
Facingtheunusualpopularityof waveletsin sciences,I beganto wonderwhether
thiswasjustanotherfashionthatwouldfadeawaywith time. After severalyearsof
researchandteachingonthistopic,andsurviving thepainfulexperienceof writing
abook,youmayrightly expectthatI havecalmedmy anguish.Thismightbethe
naturalself-delusionaffectingany researcherstudyinghiscornerof theworld,but
theremightbemore.

Waveletsarenot basedon a “bright new idea”, but on conceptsthat already
existedundervariousformsin many differentfields.Theformalizationandemer-
genceof this“wavelettheory”is theresultof amultidisciplinaryeffort thatbrought
togethermathematicians,physicistsandengineers,whorecognizedthatthey were
independentlydevelopingsimilar ideas. For signalprocessing,this connection
hascreatedaflow of ideasthatgoeswell beyondtheconstructionof new basesor
transforms.
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At onepoint,youcannotavoidmentioningwhodidwhat.

For wavelets,this is a particularlysensitive task,risking aggressive repliesfrom
forgottenscientifictribesarguing thatsuchandsuchresultsoriginally belongto
them.As I said,thiswavelettheoryis truly theresultof adialoguebetweenscien-
tistswhooftenmetbychance,andwerereadyto listen. Frommytotallysubjective
point of view, amongthemany researcherswho madeimportantcontributions,I
wouldliketosingleoutone,YvesMeyer, whosedeepscientificvisionwasamajor
ingredientsparkingthiscatalysis.It is ironic to seeaFrenchpuremathematician,
raisedin a Bourbakistculturewhereappliedmeanttrivial, playinga centralrole
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alongthiswaveletbridgebetweenengineersandscientistscomingfrom different
disciplines.

Whenbeginningmy Ph.D.in theU.S., theonly projectI hadin mind wasto
travel,neverbecomearesearcher, andcertainlyneverteach.I hadclearlydestined
myselfto comebackto France,andquickly begin climbingtheladderof somebig
corporation.Ten yearslater, I wasstill in the U.S., the mind buried in the hole
of someobscurescientificproblem,while teachingin a university. Sowhatwent
wrong? Probablythefact that I metscientistslikeYvesMeyer, whoseethicand
creativity have givenmea totally differentview of researchandteaching.Trying
to communicatethis flamewasa centralmotivationfor writing this book. I hope
that you will excuseme if my proseendsup too often in the no man’s land of
scientificneutrality.
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Beyondmathematicsandalgorithms,thebookcarriesafew impor-

tantideasthatI would like to emphasize.

5 Time-frequency wedding Important information often appearsthrougha
simultaneousanalysisof the signal’s time andfrequency properties.This
motivatesdecompositionsover elementary“atoms” that arewell concen-
tratedin timeandfrequency. It is thereforenecessaryto understandhow the
uncertaintyprinciplelimits theflexibility of timeandfrequency transforms.

5 Scale for zooming Waveletsarescaledwaveformsthatmeasuresignalvari-
ations.By traveling throughscales,zoomingproceduresprovide powerful
characterizationsof signalstructuressuchassingularities.

5 More and more bases Many orthonormalbasescanbedesignedwith fast
computationalalgorithms.Thediscovery of filter banksandwaveletbases
hascreateda popularnew sportof basishunting. Familiesof orthogonal
basesarecreatedeveryday. Thisgamemayhoweverbecometediousif not
motivatedby applications.

5 Sparse representations An orthonormalbasisis useful if it definesa rep-
resentationwheresignalsarewell approximatedwith a few non-zerocoef-
ficients.Applicationsto signalestimationin noiseandimagecompression
arecloselyrelatedto approximationtheory.

