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1 PROBLEM DEFINITION

Algorithms in computational geometry are usually designed under the Real RAM model. In imple-
menting these algorithms, however, fixed-precision arithmetic is used in place of exact arithmetic.
This substitution introduces numerical errors in the computations that may lead to nonrobust
behaviour in the implementation, such as infinite loops or segmentation faults.

There are various approaches in the the literature addressing the problem of nonrobustness in
geometric computations; see [1] for a survey. These approaches can be classified along two lines:
the arithmetic approach and the geometric approach.

The arithmetic approach tries to address nonrobustness in geometric algorithms by handling
the numerical errors arising because of fixed-precision arithmetic; this can be done, for instance, by
using multi-precision arithmetic [2], or by using rational arithmetic whenever possible. In general,
all the arithmetic operations, including exact comparison, can be performed on algebraic quantities.
The drawback of such a general approach is its inefficiency.

The geometric approaches guarantee that certain geometric properties are maintained by the
algorithm. For example, if the Voronoi diagram of a planar point set is being computed then it is
desirable to ensure that the output is a planar graph as well. Other geometric approaches are finite
resolution geometry [3], approximate predicates and fat geometry [4], consistency and topological
approaches [5], and topology oriented approach [6]. The common drawback of these approaches is
that they are problem or algorithm specific.

In the past decade, a general approach called the Exact Geometric Computation (EGC)
[7] has become very successful in handling the issue of nonrobustness in geometric computations;
strictly speaking, this approach is subsumed in the arithmetic approaches. To understand the EGC
approach, it helps to understand the two parts common to all geometric computations: a combi-
natorial structure characterizing the discrete relations between geometric objects, e.g., whether a
point is on a hyperplane or not; and a numerical part that consists of the numerical representation
of the geometric objects, e.g. the coordinates of a point expressed as rational or floating-point
numbers. Geometric algorithms characterize the combinatorial structure by numerically comput-
ing the discrete relations (that are embodied in geometric predicates) between geometric objects.
Nonrobustness arises when numerical errors in the computations yield an incorrect characteriza-
tion. The EGC approach ensures that all the geometric predicates are evaluated correctly thereby



ensuring the correctness of the computed combinatorial structure and hence the robustness of the
algorithm.

Notation: An expression FE refers to a syntactic object constructed from a given set of operators
over the reals R. For example, the set of expressions on the set of operators {Z, +, —, X, \/} is the
set of division-free radical expressions on the integers; more concretely, expressions can be viewed
as directed acyclic graphs (DAG) where the internal nodes are operators with arity at least one,
and the leaves are constants, i.e., operators with arity zero. The value of an expression is naturally
defined using induction; note that the value may be undefined. Let E represent both the value of
the expression and the expression itself.

2 KEY RESULTS

Following are the key results that have led to the feasibility and success of the EGC approach.

Constructive Zero Bounds: The possibility of EGC approach hinges on the computability of
the sign of an expression. For determining the sign of algebraic expressions EGC libraries currently
use a numerical approach based upon zero bounds. A zero bound b > 0 for an expression F
is such that absolute value |E| of E is greater than b if the value of E is valid and nonzero. To
determine the sign of the expression F compute an approximation E to F such that |E' —E|l < %
if E is valid, otherwise E is also invalid. Then sign of F is the same as the sign of E if |E| > g,
otherwise it is zero. A constructive zero bound is an effectively computable function B from
the set of expressions to real numbers R such that B(FE) is a zero bound for any expression E. For
examples of constructive zero bounds, see [8, 9].

Approximate Expression Evaluation: Another crucial feature in developing the EGC ap-
proach is developing algorithms for approximate expression evaluation, i.e., given an expression F
and a relative or absolute precision p, compute an approximation to the value of the expression
within precision p. The main computational paradigm for such algorithms is the precision-driven
approach [7]. Intuitively, this is a downward-upward process on the input expression DAG; prop-
agate precision values down to the leaves in the downward direction; at the leaves of the DAG,
assume the ability to approximate the value associated with the leaf to any desired precision; fi-
nally, propagate the approximations in the upward direction towards the root. Ouchi [10] has given
detailed algorithms for the propagation of “composite precision”, a generalization of relative and
absolute precision.

Numerical Filters: Implementing approximate expression evaluation requires multi-precision
arithmetic. But efficiency can be gained by exploiting machine floating-point arithmetic, which
is fast and optimized on current hardware. The basic idea is to to check the output of machine
evaluation of predicates, and fallback on multi-precision methods if the check fails. These checks
are called numerical filters; they certify certain properties of computed numerical values, such as
their sign. There are two main classifications of numerical filters: static filters are those that can
be mostly computed at compile time, but they yield overly pessimistic error bounds and thus are
less effective; dynamic filters are implemented during run time and even though they have higher
costs they are much more effective than static filters, i.e., have better estimate on error bounds.
See Fortune and van Wyk [11].



3 APPLICATIONS

The EGC approach has led to the development of libraries, such as LEDA Real and CORE, that
provide EGC number types, i.e., a class of expressions whose signs are guaranteed. CGAL, another
major EGC Library that provides robust implementation of algorithms in computational geometry,

offers various specialized EGC number types, but for general algebraic numbers it can also use
LEDA Real or CORE.

4 OPEN PROBLEMS

1.

An important challenge from the perspective of efficiency for EGC approach is high degree
algebraic computation, such as those found in Computer Aided Design. These issues are
beginning to be addressed, for instance [12].

. The fundamental problem of EGC is the zero problem: given any set of real algebraic

operators, decide whether any expression over this set is zero or not. The main focus here is
on the decidability of the zero problem for non-algebraic expressions. The importance of this
problem has been highlighted by Richardson [13]; recently some progress has been made for
special non-algebraic problems [14].

When algorithms in EGC approach are embedded in larger application systems (such as mesh
generation systems), the output of one algorithm needs to be cascaded as input to another; the
output of such algorithms may be in high precision, so it is desirable to reduce the precision
in the cascade. The geometric version of this problem is called the geometric rounding
problem: given a consistent geometric object in high precision, “round” it to a consistent
geometric object at a lower precision.

. Recently a computational model for the EGC approach has been proposed [15]. The corre-

sponding complexity model needs to be developed. Standard complexity analysis based on
input size is inadequate for evaluating the complexity of real computation; the complexity
should be expressed in terms of the output precision.

5 EXPERIMENTAL RESULTS

None is reported.

6 DATA SETS

None is reported.

7 URL to CODE

1.

Core Library: www.cs.nyu.edu/exact.

2. LEDA: www.mpi-sb.mpg.de/LEDA/.

3. CGAL: www.cgal.org.
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