Placing Probes along the Genome Using Pair-wise Distance Data

Will Casey, Bud Mishra and Mike Wigler^1

Abstract

We describe the theoretical basis of an approach using microarrays of probes and libraries of BACs to construct maps of the probes, by assigning relative locations to the probes along the genome. The method depends on several hybridization experiments: in each experiment, we sample (with replacement) a large library of BACs to select a small collection of BACs for hybridization with the probe arrays. The resulting data can be used to assign a local distance metric relating the arrayed probes, and then to position the probes with respect to each other. The method is shown to be capable of achieving surprisingly high accuracy within individual contigs and with less than 100 microarray hybridization experiments even when the probes and clones number about 10^5, thus involving potentially around 10^{10} individual hybridizations.

This approach is not dependent upon existing BAC contig information, and so should be particularly useful in the application to previously uncharacterized genomes. Nevertheless, the method may be used to independently validate a BAC contig map or a minimal tiling path obtained by intensive genomic sequence determination.

We provide a detailed probabilistic analysis to characterize the outcome of a single hybridization experiment and what information can be garnered about the physical distance between any pair of probes. This analysis then leads to a formulation of a likelihood optimization problem whose solution leads to the relative probe locations. After reformulating the optimization problem in a graph-theoretic setting and by exploiting the underlying probabilistic structure, we develop an efficient approximation algorithm for our original problem. We have implemented the algorithm and conducted several experiments for varied sets of parameters. Our empirical results are highly promising and are reported here as well. We also explore how the probabilistic analysis and algorithmic efficiency issues affect the design of the underlying biochemical experiments.

Keywords: mapping, microarray, gene copy numbers, sequence validation, graph algorithm

1 Introduction

Genetics depends upon genomic maps. The ultimate maps are complete nucleotide sequences of the organism together with a description of the transcription units. Such maps in various degrees of completion exist for many of the microbial organisms, yeasts, worms, flies, and now humans.

1Authors’ Current Address: Courant Institute, New York University, 251 Mercer St, NYC, NY-10012. Cold Spring Harbor Laboratory, P.O. Box 100, 1 Bungtown Rd., Cold Spring Harbor, NY. The research presented here was partly supported by a DOE Grant, NYU Research Challenge Grant and an NIH Grant

Short of this, genetically or physically mapped collections of objects derived from the genome under study are still of immense utility, and are often precursors to the development of complete sequence maps. These objects may be markers of any sort, DNA probes, and genomic inserts in cloning vectors.

We have been exploring the use of microarrays to assist in the development of genomic maps. We report here one such mapping algorithm, and explore its foundation using computer simulations and mathematical treatment. The algorithm uses unordered probes that are microarrayed and hybridized to an organized sampling of arrayed but unordered members of libraries of large insert genomic clones.

In the foregoing we assume some knowledge of genome organization, DNA hybridization, repetitive DNA, gene duplication, and the common forms of microarray. In this setting, one sample at a time is hybridized to microarrayed probes, and hybridization is measured as an absolute quantity. We assume probes are of zero dimension, that is, of negligible length compared to the length of the large genomic insert clones. Most importantly, we assume that hybridization signal of a probe reflects its inclusion in one or more large genomic insert clones present in the sample, and negligible background hybridization. Our analysis is general enough to include the effects of other sources of error. The novelty of the results reported here is in their ability to deal with ambiguities, an inevitable consequence of the use of massive parallelism in microarrays involving many probes and many clones. Similar algorithms are reported in the literature, but assume the knowledge of clone-probe inclusion information for every such combination and suggest different algorithms [4].

One important application of our method is in measuring gene copy number in genomic DNA [5]. Such techniques will eventually have direct application to the analysis of somatic mutations in tumors and inherited spontaneous germline mutations in organisms when those mutations result in gene amplification or deletion. In contrast, low signal-to-noise ratios, due to the high complexity of genomic DNA, make the direct application of standard DNA microarray methods highly problematic.

2 Mathematical Definitions

Given a set of P probes listed as {p_1, p_2, . . . , p_P } and contained in some contiguous segment of the genome we define a probe map to be a pair of sequences, ordering = {p_{π(1)}, p_{π(2)}, . . . , p_{π(P )}} and position = {x_1, x_2, . . ., x_P }. The position sequence infers the positions of the probes and the ordering sequence is determined by the permutation^2 π ∈ S_P that sorts the given list of probes by position.

