On Immobility

Marek Teichmann & Bud Mishra

December 2, 1998

1 Introduction

The problem of immobilizing an object consists of finding a set of “fingers” whose contact with the object prevents its motion. Various models of immobilization exist and are closely related.

The area of dexterous manipulation studies the problems of grasping, fine-manipulation and control with multi-fingered robot hands (see [Asa79, JWKB84, Oka82, SR81, TB62]. These hands usually consist of a small number (four or five) of articulated fingers, possibly with a palmar surface.

The science and technology of dexterous manipulation, however, are still in their infancy. Many of the grasping and control algorithms for manipulation implicitly assume fairly well-controlled and well-modeled environments: for instance, the algorithms developed by [TAP87] is strongly dependent on availability of gravitational force. In an attempt to develop schemes that work in more general situations, researchers have begun to study the underlying mathematics; these results are somewhat theoretical in nature and assume a rather idealized hand.

In manufacturing, fixtures and other workholding devices need to be placed so as to secure the stock to the tool base and withstand high cutting loads while machining takes place [HW90].

Similar problems can be posed in a geometric setting. A set of points is placed in R and the points are forbidden to penetrate the interior of the object. Questions such as how many points are needed and how should they be placed arise. The techniques used to solve these problems bear much similarity to those used in grasping theory.

Here we shall attempt to survey some of the results, investigate the techniques employed and pose some of the open problems.

This paper is organized as follows: section two describes the basic theory and terminology related to grasping. Section three discusses the techniques employed in analysis and synthesis of positive grips. Section four introduces the concept of grasp efficiency and discusses attempts to obtain optimal grips under various definitions of optimality. Section five mentions some problems related to finite immobility. A concluding section describing the future research follows.

2 Grasping: Terminology and Theory

Consider an idealized robot hand, consisting of several independently movable force-sensing fingers; this hand is used to grasp a rigid object B. Furthermore, we make the following simplifying assumptions:

• (Smooth Body) B is a full-bodied (i.e. no internal holes) compact subset of the Euclidean 3-space. Furthermore, B has a piece-wise smooth boundary ∂B.

• (Point Contact) For each finger-contact on the body, we may associate a nominal point of contact, p ∈ ∂B. We let ∂B^∗ denote the set of points p ∈ ∂B such that the direction n(p) normal to ∂B at p is well-defined; by convention, we pick n(p) to be the unit normal pointing into the interior of B.

For each such point p, we can define a wrench system {Γ^{(1)}(p), Γ^{(2)}(p), . . ., Γ^{(m)} (p)}, (0 ≤ m ≤ 6), where the number and screw-axes of the wrench system depend on the contact type. Some of these wrenches can be bisense (i.e. can act in either sense) and the remaining wrenches, unisense. (For a discussion of screw theory, and in particular, wrenches and twists, see [Hun78] and [Ohw80].)

• (Compliance) We will consider the case when the fingers are stiff—the force/torques applied at the fingers are generated by some actuators whose mechanics need not concern us.

Many interesting special cases occur, depending on how we model the static friction and the stiction between the fingers and the body B. In the case, where the contacts are frictionless, a finger can only apply force f on the body in the direction n(p) at the point p. Also if the fingers are non-sticky, then the force f has a non-negative magnitude, f = f · n(p) ≥ 0. Such grips are also known as ‘positive grips’. In this case, the wrench system associated with each point is:

Γ(p) = {[n(p), p × n(p)]}

Thus, corresponding to a set of finger-contacts, we have a system of n wrenches,

{w_1, . . . , w_k, w_{k+1}, . . . , w_n} ,

the first k of which are bisense and the remaining last n − k of the wrenches are unisense. Let us assume that the magnitudes of these wrenches are given by the scalars f_i’s {f_1, . . ., f_k, f_{k+1}, . . . , f_n} , where f_1, . . ., f_k ∈ R and f_{k+1}, . . ., f_n ∈ R_+, and not all the magnitudes are zero. We call such a system of wrenches and the wrench-magnitudes, a grip, G, and say that this grip G generates an external wrench w = [F_x, F_y, F_z, τ_x, τ_y, τ_z] ∈ R^⋪, if w = n∑ i=1 f_i w_i.

Next, we consider the concept of a closure grasp: A system of wrenches w_1 , . . ., w_n (as before) is said to constitute a force/torque closure grasp if and only if any arbitrary external wrench can be generated by varying the magnitudes of the wrenches (subject to the constraints imposed by the senses of the wrenches). A necessary and sufficient condition for a closure grasp is that the (module) sum of the linear space spanned by the vectors w_1, . . ., w_k and the positive space spanned by the vectors w_{k+1}, . . ., w_n is the entire R^⋪:

lin (w_1, . . . , w_k) + pos (w_{k+1}, . . . , w_n) = R^⋪.

