Index

λ-calculus, 4

AAAS, American Association for the Advancement of Science, 21 AAECC, Applicable Algebra in Engineering, Communication and Computer Science, 21 Abelian group,

congruence, 26 residue class, 26 ACM SIGSAM, Association for Computing Machinery, Special Interest Group on Symbolic and Algebraic Manipulation, 21 ACS, American Chemical Society, 21 Addition algorithm for algebraic numbers, 332 AdditiveInverse algorithm for algebraic numbers, 331 adjoint, 386 admissible ordering, 39, 69

examples, 40 lexicographic, 40 total lexicographic, 42 total reverse lexicographic, 42 ALDES, 8 algebraic cell decomposition, 225 algebraic element, 316 algebraic integer, 298, 316 algebraic number, 298, 316

degree, 319 minimal polynomial, 319 polynomial, 319 algebraic set, 139–140

product, 141 properties, 140–141 algebraically closed field, 138 ALGOL, 13

ALPAK, 8 ALTRAN, 8 AMS, American Mathematical Society, 21 analytical engine, 3 AND-OR tree, 359 APS, American Physical Society, 21 ascending chain, 173 ascending set, 173

ordering, 174 type, 173–174 assignment statement, 15 associate, 201 AXIOM, 8, 9

back substitution, 134 Bézout,

identity, 226 inequality, 182 method of elimination, 296 Boolean, 14 bound variables, 354

CAD algorithm, 351 calculus ratiocanator, 3 CAMAL, 8, 9 Cantorian/Weirstrassian view, 5 cell complex, 352

connectivity graph, 354 cellular decomposition, 337 characteristic set, 20, 167–168, 174 algorithm, 181, 186 complexity, 197 extended, 168, 178 general upper bound, 183 geometric properties, 176 geometric theorem proving, 186 409

410 Index

irreducible, 197–198 zero-dimensional upper bound, 182 characteristica generalis, 3 Chinese remainder theorem, 223 class, 172

degree, 172 coding theory, 10 cofactor, 386 coherence, 6 Collin’s theorem, 352 Colossus, 3 combinatorial algorithms, 4 computable field, 73 computable ring, 72 computational geometry, 4, 297–298, 334 computational number theory, 4, 10 computer-aided design (CAD), 10, 298 blending surfaces, 10 smoothing surfaces, 10 computer-aided manufacturing (CAM),

10, 297 computer vision, 10, 297

generalized cones, 10 conditional and, 15 conditional or, 15 configuration space, 10

forbidden points, 11 free points, 11 congruence, 26 connected component, 336 connectivity, 298

path connected, 336 semialgebraically connected, 336 semialgebraically path connected, 336 content, 205 coprime, 205 coset, 25 cyclic submodule, 52 cylindrical algebraic decomposition,

CAD, 298, 337, 348, 359

data structures, 7 decomposition, 298 DEDUCE, 3 delineability, 339 dependent variables, 141 deque, 14 Detach algorithm, 92 detachability, 71–72, 87–92, 213 correctness, 92 detachable ring, 72 in Euclidean domain, 213 determinant, 386 determinant polynomial, 241–242 Dickson’s lemma, 36–37, 69 differentiation, 239 dimension, 186 discriminant, 225, 240 divisors, 199

common, 200 maximal common, 200 proper, 201

EDVAC, 3 effective Hilbert’s Nullstellensatz, 166 eliminant, 225 elimination ideal, 136–137 elimination theory, 2, 20, 225 ENIAC, 3 Entsheidungsproblem, 3 Euclid’s algorithm, 213, 226 Euclidean domain, 199, 208 Euclidean polynomial remainder sequence, EPRS, 248 Euler’s method of elimination, 296 extended characteristic set, 168, 178– 179 geometric properties, 180 Extended-Euclid algorithm, 214 extension field, 29

factor, 199

proper factor, 201 factorization, 200, 223 field, 14, 29

algebraically closed, 138 characteristic, 29 examples, 29 extension field, 29 multiplicative group of the field, 29 prime field, 29 quotient field, 30 residue classes mod p, Zp, 29 subfield, 29 field of fractions, 30, 197 field of residue classes mod p, Zp, 29 filtration, 69 FindZeros algorithm, 150 finite solvability, 145, 149, 190 FiniteSolvability algorithm, 149 first module of syzygies, 54 for-loop statement, 17 FORMAC, 8 formal derivative, 311 formal power series ring, 70 formally real field, 297, 300 Fourier sequence, 320, 325 free module, 52, 69 free variables, 354 full quotient ring, 30 full ring of fractions, 30 fundamental theorem of algebra, 302