However the underlying correct position of each probe remains unknown. We infer probe maps approximating the correct positions as best as possible from an experimental set of data which is stochastic. Experimental data sets are represented by graphs; given a set of probes {p_1, p_2, . . . , p_P }, let V be the set of indices. Then a pairwise distance graph is an undirected graph G = ⟨V, E⟩, E ⊂ V × V where each edge e_{i,j} maps to a distance d_{i,j} between probe i and probe j.

We model various experimental errors arising from the hybridization experiment used to measure prob to probe distance. With the model we can understand the distribution of pairwise distance graphs as a random variable. Under certain parameters we can implement Bayes formula to build a Maximum Likelihood Estimator (MLE) for probe map reconstruction. With the MLE established we attempt to optimize the computation involved for practical implementation.

2We denote the permutation group on P indices as S_P

2.1 Experimental procedure

Consider a genome represented by the interval [0, G]. Take P random short sub-strings (about 200bps) which appear on the genome uniquely. Represent these strings as points {x_1, . . . , x_P }. Assume that the probes are i.i.d. with uniform random distribution over the interval [0, G]. Let S be a collection of intervals of the genome, each of length L (usually ranging from few 100kbs to Mbs). Suppose the left-hand points of the intervals of S are i.i.d. uniform random variables over the interval [0, G]. Take a small, even in number sized subset of intervals S^′ ⊂ S, chosen randomly from S. Divide S^′ randomly into two equal-size disjoint subsets S^′ = S^′_R ∪ S^′_G, where R indicates a red color class and G indicates a green color class. Now specify any point x in [0, G] and consider the possible associations between x, and the intervals in S^′:

• x is not covered by any interval in S^′.

• x is covered by at least one interval of S^′_R but no intervals of S^′_G.

• x is covered by at least one interval of S^′_G but no intervals of S^′_R.

• x is covered by at least one interval of S^′_R and at least one interval of S^′_G.

If we perform a sequence of M such experiments then for each x we get a sequence of M outcomes represented as a color vector of length M. We are interested in observing sequences of such outcomes on the set {x_1, . . . , x_P }.

For DNA the short sub-strings can be produced with the use of restriction enzymes, or synthesized as oligoes. The collection of covering intervals may be provided by a BAC or YAC clone library. The division of a random sample taken from the clone library may be done with phosphorescent molecules added to the DNA and visible with a laser scanner. Hybridization microarrays allow us to observe such an outcome sequence for each of the 100,000 probes in a constant amount of time.

Consider an example with human. To make a set of Human Oligoe Probes we may use restriction enzymes to cut out P probe substrings of size 200bp to 1200bp from the genome and choose a low complexity representation (LCR) as discussed in [5,6]. We may arrange for a sequence of M random samples from the BAC library, suppose each sample has K BACs and coverage c =^{KL}_G . Samples are then partitioned into two color classes Σ = {R, G}, and then hybridized to a microarray, arrayed with P probes. If we pick one probe p_i, then the possible outcomes for one experiment are:

• p_i hybridizes to zero BACs. We say the outcome is ‘B’ (blank).

• p_i hybridizes to at least one red BAC and zero green BACs. We say the outcome is ‘R’ (red).

• p_i hybridizes to at least one green BAC and zero red BACs. We say the outcome is ‘G’ (green).

• p_i hybridizes to at least one green BAC and at least one red BAC. We say the outcome is ‘Y’ (yellow).

We call these events i_B, i_R, i_G, and i_Y respectively. We use M random samples to complete the full experiment. The parameter domain for the full experiment is ⟨P, L, K, M⟩, where P is the number of probes, L is the average length of the genomic material used (for BACs, L = 160kb), K is the sampling size, and M is the number of samples. The output is a color sequence for each probe. The sequence corresponding to probe p_j is s_j = ⟨s_{j,k}⟩^M_{k=1} with s_{j,k} ∈ {B, R, G, Y }.

2.1.1 How the distances are measured

With the resulting color sequences s_j we can compute the pairwise Hamming distance. Let

H_{i,j} = # places where s_i and s_j differ , C_{i,j} = # places where s_i and s_j are the same but s_i ≠ B, T_{i,j} = # places where s_i and s_j are B.

The Hamming distance defines a distance metric on the set of probes.