Let us denote, by L, the linear space lin (w_1 , . . ., w_k), and, by L^⊥, the orthogonal complement of L in R^⋪. Let π be the linear projection function of R^⋪ onto L^⊥ whose kernel is L. Then it can be shown that a necessary and sufficient condition for a closure grasp is

lin (w_1, . . . , w_k) + pos (πw_{k+1}, . . . , πw_n) = R^⋪.

The above equation in turn is equivalent to the following conditions:

0 ∈ int conv (πw_{k+1}, . . . , πw_n)

in L^⊥. Here, if k = 0 (i.e. positive grip) then the above condition reduces to the following:

0 ∈ int conv (w_1, . . . , w_n) .

At this point, we emphasize that the above formulation has turned a problem in mechanics into a purely geometric problem, now amenable to many interesting techniques in convexity theory and computational and combinatorial geometry. This observation has been most fruitfully exploited in the work of [MSS87] and [MS89].

Form closure

Another approach to immobility is that first introduced in [Lak78] and further examined in [Ohw80].

Each wrench associated with a contact point reduces the set of possible twists that the body can undergo. The remaining twists are exactly those whose virtual coefficient with any wrench is non-negative, since otherwise the virtual work done by such twists would be negative.

A set of twists associated with the contacts constitutes a form closure if any arbitrary twist d is resisted by the set of contacts, i.e. if d is non-reciprocal to some w_i (i = 1 . . . k) or contrary to some w_j (j = k + 1 . . . n). This is in turn equivalent to

∀d^′ ∈ R^⋪ w_ℶ ·^′ = 0 1 ≤ i ≤ k implies

w_j · d^′ = πw_j · d^′ < 0 for some j, k + 1 ≤ j ≤ n.

The last equation is equivalent to

πw_j · d^′ ≥ 0 k + 1 ≤ j ≤ n is unsolvable

which can be shown [Chv83] to be equivalent to

pos(πw_{k+1}, . . . , πw_n) = L^⊥

Hence form closure, also referred to as zero total freedom, and force closure are equivalent.

Finite immobility

A different concept of immobility, of more geometric flavor, has recently been introduced by Kuperberg [Kup90], and discussed in [O’R90b] and [CSU90]. A set of points I in R^⊯ is said to immobilize an object B if any rigid motion of the object causes at least one point of I to penetrate the interior of B.

Czyzowicz, Stojmenovic and Urrutia [CSU90] establish that four points suffice to immobilize any object in the plane, and 2d points are sufficient in R using techniques such as finding the largest sphere inscribed inside the object. The arguments bear some similarity to those used in [BFG85] and [MNP90] to show analogous results about the number of fingers required for closure grasps (see below.)

In fact, the number of points necessary to finitely immobilize an object is no greater that the number of fingers required for a form closure grasp of this object.

In the plane, this can be seen as follows. It is well known that any planar displacement can be regarded as a rotation about a center of rotation (potentially at infinity for translations.) Let p be the contact point between a finger and the object B, let n(p) be the outward pointing normal to B at p and n^′(p) be n(p) rotated counterclockwise by π/2. Then the set of rotation centers around which clockwise rotations are permitted by p is {x ∈ R^⊭ : n^′(p) · px ≥ 0}.

Under the finite immobility model, and for immobilizing points only on regular points of ∂B, the set of rotation centers lying on the relatively open half-line h from p towards the interior of B is not included in the set H^′ of centers of allowed rotations, i.e. H^′ = H \ h. Therefore the finite model is less restrictive in the plane, and the same situation occurs in

R^⊯. In addition, allowing immobilizing points on singular points of ∂B (i.e. vertices and

edges, etc.) may reduce the number of fingers required.

We can summarize the relationship between the various definitions of immobility as follows.

Force Closure ⇐⇒ Form Closure =⇒ Finite Immobility

where Def A =⇒ Def B means if a body is immobilized by n fingers under Def A then it can be immobilized by n or fewer fingers under Def B.

3 The case of a Positive Grip

In order to obtain a particular grasp on an object, it must be determined if that grasp is achievable. It is for this reason, researchers have studied the question of how many fingers (wrenches) are required to obtain certain grasps on the object.

Reuleaux and Somoff determined that the closure grasp of a two dimensional object requires at least four forces and of a three dimensional object requires at least seven, where the forces are normal to the surface of the object.

Mishra, Schwartz, and Sharir [MSS87] gave the most general bounds on the number of fingers in the case of a positive grip. In this section, we briefly describe their techniques.

Recall that a non-frictional grip is called a positive grip. Note that, in this case, the fingers are assumed to be point fingers, a finger can only apply a force on the object along the surface-normal at the point of contact, directed inward. In this situation, we have a wrench map, Γ, mapping ∂B^∗ into the six-dimensional wrench space R^⋪ as follows:

Γ: ∂B^∗ → R^⋪ : p → [n(p), p × n(p)].