5 Try it non-linear and diagonal Linearityhaslongpredominatedbecauseof
itsapparentsimplicity. Weareusedtoslogansthatoftenhidethelimitations
of “optimal” linearproceduressuchasWienerfiltering or Karhunen-Loève
basesexpansions. In sparserepresentations,simple non-lineardiagonal
operatorscan considerablyoutperform“optimal” linear procedures,and
fastalgorithmsareavailable.
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Numericalexperimentationsarenecessary
to fully understandthealgorithmsandtheoremsin thisbook.To avoid thepainful
programmingof standardprocedures,nearlyall waveletandtime-frequency algo-
rithmsareavailablein theWAVELAB package,programmedin MATLAB. WAVELAB

is a freewaresoftwarethatcanberetrievedthroughtheInternet.Thecorrespon-
dencebetweenalgorithmsandWAVELAB subroutinesis explainedin AppendixB.
All computationalfigurescanbereproducedasdemosin WAVELAB. LASTWAVE is a
waveletsignalandimageprocessingenvironment,written in C for X11/Unix and
Macintoshcomputers.This stand-alonefreewaredoesnot requireany additional
commercialpackage.It is alsodescribedin AppendixB.
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Thisbookisintendedasagraduatetextbook. It tookformafterteaching

“waveletsignalprocessing”coursesin electricalengineeringdepartmentsatMIT
andTel Aviv University, andin appliedmathematicsdepartmentsat theCourant
InstituteandÉcolePolytechnique(Paris).

In electricalengineering,studentsareoften initially frightenedby theuseof
vectorspaceformalismasopposedto simplelinearalgebra.The predominance
of linear time invariantsystemshasled many to think that convolutionsandthe
Fourier transformaremathematicallysufficient to handleall applications.Sadly
enough,this is not thecase.Themathematicsusedin thebookarenot motivated
by theoreticalbeauty;they aretruly necessaryto facethecomplexity of transient
signalprocessing.Discovering the useof higher level mathematicshappensto
beanimportantpedagogicalside-effectof thiscourse.Numericalalgorithmsand
figuresescortmosttheorems.Theuseof WAVELAB makesit particularlyeasyto
includenumericalsimulationsin homework. Exercisesanddeeperproblemsfor
classprojectsarelistedat theendof eachchapter.

In appliedmathematics,this courseis an introductionto waveletsbut alsoto
signalprocessing.Signalprocessingis a newcomeron the stageof legitimate
appliedmathematicstopics. Yet, it is spectacularlywell adaptedto illustratethe
appliedmathematicschain, from problemmodelingto efficient calculationsof
solutionsandtheoremproving. Imagesandsoundsgive a sensualcontactwith
theorems,that can wake up most students. For teaching,formattedoverhead
transparencieswith enlargedfiguresareavailableon theInternet:

http://www.cmap.polytechnique.fr/ J mallat/Wavetour fig/ K
FrancoisChaplaisalsooffers an introductoryWeb tour of basicconceptsin the
bookat

http://cas.ensmp.fr/ J chaplais/Wavetour presentation/ K
Not all theoremsof thebookareprovedin detail,but theimportanttechniques

areincluded. I hopethatthereaderwill excusethelack of mathematicalrigor in
themany instanceswhereI haveprivilegedideasoverdetails.Few proofsarelong;
they areconcentratedto avoid diluting the mathematicsinto many intermediate
results,whichwouldobscurethetext.
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Level numbersexplainedin Section1.5.2canhelpin designing
anintroductoryoramoreadvancedcourse.Beginningwith areview of theFourier
transformis oftennecessary. Althoughmostappliedmathematicsstudentshave
alreadyseenthe Fourier transform,they have rarely hadthe time to understand
it well. A non-technicalreview canstressapplications,including the sampling
theorem.Refreshingbasicmathematicalresultsis alsoneededfor electricalen-
gineeringstudents. A mathematicallyorientedreview of time-invariant signal
processingin Chapters2 and3 is theoccasionto remindthestudentof elementary
propertiesof linear operators,projectorsandvectorspaces,which canbe found
in AppendixA. For a courseof a singlesemester, onecanfollow severalpaths,
orientedby differentthemes.Herearea few possibilities.