Lemma 2.1 Consider an experiment with parameters ⟨P, L, K, M⟩, and c =^{KL}_G . If i, j are arbitrary indices from the clone set and x_{ij} is the actual distance ( in number of bases ) separating probe p_i from probe p_j on the genome, then: H_{i,j} ∼ Bin (M, 2ce^{( −c}2^) min {x_{ij} , L} L + O((min {x_{ij} , L})^2)) C_{i,j} ∼ Bin (M, 1 − e^{−c} + c 2 (e^{−c} − 2e^{− c2} ) min {x_{ij}, L} + O((min {x_{ij} , L})^2)) T_{i,j} ∼ Bin (M, (e^{−c(1+ min {xij ,L}L )}))

Proof. See appendix.

These computations for small x lead to an accurate estimator:

Corollary 2.2 The estimator of x_{ij} given by x̃_{ij} = H_{i,j}^{e c2 L}_{2cM} is good in the sense that there are values of c so that:

P (x̃_{ij} = d) → 1 √ 2πσ√x_{ij} e −^{(d−xij )} 2 2σ2xij if x ij < L; 1 √ 2πσ √ L e^{− (d−xij )} 2 2σ2L if xij ≥ L; as M → ∞.

with σ^2 = (_{e c2} 2c ) . Proof. Is a standard approximation. In the full paper we develop Chernoff bounds to analysis the give and take relation of parameters K (determining c ), and M. For x <^L_2 one can show that for nearly any value of c the above convergence in distribution convergence occurs rapidly in variable M

In the full paper we develop an estimator of x_{ij} given by x̃_{ij} =^{Hi,j}_{Hi,j +2Ci,j} e^{Hi,j +2Ci,j}4M L this estimator takes into account the variation of sample coverage over the genome.

Lemma 2.3 The distribution for distance d is a function of x and is approximated by f(d|x) = I_{0≤x<L} e^{−(d−x)2/2σ2 x} √ 2πxσ + I_{L≤x≤G} e^{−(d−L)2/2σ2 L} √ 2πLσ .

Proof. Simple restatement of corollary 2.2

Since we have assumed that any given probe is distributed uniformly randomly over the genome, the density function for the probe’s position is: f(x) = 1 G Our next lemma is an application of Bayes’ formula to compute f(x|d) from f(x) and f(d|x) computed above. Lemma 2.4 If f(d|x) = I_{0≤x<L}^{e−(d−x)2/2σ2x√}_{2πxσ} + I_{L≤x≤G}^{e−(d−L)2/2σ2L√}_{2πLσ} . Then f(x|d) ≈ I_{d<L} e^{−(x−d)2/2σ2 d} √ 2πdσ + I_{d≥L} I_{L≤x≤G} ( 1 G − L ) . Proof. See appendix .

With conditional f(x|d) we can now define the Maximum Likelihood Estimation problem: Given an arbitrary pair-wise distance edge weighted complete graph G of P vertices, representing probes, and each edge (i, j) labeled with d_{i,j}, a sampled value of a random variable with the distribution f(d||x_i − x_j |), we would like to choose an embedding of G (or more precisely, an embedding of the vertices of G) into the real line: {x̃_1, x̃_2, . . . , x̃_P } ⊂ [0, G], that maximizes a likelihood function ∏ 1≤i,j≤P f(|x̃_i − x̃_j ||d_{ij}). Equivalently, we can minimize a related cost function ∑ 1≤i,j≤P − ln f(|x̃_i − x̃_j ||d_{ij}). Lemma 2.5 The Optimization problem of finding x̃_j to minimize f(x̃_j|{x̃_i : i < j}, {d_{i,j} : i < j}) is approximated by solving the following optimization problem: minimize ∑ 1≤i<j≤P W_{ij}(|x̃_i − x̃_j | − d_{ij})^2, where W_{ij} ’s are positive real valued weight functions: W_{ij} = 1 2σ^2d_{ij} if d_{ij} < L; ϵ otherwise,

and ϵ = O

(_1 (G−L)^2 ) . Proof. − ln f(x|d) ≈ (x − d)^2

2σ^2d

+ ln ( √ 2πdσ) if d < L; ln(G − L) − ln I_{L≤x≤G} otherwise.

Hence ∑ 1≤i,j≤P − ln f(|x̃_i − x̃_j ||d_{ij}) = ∑ 1≤i<j≤P W_{ij} (|x̃_i − x̃_j | − d_{ij})^2. Note that ϵ =^1_{2σ2M dij} ≤^1_{2σ2M L} ≤^1_{2(G−L)2L} as σ_M being the maximum variance is bounded by (G − L) .