Essentially, Γ maps p to the point Γ(p) in the wrench space that represents the effects of applying a unit force at p in the direction n(p).

Now, given an arbitrary compact rigid object B whose piece-wise smooth surface ∂B is not a “surface of revolution,” the following can be shown.

B can be held with a closure grasp by a positive grip of at most twelve fingers.

The assumption that ∂B is not a surface of revolution is essential, since, in the absence of friction, no matter how many fingers are employed the object can always be rotated about its axis of symmetry.

By virtue of the discussion of the previous section, we only need to show that ( ∃ p_1, . . . , p_k ∈ ∂B^∗, k ≤ 12 ) [ 0 ∈ int conv ( Γ(p_1), . . . , Γ(p_k) )] . The proof is in two steps: (1) We claim that 0 ∈ int conv Γ(∂B^∗).

Using Gauss’ divergence theorem, we see that [∫ ∂B^∗ n(p) dS, ∫ ∂B^∗ (p × n(p)) dS ] = 0,

i.e.

0 ∈ conv Γ(∂B^∗).

Thus, it remains to show that the origin is indeed an interior point of the convex hull; assume to the contrary. Then it can be shown that there is a nonzero vector g = [F, τ ] ∈ R^⋪ orthogonal to the linear subspace spanned by Γ(∂B^∗). Thus, for each function c(p) we have ∫ ∂B^∗ c(p) [(F + τ × p) · n(p)] dS = 0.

In particular, substitute the function c(p) = (F + τ × p) · n(p) into the last equation, to deduce that (F + τ × p) · n(p) must be identically 0 over ∂B^∗. But, this is possible only in the case when the surface of B is a surface of revolution.

(2) The rest follows by an application of the following theorem from combinatorial geometry:

Steinitz’s Theorem. [Ste] If X ⊆ R and p ∈ int conv X, then p ∈ int conv Y for some Y ⊆ X with |Y | ≤ 2d. Our main result then follows from Steinitz’s Theorem, once we identify X with Γ(∂B^∗), and Y with the set {Γ(p_1), . . . , Γ(p_k)} , with k ≤ 2 × 6 = 12.

Other results

For certain types of object, it can be shown that 7 fingers are sufficient thus closing the gap between the bounds for those objects.

For convex polyhedral objects with n vertices, Meyer [Mey90] provides an O(n^{3/2} √ ( log n)) algorithm to find a seven finger closure grasp. The construction proceeds as follows.

First, the two vertices which are endpoints of a diameter of the object are found. Then near each of those vertices, a small sphere is found so that it touches three of more faces adjacent to the corresponding diameter vertex.

Let the centers of the spheres be called c_l and c_h respectively, and assume c_l is the origin and c_h has coordinates (0, 0, 1). Also let C_l (resp. C_h) be the convex cone generated by the outward pointing normals of the faces touching the sphere with center c_l (resp. c_h). They are the convex hull of their extreme rays. It is shown that c_l and c_h can be chosen so that c_h − c_l ∈ int C_h ∩ int (−C_l). Then using a planar version of Steinitz’ theorem applied to the intersection of a convex cone and a plane, three normals n(p_i), 1 ≤ i ≤ 3 (resp. 4 ≤ i ≤ 6) can be chosen out of the extreme rays of C_l (resp. C_h) such that c_h − c_l ∈ int pos (n(p_1), n(p_2), n(p_3)), (resp. c_l − c_h ∈ int pos (n(p_4), n(p_5), n(p_6)). Some perturbation of c_h might be required in degenerate case.

Thus the six normals satisfy

∑_3

1 α_in_i +

∑_6 4 α_in_i = 0, for some α_i > 0. Now consider the torque space. Since the forces at p_1, p_2, p_3 (resp. p_4, p_5, p_6) are concurrent at c_l = 0, (resp. c_h), we have_3 ∑ i=1 α_i(p_i × n_i) = 0

and_6 ∑ i=4 α_i(p_i × n_i) = 6∑ i=4 α_i(c_h × n_i) = c_h × 6∑ i=4 α_in_i = c_h × (c_h − c_l) = 0.

Hence

∑_6 1 α_iΓ(p_i) = 0, α_i > 0 and {p_i, . . . , p_6} constitutes an equilibrium grasp.

To obtain a closure grasp, one of the points, say p_6 is replaced by p_6 +u and p_6 −u. Since u has a two dimensional set of possibilities, it can be shown that there is a u such that Γ(p_1), Γ(p_2), . . . , Γ(p_5), Γ(p_6 +u) are linearly independent. Then since^1_2 Γ(p_6 +u)+^1_2 Γ(p_6 −u) = Γ(p_6), we have_5 ∑ 1 α_iΓ(p_i) + α_6 2 Γ(p_6 + u) + α_6 2 Γ(p_6uu) = 0.

