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A. Regular expressions

Let Σ = {a, b}. Give regular expressions describing the following languages:

1. The set of strings starting with a and ending with b.

Solution: aΣ∗b.

2. The set of strings containing exactly two a’s.

Solution: b∗ab∗ab∗.

3. The set of strings containing exactly two consecutive a’s.

Solution: (ab + b)∗aa(b + ba)∗.

4. The set of strings that do not contain the sequence ab.

Solution: b∗a∗.

B. Regular languages

Let Σ = {a, b}. Show that the following languages are not regular:

1. L1 = {w ∈ Σ∗ : w = wR}.

Solution: If L1 were regular, then its intersection with a∗ba∗, that is L =
{anban : n ∈ N}, would also be regular. Note that for n 6= m (an)−1L
contains ban but (am)−1L does not contain ban. Thus, there are infinitely
many distinct sets (an)−1L, therefore L is not regular.

2. L2 = {ww : w ∈ Σ∗}.

Solution: If L2 were regular, its intersection with a∗ba∗b, that is L′ =
{anbanb : n ∈ N}, would also be regular. An argument similar to that of
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Figure 1: Minimal deterministic automaton with not deterministic reverse.
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Figure 2: Automaton A.

the previous question, or the observation that L′ = Lb shows that L′ is not
regular.

D. Determinism

Give an example of a minimal deterministic automaton such that the reverse is not
deterministic.

Solution: A minimal example is given in Figure 1.

C. Numbers in base 2

Describe the set of numbers in base 2 represented by the strings accepted by the
automaton A of Figure 2 (give a characterization and prove it).

Solution: The set of numbers in base 2 accepted by A is exactly the set of multiples
of 3. More generally, the numbers m whose representation in base 2 label paths
ending in state q are those such that m ≡ q (mod 3). This more general result can
be proven by induction on the length of x. The property clearly holds for 0. Now
assume that it holds for all strings of length at most n. Let x′ be a string of length
n+1, x′ = xa with a ∈ {0, 1} and m(x) ≡ q mod 3. Consider first the case a = 0
and let m(x) denote the number represented by x. By definition, m(x′) = 2m(x)
thus, m(x′) ≡ 2q (mod 3). By the induction hypothesis, reading x leads to state
q. Since in A, for any q ∈ {0, 1, 2}, the transition labeled with 0 from state q leads
precisely to state 2q (mod 3), this shows that the property holds for x′ if a = 0.
The case a = 1 can be checked in the same way. This result can be extended to
any other number than 3 and to any other basis.
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Figure 3: Deterministic automaton A, L = L(A).

E. Derivatives (bonus question)

Show that the transduction defined by:

τ : Σ∗ → Σ∗

u → u−1L = {v ∈ Σ∗ : uv ∈ L}

is rational if L is a regular language. To do so, you can proceed as follows.

1. Let A = (Q, I, F, E) be a deterministic automaton over the alphabet Σ ac-
cepting L. For any u ∈ Σ∗, let q be the state reached when reading u from
the initial state of A. Show that u−1L is the set of strings labeling paths from
q to F .

Solution: This is clear from the definition of u−1L.

2. Introduce a new alphabet Σ′ copy of Σ, that is Σ′ contains exactly one
symbol a′ for each a ∈ Σ. Let A′ be the automaton obtained from A by
adding a transition (q, a′, q) for each (q, a, q′) ∈ E. Show that the language
L′′ = L(A′) ∩ Σ∗Σ′∗ is regular.

Solution: Since L(A′) is regular, its intersection with the regular set Σ∗Σ′∗

is also regular.

3. Let A′′ be a deterministic automaton accepting L′′. Use A′′ to define a finite-
state transducer T realizing exactly the transduction τ .

Solution: To obtain T , it suffices to replace in A′′ the label a, a ∈ Σ, by a : ε
and a label a′, a′ ∈ Σ′, copy of a, by ε : a. The construction is illustrated by
the Figures 3-6. This is correct because by construction, if a string u ∈ Σ∗

leads to state q in A′′, then the set of strings labeling the paths from q to a
final state with transition labels in Σ′ is precisely a copy of u−1L.
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Figure 4: Deterministic automaton A′.
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Figure 5: Deterministic automaton A′′, L(A′′) = L′′.
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Figure 6: Finite-state transducer T realizing the transduction τ .
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