G-bases, 70 gap theorem, 186 Gauss lemma, 211–212 Gaussian elimination, 133 Gaussian polynomial, 320 generalized pseudoremainder, 171, 175 generic point, 197 generically true, 187 geometric decomposition, 198 geometric theorem proving, 10, 198, 297 geometry statement, 187

degeneracies, 187 elementary, 187 greatest common divisor, GCD, 17– 18, 36, 204 polynomials, 226 groups, 14, 24, 69

Abelian, 24 coset, 25 examples, 24 left coset, 25 product of subsets, 25 quotient, 26 right coset, 25 subgroup, 25 symmetric, 24 Gröbner algorithm, 85 Gröbner algorithm, modified, 88, 90 GröbnerP algorithm, 84 Gröbner basis, 20, 23, 44, 69, 79, 84–85 algorithm, 80, 85 applications, 71, 103–108 complexity, 131–132

H-bases, 70 Habicht’s theorem, 274–275 head coefficient, 43, 205 head monomial, 43

examples, 43 head coefficient, 43, 205 head term, 43 head monomial ideal, 44 head reducible, 80 head reduct, 80 head reduction, 71, 80 HeadReduction algorithm, 83 HeadReduction algorithm, modified, 88–90 Hensel’s lemma, 223 Hilbert Basissatz, 69 Hilbert’s basis theorem, 6, 23, 48, 69, 71 stronger form, 102–103 Hilbert’s Nullstellensatz, 13, 134, 142– 143, 182, 226 Hilbert’s program, 3 homomorphism, 31

image, 31 kernel, 31 module, 50

ideal, 23, 28, 69, 139

annihilator, 34 basis, 23, 28 codimension, 141 comaximal, 34 contraction, 32 coprime, 34 dimension, 141

412 Index

extension, 33 generated by, 28 Gröbner basis, 23 Hilbert’s basis theorem, 23 ideal operations, 33 improper, 28 intersection, 33 modular law, 34 monomial ideal, 37 power, 33 principal, 28 product, 33, 71, 103–104 properties of ideal operations, 34 proper, 28 quotient, 34, 103, 106–107 radical, 34 subideal, 28 sum, 33, 103–104 system of generators, 28 zero-dimensional, 145 ideal congruence, 71 ideal congruence problem, 103 ideal equality, 71 ideal equality problem, 103–104 ideal intersection, 103, 105 ideal map, 139 ideal membership, 71 ideal membership problem, 87, 103, 178 prime ideal, 178, 197 using characteristic sets, 178 ideal operations, 33, 103–107 IEEE, The Institute of Electrical and

Electronics Engineers, 21 if-then-else statement, 16 indecomposable element, 200 independent variables, 141 indeterminate, 35 initial polynomial, 173 integral domain, 29 integral element, 316 intersection of ideals, 71 interval, 14, 299

closed, 299 half-open, 299 open, 299 interval representation, 327

IntervalToOrder conversion algorithm for algebraic numbers, 330–331 isolating interval, 324 ISSAC, International Symposium on Symbolic and Algebraic Computation, 21

Kapur’s Algorithm, 192

Jacobian conjecture, 196 Journal of Symbolic Computation, JSC, 21

Laplace expansion formula, 386 least common multiple, LCM, 36, 204 Leibnitz wheel, 3 lexicographic ordering, 40, 136

generalization, 137, 142 lingua characteristica, 3 LISP, 4 loop statement,

until, 16 while, 16

Macdonald-Morris conjecture, 9 MACSYMA, 8, 9 Maple, 9 Mathematica, 9 MATHLAB-68, 8, 9 matrix, 385

addition, 385 adjoint, 386 cofactor, 386 determinant, 386 identity matrix, 386 multiplication, 385 submatrix, 385 matrix of a polynomial, 242 maximal common divisor, 204 mechanical theorem proving, 167 minimal ascending set, 179–180 minimal common multiplier, 204 minimal polynomial, 319 modular law, 34 module, 23, 50, 69

basis, 52 examples, 50 free, 52 homomorphism, 50 module of fractions, 50 Noetherian, 53 quotient submodule, 51 submodule, 51 syzygy, 23, 54 module homomorphism, 50 module of fractions, 50 monic polynomial, 205 monogenic submodule, 52 monomial, 36

degree, 36 head monomial, 43 monomial ideal, 37

head monomial ideal, 44 multiple, 199

common multiple, 200 minimal common multiple, 200 Multiplication algorithm for algebraic numbers, 333 MultiplicativeInverse algorithm for algebraic numbers, 331 muMATH, 9