By a theorem on non-negative basis [GT56] the seven wrenches positively span R^⋪ and we have a force/torque closure grasp.

Markenscoff, Ni and Papadimitriou [MNP90] also have a similar result for more general objects without rotation symmetry. Their proof also uses a perturbation argument but is sketchy and the statement of their main theorem appears incomplete.

Algorithmic Techniques

Given the bounds on the number of fingers, and a polyhedron P of n faces, we wish to find a set of fingers and force targets that will produce a force-torque closure grasp.

Meyer’s algorithm has been briefly described in the previous section. The complexity of the algorithm is due mainly to finding the diameter of the convex polyhedron. It would be interesting to determine whether another pair of vertices that is not so hard to find might suffice.

Mishra, Schwartz and Sharir [MSS87] have a more algebraic algorithm for any polyhedral object which has two phases. The first phase finds a set of O(n) fingers forming a force-torque closure grasp. The second then reduces the number of fingers to a constant number.

In the first phase, three triangular regions, each on a different face of P and adjacent to the same vertex are found and each is further subdivided into three triangular regions whose centroids are not collinear. Let N = O(n) be the number of triangular regions on ∂P . Let p_i be the centroid of region i and α_i be its area. Then it follows from the argument above involving Gauss’ divergence theorem that N∑ 1 α_iΓ(p_i) = 0. (1)

We therefore have a positive grip with force targets α_i, which can clearly be found in O(n) time.

Assuming p_i, 1 ≤ i ≤ 9, belong to the three subdivided faces, it is shown for any wrench w that w ∈ Lin ( Γ(p_1), . . . , Γ(p_9) ) . Hence 9∑ 1 β_iΓ(p_i) = w (2)

for some β_i. Now since α_i > 0, we can add a sufficiently large multiple of (1) to (2) to obtain w ∈ pos ( Γ(p_i), . . . , Γ(p_N ) ) as required for a closure grasp.

Phase two is accomplished by eliminating fingers until the required number k given by the bounds is reached.

We start with the equation

α_1Γ(p_1) + · · · + α_N Γ(p_N ) = −(Γ(p^′_1) + · · · + Γ(p^′_6)) = αv,

where {p^′_1, . . ., p^′_6} ⊆ {p_1, . . ., p_9} and Lin ( Γ(p^′_1), . . . , Γ(p^′_6) ) = R^⋪. Initially, α = 1. Each

phase of elimination proceeds as follows: Assume Γ(p_1), . . . , Γ(p_6) are linearly independent. Then there exist β_1, . . ., β_6 such that β_1Γ(p_1) + · · · + β_6Γ(p_6) = v. Assume that at least one β_i < 0, since otherwise we have found the desired α^′_i = β_i. Put γ = max_{βi<0} (_{αi} β_i ) < 0, and assume γ = α_1/β_1. Let α^′_i = α_i − γβ_i for 1 ≤ i ≤ 6. Then

α^′_1Γ(p_1) + · · · + α^′_6Γ(p_6) + α_7Γ(p_7) + · · · + α_N Γ(p_N ) = (α − γ)v

Since α^′_1 = 0, α^′_2, . . . , α^′_6 ≥ 0 and (α − γ) > 0 we have reduced the number of vectors by at least one. Note that this procedure is reminiscent of the pivoting done in the Simplex method in that we reach lower dimensional facets of the bounding polyhedron at each step.

The other case of Γ(p_1), . . . , Γ(p_6) linearly dependent is similar. Therefore in O(n) time, a twelve fingered closure grasp can be found.

Friction and other contact types

The number of fingers necessary for a closure grasp can be reduced in the presence of friction. Usually the Coulomb friction model for the surface contacts is assumed. A friction cone is associated with each contact, and the line of action of the force transmitted through the contact must lie within this cone.

In the plane, only three fingers are required for form closure and in R^⊯, form closure is possible with four fingers, and these numbers are also lower bounds.

Let ρ > 0 be the friction coefficient. Form closure with n fingers under friction occurs when any arbitrary external wrench can be expressed as w = n∑ i=1 f_i [ w_i + (n^′_i, n^′_i × p_i) ] , (3)

where f_i ≥ 0 and n^′_i is normal to n(p_i) with |n^′_i| ≤ ρ, (1 ≤ i ≤ n).

Markenscoff, Ni and Papadimitriou show the upper bound as follows. They first establish [MNP90, lemma 9] that a given gwasp with positively independent finger wrenches is a form closure under friction coefficient ρ > 0 if and only if it is a form closure with unbounded friction coefficient.

To see the if part, let 3 hold for any arbitrary wrench w. By positive independence, there are positive numbers g_i, 1 ≤ i ≤ n, such that W = ∑_n 1 g_iw_i = 0. Let h = max_i(f_i|n^′_i|/(g_iρ)) and f^′_i = f_i + g_ih. Then, adding h multiples of W to (3) we get, w = n∑ i=1 f^′_i [ w_i + f_i f^′_i (n^′_i, n^′_i × p_i) ] .