2.2 Simple Algorithm

The simplest algorithm to place probes proceeds as follows: Initially, every probe occurs in just one singleton contig, and the relative position of a probe x̃_i in contig C_i is at the position 0. At any moment, two contigs C_p = [x̃_{p1} , x̃_{p2} , . . ., x̃_{pl} ] and C_q = [x̃_{q1} , x̃_{q2} , . . ., x̃_{qm} ] may be considered for a “join” operation: the result is either a failure to join the contigs C_p and C_q or a new contig C_r containing the probes from the constituent contigs. Without loss of generality, assume that |C_p| ≥ |C_q|, and that the probe corresponding to the right end of the first contig (x_{pl} ) is closet to the left end of the other contig (x_{q1} ). That is the estimated distance d_{pl,q1} is smaller than all other estimated distances: d_{p1,q1} , d_{p1,qm} and d_{pl,qm} .

C_p C_q x_{p1} x_{p2} x_{p3} . . . x_{pl} x_{q1} x_{q2} x_{q3} . . . x_{qm} d_{pl,q1}

Let 0 < θ ≤ 1 be a parameter to be explored further later, and L^′ = Lθ ≤ L. If d_{pl,q1} ≥ L^′ then the join operation fails. Otherwise, the join operation succeeds with the probes of C_p placed to the left of the probes of C_q, with all the relative positions of the probes of each contig left undisturbed. We will estimate the distance between the probes in C_p and the probe x_{q1} by minimizing the function:

minimize ∑ i∈{p_1,...,p_l}:d_{i,q1} <L^′ (x̃_{q1} − x̃_i − d_{i,q1} )^2 2σ^2d_{i,q1} , where x̃_i’s (i ∈ {p_1, . . . , p_l}) are fixed by the locations assigned in the contig C_p. Thus taking a derivative of the expression above with respect to x̃_{q1} and equating it to zero, we see that the optimal location for x_{q1} in C_r is

d^∗ = max [ x̃_{pl} , ∑ i∈{p_1,...,p_l}:d_{i,q1} <L^′ (x̃i + di,q1 ) /σ 2d_{i,q1} ∑ i∈{p_1,...,p_l}:d_{i,q1} <L^′ 1/σ 2d_{i,q1} ] . Once the location of x_{q1} is determined in C_r at d^∗, the locations of all other probes of C_q in the new contig C_r are computed by shifting them by the value d^∗. Thus C_r = [x̃_{r1} , . . . , x̃_{rl} , x̃_{rl+1} , . . . , x̃_{rl+m} ], where r_i = p_i and x̃_{ri} = x̃_{pi} , for 1 ≤ i ≤ l; r_{l+i} = q_i and x̃_{rl+i} = d^∗ + x̃_{qi} , for 1 ≤ i ≤ m. Note that when the join succeeds, the distance between the pair of consecutive probes x̃_{rl} and x̃_{rl+1} is 0 ≤ x̃_{rl+1} − x̃_{rl} ≤ L^′, and the distances between all other consecutive pairs are exactly the same as what they were in the original constituent contigs. Thus, in any contig, the distance between every pair of consecutive probes takes a value between 0 and L^′. Note that one may further simplify the distance computation by simply considering the k nearest neighbors of x̃_{q1} from the contig C_p: namely, x̃_{pl−k+1} , . . ., x̃_{pl} . d^∗_k = max [ x̃_{pl} , ∑ i∈{p_{l−k+1},...,p_l}:d_{i,q1} <L^′ (x̃i + di,q1 ) /σ 2d_{i,q1} ∑ i∈{p_{l−k+1},...,p_l}:d_{i,q1} <L^′ 1/σ 2d_{i,q1} ] .

In the greediest version of the algorithm k = 1 and

d^∗_1 = x̃_{pl} + d_{pl,q1} ,

as one ignores all other distance measurements.

At any point we can also improve the distances in a contig, by running an “adjust” operation on a contig C_p with respect to a probe x̃_{pj} , where C_p = [x̃_{p1} , . . . , x̃_{pj−1} , x̃_{pj} , x̃_{pj+1} , . . . , x̃_{pl} .]

x̃_{p1} . . . x̃_{pl} x̃_{pj} . . .

x̃_{pj} adjust

We achieve this by minimizing the following cost function:

minimize ∑ i∈{p_1,...,p_l}\{p_j }:d_{i,pj} <L^′ (|x̃_{pj} − x̃_i| − d_{i,pj} )^2 2σ^2d_{i,pj} ,

where x̃_i’s (i ∈ {p_1, . . . , p_l} \ {p_j}) are fixed by the locations assigned in the contig C_p.