Onecanteachacoursethatsurveysthekey ideaspreviouslyoutlined.Chapter
4 is particularlyimportantin introducingtheconceptof local time-frequency de-
compositions.Section4.4on instantaneousfrequenciesillustratesthelimitations
of time-frequency resolution.Chapter6givesadifferentperspectiveonthewavelet
transform,by relatingthe local regularity of a signalto the decayof its wavelet
coefficientsacrossscales.It is usefulto stresstheimportanceof thewaveletvan-
ishingmoments.Thecoursecancontinuewith thepresentationof waveletbases
in Chapter7, andconcentrateonSections7.1-7.3onorthogonalbases,multireso-
lution approximationsandfilter bankalgorithmsin onedimension. Linear and
non-linearapproximationsin waveletbasesarecoveredin Chapter9. Depending
uponstudents’backgroundsandinterests,thecoursecanfinishin Chapter10with
anapplicationto signalestimationwith waveletthresholding,or in Chapter11by
presentingimagetransformcodesin waveletbases.

A differentcoursemay studythe constructionof new orthogonalbasesand
their applications.Beginningwith thewaveletbasis,Chapter7 alsogivesan in-
troductionto filter banks.Continuingwith Chapter8 onwaveletpacketandlocal
cosinebasesintroducesdifferentorthogonaltilings of the time-frequency plane.
It explainsthemainideasof time-frequency decompositions.Chapter9 on linear
andnon-linearapproximationis thenparticularlyimportantfor understandinghow
to measuretheefficiency of thesebases,andfor studyingbestbasessearchproce-
dures.To illustratethedifferencesbetweenlinearandnon-linearapproximation
procedures,onecancomparethe linear andnon-linearthresholdingestimations
studiedin Chapter10.

Thecoursecanalsoconcentrateon theconstructionof sparserepresentations
with orthonormalbases,andstudyapplicationsof non-lineardiagonaloperatorsin
thesebases.It maystartin Chapter10with acomparisonof linearandnon-linear
operatorsusedtoestimatepiecewiseregularsignalscontaminatedbyawhitenoise.
A quick excursionin Chapter9 introduceslinearandnon-linearapproximations
to explain what is a sparserepresentation.Wavelet orthonormalbasesarethen
presentedin Chapter7, with specialemphasison their non-linearapproximation
propertiesfor piecewiseregularsignals.An applicationof non-lineardiagonalop-
eratorsto imagecompressionor to thresholdingestimationshouldthenbestudied
in somedetail,to motivatetheuseof modernmathematicsfor understandingthese
problems.
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A moreadvancedcoursecanemphasizenon-linearandadaptive signalpro-
cessing.Chapter5 onframesintroducesflexible toolsthatareusefulin analyzing
thepropertiesof non-linearrepresentationssuchasirregularlysampledtransforms.
Thedyadicwaveletmaximarepresentationillustratesthe frametheory, with ap-
plicationsto multiscaleedgedetection.To studyapplicationsof adaptive repre-
sentationswith orthonormalbases,onemight startwith non-linearandadaptive
approximations,introducedin Chapter9. Bestbases,basispursuitor matching
pursuitalgorithmsareexamplesof adaptive transformsthatconstructsparserep-
resentationsfor complex signals.A centralissueis to understandto whatextent
adaptivity improves applicationssuchas noiseremoval or signal compression,
dependingon thesignalproperties.
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This bookwasa one-yearprojectthatendedup in a never will

finish nightmare.RuzenaBajcsybearsa major responsibilityfor not encourag-
ing meto chooseanotherprofession,while guidingmy first researchsteps.Her
profoundscientificintuition openedmy eyesto andwell beyondcomputervision.
Thenof course,areall thecollaboratorswho couldhave donea muchbetterjob
of showing methatscienceis aselfishworld whereonly competitioncounts.The
waveletstorywasinitiatedby remarkablescientistslikeAlex Grossmann,whose
modestycreateda warm atmosphereof collaboration,wherestrangenew ideas
andingenuitywerewelcomeaselementsof creativity.

