ)]
=1 i
<E |rox(x) + ) 116 — §t||?t),*‘| :
t=1
Proof.
E

T
> fela) - ft(xﬂ

E g/ (z; — )]

[M]=

<

-
Il
_

I
M=

E [E[gtmla DR 7gt—1;xla DR 7xt]—r(xt - .T)]

o~
Il
_

I
M=

E [E[] (@0 — 2)lg, .. )

yGt—1,T1y . - -

~
Il
—

[
B

E [g;(ast — x)]

o~
Il
-

This implies that upon taking an expectation, we can
freely upper bound the difference fi(z:) — f:(x) by the

get the bounds:

E lz 9/ (20— :@1

t=1

T
<E [%:Tl(l”) +ror-1(z) + Z 1G¢ — gt“%tl),*]
=1

t=1

T
E [Z 0 (e — @) + o) - wt<x>]
T
<E [rmx) =3 g - gtn%t),*]

O

Theorem 7 (CAOS-FTRL-Gen). Let {r:} be a se-
quence of mon-negative functions, and let g; be the
learner’s estimate of gy given the history of noisy gradi-
ents g1, ..., Gt—1 and points x1,...,x¢—1. Let {1 }52,
be a sequence of non-negative convex functions, such
that 11 (x1) = 0. Assume furthermore that the func-
tion hox(x) = 9iyx + G2 + ro4(T) + Yraqa(z) is
1-strongly convex with respect to some norm || - ||().
Then, the update x:11 = argmin, ho.+(x) of Algo-
rithm 3 yields the regret bounds:

T
E | filw) - ft(m)]
- T
<E |¢Yrr-1(z) +ror-1(z) + Z g: — §t||%t1)’*‘|
T
E > filwe) + delae) — filw) - ﬂ)t(x)]
<E

T
ro.r—1(z) + Z lg: — §t|%t—1),*‘|
t=1

Proof. The argument is the same as for Theorem 4,
except that we now apply the bound of Theorem 6 at
the end. O

9 Proofs for Section 3.2.1

Theorem 5 (CAO-RCD). Assume K C

x™ i [-Ri,R;]. Let iy be a random variable sam-
pled according to the distribution p, and let
A (gt-reit>eit 2 (gt—reit)eit
t - gt -
Pt iy DPt.iy
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be the estimated gradient and estimated gradient pre-
diction. Denote Ag,; = \/ijl(ga,i — Gai)?, and let

n t
T0:t = ZZAM_

=1 s=1

s—1,2 (xi o ms,i)2

be the adaptive regularization. Then the regret of the
resulting algorithm is bounded by:

t=1

T
E lz fe(xe) + () — fe(z) — Ofti/)(x)]

- o [ (g6 — G0)?
<4y S|
i=1 t=1 Pri
Proof. We can first compute that

T nooT
. e, )e; e;)e;
E[gt]Z]E{(gt ir) Zt:| :Z(Qt i) me_:gt
Dty i—1 Pt

and similarly for the gradient prediction g.

Now, as in Corollary 2, the choice of regularization
ensures us a regret bound of the form:

T
E lz fe(we) + () — fi(x) — at"l)(x)‘|

t=1

T
Z Eq, [(9¢,: — gt,i)z]‘|

10 Further Discussion for
Section 3.2.2

We present here Algorithm 5, a mini-batch version of
Algorithm 4, with an accompanying guarantee.

Corollary 6. Assume K C xI'y[—R;,R;]. Let
Uézl{ﬂj} = {1,...,n} be a partition of the
functions fi, and let en, = Zz‘enj €;. De-

\/Za 1 gaz §a7i)2, and let To:t =

note Ag i

Algorithm 5 CAOS-Reg-ERM-Epoch-Mini-Batch

1: Input: scaling constant o > 0, composite term 1),
ro = 0, partitions Ut {IL;} = {1,...,m}.
2: Initialize: initial point z; € K, distribution p;

over {1,...,1}.
3: Sample j; according to pi, and set ¢t = 1.
4: for s=1,...,k: do
5: Compute g = Vf;(z1) Vj € {1,...,m}.
6: fora=1,...,T/k: do
7 Itr mod k = 0, compute g7 = V f;(z4) Vj.
> gl
8: Set g; = % and construct r; > 0.
Jt
9: Sample ji41 ~ pry1-
Yien, 9
10: Set Jppq = —=—a "
Pt
11: Update z;41 = argmin, g, §1.,@ + g;:_lx +

ro.(z) + (t + Da(x) and t =t + 1.
12: end for
13: end for

x5:)? be the adaptive reg-

t A=A 1
PO D e G2

ularization.

Then the regret of Algorithm 5 is bounded by:

E | filw) + a(a) — filz) - Oﬂﬁ(x)]
t=1

k (s—1)(T/k)+T/k

>y %

s=1t=(s—1)(T/k)+1 a=1

2
‘Z]EH gtz gsz

< Xn: 4R;
i=1

Moreover, Zf HVfJHOO
prj = ﬁ yields

83 i RZ\/W

A similar approach to Regularized ERM was developed
independently by (Zhao and Zhang, 2014). However,
the one here improves upon that algorithm through the
incorporation of adaptive regularization, optimistic
gradient predictions, and the fact that we do not as-
sume higher regularity conditions such as strong con-
vexity for our loss functions.

< L; Vj, then setting
a worst-case bound of:
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