NewGröbner algorithm, 90 NewHeadReduction algorithm, 88, 90 NewOneHeadReduction algorithm, 88 nilpotent, 29 Noetherianness, 6 noncommutative ring, 69 normal form, 80 Normalize algorithm for algebraic numbers, 329 Nullstellensatz, 13, 134, 142–143, 182, 226

offset surface, 11 OneHeadReduction algorithm, 83 OneHeadReduction algorithm, modified, 88 order isomorphism, 301 order representation, 327 ordered field, 298

Archimedean, 301 induced ordering, 301 ordering, Œ, 171

parallelization, 7 path connected, 336 Pilot ACE, 3 pivoting, 133 PM, 8 polynomial, 35, 36

degree, 35, 36 length, 36 multivariate, 35 ordering, 172 rank, 172 repeated factor, 239 ring, 35 similarity, 247 square-free, 239 univariate, 35 polynomial remainder sequence, PRS, 226, 247–249, 266, 271 Euclidean polynomial remainder sequence, EPRS, 248 primitive polynomial remainder sequence, PPRS, 248 power product, 36

admissible ordering, 39 divisibility, 36 greatest common divisor, 36 least common multiple, 36 multiple, 36 semiadmissible ordering, 39 total degree, 36 prenex form, 356

matrix, 356 prefix, 356 primality testing, 197 prime element, 200

relatively prime, 205 prime field, 29 primitive polynomial, 205–206 primitive polynomial remainder sequence, PPRS, 248 principal ideal domain, PID, 199, 207, 209

414 Index

principal subresultant coefficient, PSC,

252, 266 principal subresultant coefficient chain, 266 product of ideals, 71 PROLOG, 9 proof by example, 186 propositional algebraic sentences, 335 pseudodivision, 168, 169, 173, 226, 244 quotient, 169 reduced, 169 remainder, 169 pseudoquotient, 169, 245 pseudoremainder, 169, 245

homomorphism, 246 pseudoremainder chain, 175 PseudoDivisionIt algorithm, 170 PseudoDivisionRec algorithm, 170

quantifier elimination, 335 queue, 14 quotient,

field, 30 group, 26 of ideals, 71 ring, 30–31 submodule, 51

randomization, 7 real algebra, 301 real algebraic geometry, 20 real algebraic integer, 298, 316 real algebraic number, 298, 316, 347

addition, 332 additive inverse, 331 arithmetic operations, 331 conversion, 330 degree, 319 interval representation, 320, 327 minimal polynomial, 319–320 multiplication, 333 multiplicative inverse, 331 normalization, 328–329 order representation, 320, 327 polynomial, 319 refinement, 328–329 representation, 327 sign evaluation, 328, 330 sign representation, 320, 327 real algebraic sets, 337–338

projection, 339 real closed field, 189, 297, 301 real geometry, 297, 334 real root separation, 320

Rump’s bound, 321 REDUCE, 8, 9 Refine algorithm, 329 reduction, 71, 133 repeated factor, 239 representation, 7 residue class, 26

ring, 31

of Zmod m, 26

resultant, 225, 227, 235, 296

common divisor, 261–262 evaluation homomorphism, 234 homomorphism, 232 properties, 228, 230–231, 260– 262 reverse lexicographic ordering, 40– 41 ring, 14, 23, 27, 69

addition, 27 additive group of the ring, 27 commutative, 27 computable, 72 detachable, 72 examples, 27 of fractions, 30 full quotient ring, 30 homomorphism, 31 multiplication, 27 Noetherian, 28 polynomial ring, 35 quotient ring, 30–31 reduced, 29 residue class ring, 31 residue classes mod m, Zm, 27 strongly computable, 71–72, 102 subring, 27–28 syzygy-solvable, 72