So n^′_i can be replaced by n^{′′}_i = n^{′i}_{1+gih} with |n^{′′}_i | ≤ ρ as required. This process can however substantially increase the internal forces g_i.

The proof here is similar in spirit to the one given in [MNP90] and proceeds by again finding the largest sphere inscribed in the body. In general, this sphere touches the body at four points (three in the plane) at which the normals are positively spanning. The fingers are placed at those points and force closure is attained. Torque closure is obtained using only tangential forces due to friction. Assume the center of the sphere to be the origin. Let n_i, 1 ≤ i ≤ 4, be the normals at the contact points p_i, with n_1, n_2 and n_3 linearly independent. Then put n^′_i = n_i × n_{i mod 3+1}, 1 ≤ i ≤ 3. The unit wrenches corresponding to forces along n_i are w_i = (0, −n_i × n^′_i) since p_i = −|p_i|n_i. An elementary calculation shows that n_i × n^′_i, 1 ≤ i ≤ 3 are linearly independent. Hence {w_1, w_2, w_3} generates the space of pure moments.

The other cases of fewer contact points between the sphere and the body are treated similarly, and form closure with friction is achieved. Hence

Any three dimensional object can be held with a closure grasp under friction by a positive grip of four fingers.

There are other contact types that should be included in the study of form closure grasps. Contacts such as line contacts, planar contacts, both frictional and non frictional, are described by Salisbury [MJKS85]. There are also different models of friction for materials such as rubbers, which usually display a coefficient of friction that varies as a function of the normal force [CAHK87]. Algorithms need to be developed for finding good grasps using those more general contact types.

4 Efficiency of a Closure Grasp

The techniques of the previous sections yield a method to synthesize at least one closure grasp of an object. However, in the absence of any measure of “goodness” for closures grasps, the synthesized grasp may not be very robust, thus, not useful in practice. This has motivated further research that attempts to quantify the goodness of closure grasps and to synthesize provably good closure grasps [KMY90].

One criterion for goodness is the “efficiency” of a grasp, which roughly measures the amount of external force and torque that can be resisted by applying at most a unit of force at each grasp point. Kirkpatrick, Mishra and Yap [KMY90] have shown that this efficiency metric can be derived from a stronger quantitative version of the Steinitz’s theorem. Before we explore this connection, we need to introduce few notations, as follows.

For any set X ⊆ R, let the residual ball of X refer to the maximal ball B(X) centered at the origin 0 such that B(X) is fully contained inside the convex hull of X. The residual radius of X, denoted r(X) is the radius of this residual ball B(X). Let r_d(m, X) = max {r(Y ): Y ⊆ X and |Y | ≤ m} , r_d(m) = min {r_d(m, X): X ⊆ R and r(X) ≥ 1} .

In the notation, we shall omit the subscript d, if the dimension is clear from the context. (In this paper, the interesting case is d = 6.) Thus the original Steinitz’s theorem can now be interpreted to say that r_d(2d) > 0. A quantitative version of Steinitz’s theorem provides more precise bounds for the number r_d(m), when m ≥ 2d.

Now, the achievable efficiency of a closure grasp with a m-fingered positive grip for a body B can seen to be the value, r_6(m, Γ(∂B^∗)). To see this, note that if we choose m points in Γ(∂B^∗) with residual radius r then any wrench vector v whose Euclidean norm is at most r can be written as a convex combination of the m chosen points. So if v is any external wrench that is applied to the body B, and v lies in the residual ball of radius r, we can resist this external wrench by applying suitable forces (of magnitude at most 1) at the grasp points such that these forces sum to −v; hence, we maintain the body in equilibrium. Thus, we see that the quantity r_6(m) gives a universal measure for the efficiency of a closure grasp with m ≥ 12 fingers. The special case, where m = 2d had been studied by Bárány, Katchalski and Pach [BKP82]; they showed that r_d(2d) > c (2ed)^{⌊d/2⌋}d^2 . These results seem to indicate that a twelve-finger positive grip, while sufficient to provide a closure grasp, may not be adequate to achieve a desirable efficiency. Kirkpatrick, Mishra and Yap [KMY90] have provided the following general bounds:

For any set X ⊆ R whose convex hull contains the unit ball B^d centered at the origin 0, we can find a set Y ⊆ X of at most m points with residual radius r(Y ) of at least 1 − 3d ( 2d^2 m ) 2_{d−1} , where m is assumed to be sufficiently large.

Furthermore, let X ⊆ R be the set of all points on the surface of the d-dimensional unit ball centered at the origin 0. Then, every subset Y ⊆ X of at most m points has a residual radius r(Y ) of at most 1 − 1 17 ( 2d^2 m ) 2_{d−1} .