Let: I_1 = {i_1 ∈ {p_1, . . . , p_{j−1}} : d_{i1,pj} < L^′} I_2 = {i_2 ∈ {p_{j+1}, . . . , p_l} : d_{i2,pj} < L^′} x^∗ = ∑ i_1∈I_1 ( x̃_{i1} + d_{i1,pj} ) /σ^2d_{i1,pj} + ∑ i_2∈I_2 ( x̃_{i2} − d_{i2,pj} ) /σ^2d_{i2,pj} ∑ i_1∈I_1 1/σ

2d_{i1,q1} + ∑ i_2∈I_2 1/σ 2d_{i2,pj} . At this point, if x^∗ ≠ x̃_{pj} , then the new position of the probe x̃_{pj} in the contig C_p is x^∗. As before, one can use various approximate version of the update rule, where only k probes from the left and k probes from the right are considered and in the greediest version only the two nearest neighbors are considered. Note that the “adjust” operation always improves the quadratic cost function of the contig locally and since it is positive valued and bounded away from zero, the iterative improvement operations terminate.

3 Implementation of the k−neighbor algorithm

INPUT

The input domain is a probe set V , and a symmetric positive real-valued distance weight matrix D ∈ R^{P ×P}_+ , where P = |V |.

PRE-PROCESS

Construct a graph G^′ = ⟨V, E^′⟩, where E^′ = {e_k = (x_i, x_y)|d_{i,j} < L^′}. The edge set of the graph G^′ is sorted into an increasing order as follows: e_1, e_2, . . ., e_Q, with Q = |E^′| such that for any two edges e_{k1} = [x_{i1} , x_{j1} ] and e_{k2} = [x_{i2} , x_{j2} ], if k_1 < k_2 then d_{i1,j1} ≤ d_{i2,j2} . G^′ can be constructed in O(|V |^2) time, and its edges can be sorted in O(|E^′| log(|V |)) time. In a simpler version of the algorithm it will suffice to sort the edges into an “approximate” increasing order by a parameter H_{i,j} ( related to d_{i,j} ) that takes values between 0 and M. Such a simplification would result in an algorithm with O(|E^′| log M) runtime.

MAIN ALGORITHM

Data-structure: Contigs are maintained in a modified union-find structure designed to encode a collection of disjoint unordered sets of probes which may be merged at any time. Union-find supports two operations, union and find [ Tarjan ], union merges two sets into one larger set, find identifies the set an element is in. At any instant, a contig is represented by the following:

• Doubly linked list of probes giving left and right neighbor with estimated consecutive neighbor distances.

• Boundary probes: each contig has a reference to left and right most probes.

In the kth step of the algorithm consider edge e_k = [x_i, x_j ]: if find(x_i) and find( x_j ) are in distinct contigs C_p and C_q, then join C_p and C_q, and update a single distance to neighbor entry in one of the contigs.

At the termination of this phase of the algorithm, one may repeatedly choose a random probe in a randomly chosen contig and apply an “adjust” operation.

OUTPUT

A collection of probe contigs with probe positions relative to the anchoring probe for that contig.

3.1 Time Complexity

First we estimate the time complexity of the main algorithm implementing the k−neighbor version: For each e ∈ E^′ there are two find operations. The number of union operations cannot exceed the number of probes P = |V |, as every successful join operation leading to a union operation involves a boundary vertex of a contig. Any vertex during its life time can appear at most twice as a boundary vertex of a contig, taking part in a successful join operation. The time cost of a single find operation is at most γ(P ), where γ is the inverse of Ackermann’s function. Hence the time cost of all union-find operations is at most O(|E^′|γ(P )). The join operation on the other hand requires running the k−neighbor optimization routine which is done at a cost O(k). Thus the main algorithm has a worst case time complexity of: O ( |E^′|γ(|V |) + k|V | )

The Full Algorithm including preprocessing is: O ( |E^′| log(|V |) + |V |^2 )

In a slightly more robust version the contigs may be represented by a dynamic balanced binary search tree which admit find and implant operations. Each operation has worst case time complexity of O(log(|V |)). Thus after summing over all |E^′| operations the worst case runtime for the main algorithm is: O ( |E^′| log(|V |) + k|V | )

and for the full algorithm is: O ( |E^′| log(|V |) + |V |^2 )