I amalsogratefulto thefew peoplewho have beenwilling to work with me.
Somehave lessmerit becausethey hadto finish their degreebut othersdid it on
a voluntarybasis. I am thinking of Amir Averbuch,EmmanuelBacry, Fraņcois
Bergeaud,Geoff Davis, Davi Geiger, FrédéricFalzon,WenLiangHwang,Hamid
Krim, George Papanicolaou,Jean-JacquesSlotine,Alan Willsky, Zifeng Zhang
andSifenZhong.Their patiencewill certainlyberewardedin a futurelife.

Although the reproductionof these600 pageswill probablynot kill many
trees,I do not wantto beartheresponsibilityalone.After four yearswriting and
rewriting eachchapter, I first saw theendof the tunnelduringa working retreat
at the FondationdesTreilles,which offers an exceptionalenvironmentto think,
writeandeatin Provence.With WAVELAB, David Donohosavedmefromspending
thesecondhalf of my life programmingwaveletalgorithms.Thisopportunitywas
beautifully implementedby MaureenClercandJérômeKalifa,who madeall the
figuresandfoundmany moremistakesthanI daresay. Dearreader, you should
thankBarbaraBurkeHubbard,whocorrectedmy Franglais(remainingerrorsare
mine),andforcedmeto modify many notationsandexplanations.I thankherfor
doing it with tactandhumor. My editor, ChuckGlaser, hadthepatienceto wait
but I appreciateevenmorehiswisdomto let methink thatI wouldfinishin ayear.

Shewill not readthis book, yet my deepestgratitudegoesto Brankawith
whomlife hasnothingto dowith wavelets.

StéphaneMallat



Beforeleaving thisWavelet Tour, I naively thoughtthatI shouldtakeadvantageof
remarksandsuggestionsmadeby readers.This almostgot out of hand,and200
pagesendedup beingrewritten. Let meoutline themaincomponentsthatwere
not in thefirst edition.

5 Bayes versus Minimax Classicalsignalprocessingis almostentirelybuilt
in aBayesframework,wheresignalsareviewedasrealizationsof arandom
vector. For the last two decades,researchershave tried to model images
with randomvectors,but in vain. It is thus time to wonderwhetherthis
is really the bestapproach. Minimax theory opensan easieravenuefor
evaluatingthe performanceof estimationandcompressionalgorithms. It
usesdeterministicmodelsthatcanbeconstructedevenfor complex signals
suchasimages.Chapter10isrewrittenandexpandedtoexplainandcompare
theBayesandminimaxpointsof view.

5 Bounded Variation Signals Wavelet transformsprovide sparserepresenta-
tionsof piecewiseregularsignals.Thetotalvariationnormgivesanintuitive
andprecisemathematicalframework in whichto characterizethepiecewise
regularityof signalsandimages.In thissecondedition,thetotalvariationis
usedto computeapproximationerrors,to evaluatetherisk whenremoving
noisefrom images,andto analyzethe distortionrateof imagetransform
codes.

5 Normalized Scale Continuousmathematicsgive asymptoticresultswhen
thesignalresolutionV increases.In this framework, thesignalsupportis
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fixed,say a0b 1c , andthesamplinginterval Ved 1 is progressively reduced.In
contrast,digital signalprocessingalgorithmsareoften presentedby nor-
malizing the samplinginterval to 1, which meansthat the support a0bfVgc
increaseswith V . This new editionexplainsbothpointsof views, but the
figuresnow displaysignalswith asupportnormalizedto a0b 1c , in accordance
with thetheorems.

5 Video Compression Compressingvideosequencesis of primeimportance
for realtimetransmissionwith low-bandwidthchannelssuchastheInternet
or telephonelines. Motion compensationalgorithmsarepresentedat the
endof Chapter11.