In summary, for sufficiently large m (m ≥ 13^dd^{(d+3)/2}) 1 − 3d ( 2d^2 m ) 2_{d−1} ≤ r_d(m) ≤ 1 − 1 17 ( 2d^2 m ) 2_{d−1} . This indicates an interesting trade-off between efficiency of a closure grasp and the number of fingers.

Another negative result has been shown by Meyer [Mey90] who shows that a hand with seven fingers, and a limit of 1 on the magnitude of forces it can apply, is weak in the following sense.

Let a hostile finger push on the body B at point p_h. Let λ(p_h) be the maximum magnitude of the hostile finger force which can be opposed by the grasp. Then the strength of the grasp is s = minp_{h ∈∂B}[λ(p_h)].

Meyer proposes a family of rectangular parallelipipeds with one side of unit length and two smaller sides of length ϵ. He shows the strength is bounded by 5 √ 2ϵ for any given grasp, i.e. arbitrarily small.

The basic idea is that there must be two parallel faces with only one finger on each face, then the hostile finger can push in a direction perpendicular to those faces and produce sufficient torque.

Meyer’s efficiency measure is similar to the preceding one, but takes into account the geometry of the object. However wrenches such as those due to acceleration are not considered.

Thus, it is dubious whether closure grasps can be employed in practice to implement control algorithms for dextrous manipulation, where no regrasping is necessary during the entire task execution.

However, if one allows large number of fingers, or allows frictional and/or soft contact models, there is a possibility for synthesizing moderately efficient closure grasps. Kirkpatrick et. al. have provided certain approximation algorithms for these problems and some related computational geometric problems. However, still much research is needed to provide practical algorithms.

Optimization

Ideally, one would like to produce grips that use both small forces and require low friction coefficients. These grips should of course be stable and withstand outside forces that depend on the manipulation task. Some of these conflicting goals have been considered, mostly in two dimensions.

In the case of three fingered grasps of planar polygonal objects, Markenskov and Papadimitriou [MP89] find a grasp that minimizes the forces required to balance a force along the third dimension applied to the center of gravity. This is done using frictional forces along the third dimension. Frictional forces in the plane are not considered. The forces are applied perpendicularly to the sides of the polygon and their lines of action meet at a point. The function minimized is a non-decreasing function of the forces, and in the presence of reflex vertices, the angles between their lines of action are minimized. This is done numerically.

Their procedure must however be repeated O(n) times, where n is the number of sides of the polygon, to find the overall optimum.

They also define and optimize the following simplified version of form closure. A set of fingers achieves form semiclosure of a polygon if any wrench through the center of gravity can be balanced by positive forces normal to the perimeter. To find such a set of fingers that minimizes the forces required to balance a unit wrench, they formulate an optimization problem which is then solved using linear programming and binary search. This optimization procedure must again be applied for all quadruples of sides.

Ji and Roth [JR88] consider three fingered grasps in three dimensions, but have a reduction of the problem to two dimensions for most cases. The plane considered is the one containing the three finger contact points. They assume that the fingers are given, but their angle can vary, subject to the restrictions imposed by the friction cones. These angles are chosen so that the dependence of the internal forces on friction is minimized. It is shown using a geometric argument that this occurs when the angles between the lines of action and the normals at the corresponding points are equal. In addition, the relative magnitude of the forces is computed using the sine law applied to the force triangle. These can then be varied as needed to help resist disturbances and form a secure grasp.

Another approach, that of minimizing the friction coefficient μ needed to obtain an equilibrium grasp of a polygon, was taken by Schwartz and Sharir [SS87]. They consider the case of n fixed finger contacts, and compute the smallest friction coefficient μ^∗ that allows a such a grasp. The force f_i applied by finger i at point p_i must belong to the cone spanned by two vectors v^+_i (μ) = n_i + μt_i and v^−_i (μ) = n_i − μt_i for all i, where t_i is the unit tangent at p_i. The condition to be satisfied is n∑ i=1 α^+_i u^+_i (μ) + n∑ i=1 α^−_i u^−_i (μ) = 0

where u^+_i (μ) (resp. u^−_i (μ)) is the three dimensional vector (v^+_i , (v^+_i ×p_i)_3) (resp. (v^−_i , (v^−_i × p_i)_3)) and α^+_i , α^−_i ≥ 0 for all i. Since the α_i’s can be normalized, we wish to express the origin as a convex combination of the vectors above. Given an optimal friction coefficient μ^∗, the force targets would then be f_i = ∑_n 1 α^+_i u^+_i (μ^∗) + ∑_n 1 α^−_i u^−_i (μ^∗).