4 What the simulations tell?

4.1 Simulation: observed distance

The sample mean and variation of the distance function are computed with a simple simulation done in-silico. BACs are 160Kb in length, we generate 1, 200 BACs and place them randomly on a genome of size G = 32, 000Kb, This gives a 6× BAC set. In this experiment 100 random points are chosen on the genome and for each point we compute the Hamming distance compared to points 10, 20, 30, . . . 300 Kb to the right on the Genome. Color sequences are computed by using 20 samples of 130 randomly chosen BACs of which half are likely to be red and the other half green.

4.2 Simulation: full experiment

Below we describe an in-silico experiment for a problem with 150 probes. On a Genome of size 5,000 Kb we randomly place 150 probes, there positions are graphed as a monotone function in the probe index. Next we construct a population of 500 randomly placed BACs. From the population we repeat a sampling experiment using a sample size of 32 BACS 16 are colored red, and 16 are colored green. Each sample is hybridized in-silico to the probe set. Here we assume a perfect hybridization so there are no cross hybridizations or failures in hybridizations associated with the experiment. We repeat the sample experiment 130 times. This produces the observed distance matrix, whose distribution we modeled earlier. This is the input for the algorithm presented in this paper. In the distance vs observed data plot we see that using a large M = 130 ( suggested by the Chernoff Bounds ) has its benefits in cutting down the rate of the false positives. The observed distance matrix is input into the ( 10−neighbor, θ =^{11}_{16} ) algorithm without the use of the adjust operation, the result is 7 contigs. The order within contigs had five mistakes. We look at the the 4th contig and plot the relative error in probe placement.

5 Conclusions

In the full paper, we will address several issues: The more robust variation of the algorithm based on a dynamically balanced binary search tree will be presented with more details. A comparison with Traveling Salesman TSP heuristics, and an investigation of an underlying relation to the heat equation will show why this algorithm works well. Probabilistic analysis for the statistics of contigs shall be presented. A model incorporating failure in hybridization and cross hybridization shall be suggested. We are able to prove that if errors are not systematic then a slight modification of the presented Chernoff bounds can be applied to ensure the same results. We shall also consider the choice of probes to limit the cross-hybridization error and a choice of melting points to further add to the goal of decreasing experimental noise. A set of experimental designs will be presented for the working biologists. More extensive simulations, and results on real experiments shall report the progress of what appears to be a promising algorithm.

6 Appendix A Proof of Lemma 2.1

Lemma A.1 H_{i,j} ∼ Bin (M,^{2c exp( −c2 )x}_L + O(x^2)), C_{i,j} ∼ Bin (M, 1 − e^{−c} +^c_2 (e^{−c} − 2e^{− c}2 )x + O(x^2)), T_{i,j} ∼ Bin (M, (e^{−c(1+ x}L^))) with parameters ⟨P, L, K, M⟩ as above and c =^{KL}_G , i, j are arbitrary indices from the Clone Set and x is the actual distance as number of bases separating the probe positions on the Genome.

Proof. Since the M samples are done independently the proof reduces to showing that when M = 1 the probabilities are Bernoulli with respective parameters. Let us define events T = (i_B ∧ j_B ) , C = ((i_R ∧ j_R) ∨ (i_G ∧ j_G) ∨ (i_Y ∧ j_Y )), and H = (¬T ∧ ¬C).

Given a set of K BACs on a genome [0, G] the probability that none start in an interval of length l is (1 − α)^l ≈ e^{−αl} where α =^K_G .

Shown below is a diagram that is helpful in computing the probabilities for events C, H, T when x < L. The heavy dark bar labeled a represents a set of BACs which covers probe p_i but not p_j ; the bar labeled b represents a set of BACs that covers probe p_i and p_j ; finally, the bar labeled c represents a set of BACs that covers p_j but not p_i.

x L − x x p_i p_j a b c

Hence we derive:

P (T |x ≤ L) = exp(−(α_R + α_G)(L + x)) P (i_R ∧ j_R|x < L) = e^{−αG (L+x)}{(1 − e^{−αR(L−x)}) + (1 − e^{−αRx})(e^{−αR(L−x)})(1 − e^{−αRx})} = e^{−αG (L+x)}{1 − 2e^{−αRL} + e^{−αR(L+x)}} P (i_G ∧ j_G|x ≤ L) = e^{−αR(L+x)}{1 − 2e^{−αGL} + e^{−αG(L+x)}} P (i_Y ∧ j_Y |x ≤ L) = (1 − 2e^{−αRL} + e^{−αR(L+x)})(1 − 2e^{−αGL} + e^{−αG(L+x)}) P (C|x ≤ L) = P (i_R ∧ j_R|x ≤ L) + P (i_G ∧ j_G|x ≤ L) + P (i_Y ∧ j_Y |x ≤ L) P (H|x ≤ L) = 1 − [P (T |x ≤ L) + P (C|x ≤ L)]

When x ≥ L the probabilities are:

P (T |x ≥ L) = exp(−(α_R + α_G)(2L)) P (i_R ∧ j_R|x ≥ L) = e^{−αG(2L)}{(1 − e^{−αRL})^2} P (i_G ∧ j_G|x ≥ L) = e^{−αR(2L)}{(1 − e^{−αGL})^2} P (i_Y ∧ j_Y |x ≥ L) = (1 − e^{−αRL})^2(1 − e^{−αGL})^2 P (C|x ≥ L) = P (i_R ∧ j_R|x ≥ L) + P (i_G ∧ j_G|x ≥ L) + P (i_Y ∧ j_Y |x ≥ L)

P (H|x ≥ L) = 1 − [P (T |x ≥ L) + P (C|x ≥ L)]

Because α_R = α_G, α_RL = α_GL =^c_2 =^{KL}_{2G} . Let q = q(x) = P (H) and p = p(x) = P (C). In general q(x) and p(x) are complicated function of x, below we derive a first order approximation of x(q) to be used as a biased estimator.

P (H) = (1 − (1 − 2e^{−c2} + 2e^{−c2 (1+ xL )})^2) =

2c exp(^{−c}_2 )x L + O(x^2)

P (T ) = ( e^{−c(1+ xL )} ) P (C) = 1 − e^{−c} + c 2 (e^{−c} − 2e^{− c2} )x + O(x^2)

With independent sampling: P (H_{i,j}) ∼ Bin (M, 2c exp(^{−c}_2 )x L + O(x^2)) P (C_{i,j}) ∼ Bin (M, 1 − e^{−c} + c 2 (e^{−c} − 2e^{− c2} )x + O(x^2))

P (T_{i,j}) ∼ Bin (M, (e^{−c(1+ xL )}))

B Proof of Corollary 2.2

C Proof of Lemma 2.3 using Bayes’ formula Lemma C.1 If f(d|x) = I_{0≤x<L}^{e−(d−x)2/2σ2x√}_{2πxσ} + I_{L≤x≤G}^{e−(d−L)2/2σ2L√}_{2πLσ} . Then f(x|d) ≈ I_{d<L} e^{−(x−d)2/2σ2 d} √ 2πdσ + I_{d≥L} I_{L≤x≤G} ( 1 G − L ) , Proof.

f(x|d) = f(d|x)f(x) ∫_G 0 f(d|x)f(x) dx = 1 G ( I_{0≤x<L}^{e−(d−x)2/2σ2x} √ 2πxσ + IL≤x≤G e^{−(d−L)2/2σ2L} √ 2πLσ ) 1 G ∫_G 0 ( I_{0≤x<L}^{e−(d−x)2/2σ2x} √ 2πxσ + IL≤x≤G e^{−(d−L)2/2σ2L} √ 2πLσ ) dx For small values of σ^2 the denominator in the above expression can be approximated as follows^3:

f(d) = ( 1 G ) ∫_L 0 e^{−(d−x)2 /2σ2x} √ 2πxσ dx + ( G − L G ) e^{−(d−L)2 /2σ2 L} √ 2πLσ ≈ 1 G I_{d<L} + ( 1 − L G ) δ_{d=L}. 3The Dirac Delta Function is distribution defined by the equations { δ_{x=0} = 0 if x ≠ 0 ∫ x δ_{x=0}dx = 1 }

Thus, we make further simplifying assumptions and choose the following likelihood function: f(x|d) ≈ I_{d<L} e^{−(x−d)2/2σ2 d} √ 2πdσ + I_{d≥L} I_{L≤x≤G} ( 1 G − L ) , D How good are the results?