RISC-LINZ, Research Institute for Symbolic Computation at the Johannes Kepler University, Linz, Austria, 21 Ritt’s principle, 178 robotics, 9–10, 297–298, 334 Rolle’s theorem, 305 root separation, 315, 320 RootIsolation algorithm, 324 Rump’s bound, 321

S-polynomials, 55, 71, 75, 79, 133 SAC-1, 8 SAINT, 8 SAME, Symbolic and Algebraic Manipulation in Europe, 21 sample point, 348 SCRATCHPAD, 8, 9 sections, 343 sectors, 343

intermediate, 343 lower semiinfinite, 343 upper semiinfinite, 343 semiadmissible ordering, 39

examples, 40 lexicographic, 40 reverse lexicographic, 40, 41 semialgebraic cell-complex, 337 semialgebraic decomposition, 336 semialgebraic map, 345 semialgebraic set, 298, 334–335 semialgebraically connected, 336 semialgebraically path connected, 336 semigroup, 24 set, 14

choose, 14 deletion, 15 difference, 14 empty set, 14 insertion, 15 intersection, 14 union, 14 SETL, 13 Sign algorithm for algebraic numbers, 330 sign,

assignment, 337 class, 337 invariance, 327 representation, 327 variation, 309 similar polynomials, 247 SMP, 9 solid modeling, 297–298, 334 solvability, 142, 145, 190

finite, 145, 149 Solvability algorithm, 145 solving a system of polynomial equations, 133, 144 square-free polynomial, 239 stack, 14 standard bases, 70 statement separator, 15 Stone isomorphism lemma, 154 stratification, 298 strongly computable ring, 71–72, 102 Euclidean domain, 213 example, 73, 76 strongly triangular form, 135–136 Sturm sequence, 225

canonical, 310 standard, 310 suppressed, 310 Sturm’s theorem, 297, 309, 347 Sturm-Tarski theorem, 309, 314, 330 subalgebra, 69 subfield, 29

examples, 29 subgroup, 25

generated by a subset, 25 normal, 25 self-conjugate, 25 subideal, 103–104 submatrix, 385 submodule, 51

annihilator, 52 cyclic, 52 finitely generated, 52 monogenic, 52 product, 52 quotient, 52 sum, 52 system of generators, 52 subresultant, 225–226, 250

defective, 254 evaluation homomorphism, 277, 279

416 Index

homomorphism, 262–263, 265 properties, 256, 258 regular, 254 relation with determinant polynomial, 254 subresultant chain, 266, 271–272

block structures, 266–267 defective, 266 nonzero block, 267 regular, 266 zero block, 267 subresultant chain theorem, 266, 268–

269, 274, 279, 296 subresultant polynomial remainder sequence, SPRS, 249, 271– 272, 296 subring, 27 successive division, 213 successive pseudodivision, 171 successive pseudodivision lemma, 175 Sycophante, 9 Sylvester matrix, 227 Sylvester’s dialytic method of elimination, 226, 296 Symbal, 9 symmetric group, 24 symmetric polynomial, 226 system of linear equations, 388

nontrivial solution, 388 syzygy, 23, 54, 69

S-polynomials, 55, 71, 75, 79, 133 condition, 57 syzygy basis, 71 syzygy computation, 93–102 syzygy condition, 57 syzygy solvability, 71–72, 93–102, 213, 215 Euclidean domain, 215

Tarski geometry, 189, 354 Tarski sentence, 298, 335, 354 Tarski set, 335 Tarski-Seidenberg theorem, 345 term ordering, 69

Thom’s lemma, 315, 320, 325 total degree, Tdeg, 181 total lexicographic ordering, 42 total reverse lexicographic ordering, 42 transcendental element, 316 triangular form, 135–136, 167 strong, 135 triangular set, 134, 137 triangulation, 298 tuple, 14

concatenation, 14 deletion, 14 eject, 14 empty, 14 head, 14 inject, 14 insertion, 14 pop, 14 push, 14 subtuple, 14 tail, 14

unique factorization domain, UFD, 199, 202, 209 unit, 29 universal domain, 138

valuation, 69 variable, 35 variety, 138 vector space, 50

well-based polynomials, 352 Wu geometry, 189 Wu’s Algorithm, 188 Wu-Ritt process, 168, 179

zero divisor, 29 zero map, 138 zero set, 138, 176 zeros of a system of polynomials, 149– 150