Let C(μ) = conv (p_i : 1 ≤ i ≤ n). This set has the property of growing as μ is increased. If the exists a frictional grip with the contact points specified, the for μ sufficiently large, 0 ∈ C(μ). The optimal value of μ occurs at the point where the boundary of C(μ) reaches the origin. Whether 0 lies in C(μ) can be checked by solving a linear program. This can be done in O(n) time [Meg84]. A sophisticated searching procedure [Meg83] is used to find the optimum. These techniques exhibit very large constants in their running time and are not usable in practice, and simpler algorithms would need to be used.

They extend their technique to allow the points to be placed anywhere on selected edges of the polygon.

The results described above use linear programming, geometry and optimization techniques to obtain good grasps under various restrictions and various definitions of goodness. It would be interesting to extend those techniques to three dimensions and be able to optimize an efficiency measure that achieves a balance of the goals, balance that depends on the manipulation task at hand.

5 Finite Immobility

In the context of geometric immobility, issues such as efficiency do not arise as naturally. However, it remains open whether it is possible to determine the optimal number of points that can immobilize a given polygon in less than the trivial O(n^3) time remains open [O’R90a], as does the analogous problem in d dimensions.

The largest inscribed sphere used in [CSU90] provides immobilizing sets but all such sets are not necessarily obtained in this manner. A first step in this direction has recently been made in [Tei91]. For polygons of n vertices, an O(n^2 log n) time algorithm is given to find the optimal number of immobilizing points that are not vertices.

In fact even testing for immobility in the geometric model is more difficult than in the physics based model. A simple construction establishes a connection between testing for finite immobility and the problem of testing whether a graph, realized by rigid rods connected at the vertices is rigid. This problem is described by Roth in [Rot81]. The same construction seems to establish a similar connection between force/torque closure and infinitesimal graph rigidity. The latter can be easily tested by computing the rank of a certain matrix derived from the graph. But again, “rigidity” is harder to test for than “infinitesimal rigidity”.

7 Conclusion and Future Research

So far, we have only discussed the static problems (i.e. grasping) in dexterous manipulation. There are still a large number of exciting and challenging questions related to the dynamic aspects of dexterous manipulation. Examples of such questions include fine-manipulation of objects by continuous finger-gaiting [HLMT90], dexterous adjustment of grasp configuration [LCS89], prehension strategy and motion planning [SHS86, SY87] and controlled motion of grasped object [LHS89].

A variety of issues involving high-level task planning remain largely unexplored. A thorough understanding of these questions are crucial to bring the science of dexterous manipulation into practice.

References

[Asa79] Haruhiko Asada. Studies on Prehension and Handling by Robot Hands with Elastic Fingers. PhD thesis, Kyoto University, Japan, 1979.

[BFG85] B.S. Baker, S. Fortune, and E. Grosse. Stable Prehension with three Fingers. In ACM symp. on the Theory of Computing, pages 114–120, 1985.

[BKP82] Imre Bárány, Meir Katchalski, and János Pach. Quantitative Helly-type Theorems. Proc. AMS, 86:109–114, 1982.

[CAHK87] M.R. Cutkosky, P. Akella, R. Howe, and I. Kao. Grasping as a Contact Sport. In Fourth International Symposium on Robotics Research, Santa Cruz, California, August 1987.

[Chv83] Vašek Chvátal. Linear Programming. W.H. Freeman and Company, New York, 1983.

[CSU90] J. Czyzowicz, I. Stojmenovic, and J. Urrutia. Immobilizing a Shape. Technical Report RR 90/11–18, Université du Québec à Hull, Québec, 1990.

[GT56] A.J. Goldman and A.W. Tucker. Polyhedral Convex Cone, pages 19–40. Princeton University Press, 1956. Linear Inequalities and Related Systems, (Ed. H.W. Kuhn and A.W. Tucker.

[HLMT90] Jiawei Hong, Gerardo Lafferriere, Bhubaneswar Mishra, and Xiaonan Tan. Fine Manipulation with Multifinger Hands. In 1990 IEEE International Conference on Robotics and Automation, pages 1568–1573, May 1990.

[Hun78] K.H. Hunt. Kinematic Geometry of Mechanisms. Clarendon Press, Oxford, 1978.

[HW90] F. Brack Hazen and Paul Wright. Workholding Automation: Innovations in Analysis, Design and Planning. Manufacturing Review, 3(4):224–237, December 1990.

[JR88] Z. Ji and B. Roth. Direct computation of grasping forces for three–fingered tip– prehension grasps. Journal of Mechanisms, Transmissions, and Automation in Design, 110:405–513, December 1988.

[JWKB84] S.C. Jacobsen, J.E. Wood, D.F. Knutti, and K.B. Biggers. The Utah/MIT Dexterous Hand: Work in Progress. International Journal of Robotics Research, 3(4):21–50, 1984.