D.1 False Positives, False Negatives

We treat the problem of false positives, and false negatives with Chernoff’s tail bounds. We find upper bounds on the probability of getting a false positive or false negative in terms of the parameters θ, M, c =^{KL}_G , 0 ≤ θ ≤ 1, L^′ = Lθ ≤ L.

A false positive is a pair of probes that appear to be close by the Hamming Distance but are actually far apart on the genome. We denote the event as: F.P. = (d < L^′) ∧ (x > L) A false negative is a pair of probes that appear to be far by the Hamming Distance but are actually close on the genome. We denote the event as: F.N. = (x < L^′) ∧ (d > L) In the following picture the volume of data which are false positives and false negatives are indicated by the squares noted F.P. and F.N. respectively.

We develop a Chernoff Bound to bound the probability that the volume of false positive data is greater than a specified size.

The Chernoff Bounds for a Binomial Distribution with parameters (M, q) are given by: P (H > (1 + v)Mq) < ( e^v (1 + v)^{(1+v)} )_{Mq} with v > 0 P (H < θMq) < e^{−Mq(1−θ)22} with 0 ≤ θ < 1

Let H(M) be the Hamming distance when M phases are complete. Let q(L) = P (H|x ≥ L) ≈ 2αL e^c2 = 2c e^c2 We start by noting equivalent events: (d < θL|x > L) = (σ^2H(M) < θL|x > L) = (H(M) < θ L σ^2 |x > L) ⊂ (H(M) < θ 2cM e^c2 ) = (H(M) < θMq(L))

Using the Chernoff bound we have: P (d < θL|x > L) ≤ P (H(M) < θMq_L) < e −Mc(1−θ)2 e c 2 For the False Negatives we begin by noting that: (d > L|x ≤ θL) = (σ^2H(x) > L|x < L^′) = (σ^2H(x) > (1 + v)L^′|x < L^′) where v = ( 1 θ − 1) = (H(x) > (1 + v)L^′ σ^2 |x < L^′) ⊂ (H(x) > (1 + v)Mq(x))

The last event inclusion is because:

(x ≤ L^′) ⇒ ( 2cMx e^c2 L ≤ 2cML^′ e^c2 L ) ⇒ (Mq(x) ≤ 1 σ^2

L^′)

Applying the Chernoff bound we get:

P ( F.N. ) ≤ P (H > (1 + v)Mq(x)) < ( e^v (1 + v)^{(1+v)} )_{Mq(x)} < (e^{( 1θ −1)}θ^{1θ} )^{MqL} = (e^{( 1θ −1)}θ^{1θ} )^{M 2c}e^{c2}

Chernoff bounds are:

P ( F.P. ) < e −Mc(1−θ)2 e c 2 P ( F.N. ) < (e^{( 1θ −1)}θ^{1θ} )^{M 2c}e^{c2}

The Chernoff bounds for typical parameters are shown below.

References

[1] A. Aho, J. Hopcroft,and J. Ullman. The Design and Analysis of Computer Algorithms, In Addison–Wesley Series in Computer Science and Information Processing, Addison–Wesley Publishing Company, Reading Massachusetts, 1974.

[2] C. Cantor,and C. Smith. Genomics: The Science and Technology Behind the Human Genome Project, John Wiley and Sons, New York, 1999.

[3] H. Chernoff. “A measure of asymptotic efficiency for tests of a hypothesis based on the sum of observations,” Annals of Mathematical Statistics, 23:483–509,1952.

[4] D. Greenberg,and S. Istrail. “Physical mapping by STS hybridization: Algorithmic strategies and the challenge of software evaluation,” Journal of Computational Biology, 2(2):219–273, 1995.

[5] R. Lucito, J. West, A. Reiner, J. Alexander, D. Esposito, B. Mishra, S. Powers, L. Norton,and M. Wigler “Detecting Gene Copy Number Fluctuations in Tumor Cells by Microarray Analysis of Genomic Representations,” Genome Research, 10(11): 1726-1736, 2000.

[6] N. Lisitsyn,and M. Wigler “Cloning the differences between two complex genomes,” Science, 258:946– 951,1993.

[7] R. Lucito, M. Nakimura, J. West, Y. Han, K. Chin, K. Jenson, R. McCombie, M. Wigler “Genetic analysis using genomic representations,” Proc. Natl. Acad. Sci. USA, 95:4487–4492, 1998.

[8] R. E. Tarjan. Data Structures and Network Algorithms, CBMS 44

SIAM, Philadelphia, 1983.

August 2000 Probe Distance • 15