[KMY90] D. Kirkpatrick, B. Mishra, and C. Yap. Quantitative Steinitz’s Theorem with Applications to Multifingered Grasping. In Proceedings of the Twenty-Second ACM Symposium on Theory of Computing, pages 341–351, Baltimore, Maryland, May 1990. (To appear in Discrete & Computational Geometry, in press, 1991).

[Kup90] Wlodzimierz Kuperberg. Dimacs workshop on Polytopes. Rutgers University, January 1990.

[Lak78] K. Lakshminarayana. The mechanics of form closure. ASME 78-DET-32, 1978.

[LCS89] Zexiang Li, John Canny, and Shankar Sastry. On Motion Planning for Dextrous Manipulation, Part I: The Problem Formulation. In Proceedings of the IEEE International Conference on Robotics and Automation, 1989.

[LHS89] Zexiang Li, Ping Hsu, and Shankar Sastry. On Grasping and Coordinated Manipulation by a Multifingered Robot Hand. International Journal of Robotics Research, 8(4):31–50, 1989.

[Meg83] Nimrod Megiddo. Applying parallel computation algorithms in the design of serial algorithms. Journal of the ACM, 30:852–866, 1983.

[Meg84] Nimrod Megiddo. Linear programming in linear time when the dimension is fixed. Journal of the ACM, 31(1):114–127, 1984.

[Mey90] W. Meyer. Seven Fingers Allow Force-Torque Closure Grasps on Any Convex Polyhedron. Grumman Data Systems and Adelphi University, Submitted to Algorithmica, March 1990.

[MJKS85] Matthew T. Mason and Jr. J. Kenneth Salisbury. Robot Hands and the Mechanics of Manipulation. MIT Press, 1985.

[MNP90] Xanthippi Markenscoff, Luqun Ni, and Christoph H. Papadimitriou. The Geometry of Grasping. The International Journal of Robotics Research, 9(1), February 1990.

[MP89] X. Markenscoff and C.H. Papadimitriou. Optimum grip of a polygon. Int. J. of Robotics Research, 8(2):17–29, April 1989.

[MS89] Bud Mishra and Naomi Silver. Some discussion of static gripping and its stability. IEEE Transactions on Systems, Man and Cybernetics, 19:783–796, July/August 1989.

[MSS87] B. Mishra, J.T. Schwartz, and M. Sharir. On the Existence and Synthesis of Multifinger Positive Grips. Algorithmica, 2:541–558, 1987.

[Ohw80] M.S. Ohwovoriole. An Extension of Screw Theory and its Applications to the Automation of Industrial Assemblies. PhD thesis, Stanford Artificial Intelligence Laboratory, Stanford University, California, April 1980.

[Oka82] T. Okada. Computer Control of Multi-Jointed Finger System for Precise Object Handling. IEEE Transactions on Systems, Man and Cybernetics, 1982.

[O’R90a] Joseph O’Rourke. Computational geometry column 11. SIGACT News, 21(4):18–22, 1990.

[O’R90b] Joseph O’Rourke. Computational geometry column 9. SIGACT News, 21(1):18– 20, 1990.

[Rot81] B. Roth. Rigid and Flexible Frameworks. American Math. Monthly, January 1981.

[SHS86] Jacob T. Schwartz, John Hopcroft, and Micha Sharir, editors. Planning, Geometry and Complexity of Robot Motion. Ablex Series in Artificial Intelligence, Norwood, New Jersey, 1986.

[SR81] K. Salisbury and C. Ruoff. The Design and Control of a Dexterous Mechanical Hand. In Proceedings of the 1981 ASME Computer Conference, Minneapolis, Minnesota, 1981.

[SS87] J.T. Schwartz and M. Sharir. Finding effective ‘force targets’ for two dimensional multifinger frictional grasp. In 25th Allerton Conf on Communication, Computing and Control, 1987. To appear in Algorithmica.

[Ste] E. Steinitz. Bedingt Konvergente Reihen und Konvexe Systeme. J. reine angew. Math., (I) 143:128–175, 1913; (II) 144:1–48, 1914; and (III) 146:1–52, 1916.

[SY87] Jacob T. Schwartz and Chee-Keng Yap, editors. Advances in Robotics, Vol. I: Algorithmic and Geometric Aspect of Robotics. Lawrence Erlbaum Associates, Publishers, Hillsdale, New Jersey, 1987.

[TAP87] J.C. Trinkle, J.M. Abel, and R.P. Paul. Enveloping, Frictionless, Planar Grasping. In Proceedings of the IEEE International Conference on Robotics and Automation, pages 246–251, March-April 1987. Raleigh, North Carolina.

[TB62] R. Tomovic and G. Boni. An Adaptive Artificial Hand. Trans. IRE, AC-7:3–10, 1962.

[Tei91] M. Teichmann. Optimal Immobilization in the Plane. Courant Institute, New York University, June 1991.