Preface

Facingthe unusuapopularityof waveletsin sciences| beganto wonderwhether
thiswasjustanotherfashiorthatwouldfadeawaywith time. After severalyearsof

researctandteachingonthistopic,andsurviving thepainfulexperienceof writing

abook,you mayrightly expectthatl have calmedmy anguish.This might bethe
naturalself-delusioraffectingary researchestudyinghis cornerof theworld, but

theremightbemore.

Waveletsare not basedon a “bright new idea”, but on conceptghat already
existedundervariousformsin mary differentfields. Theformalizationandemer
genceof this“wavelettheory”is theresultof amultidisciplinaryeffort thatbrought
togethemathematicianghysicistsandengineerswhorecognizedhatthey were
independenthydeveloping similar ideas. For signal processingthis connection
hascreateda flow of ideasthatgoeswell beyondthe constructiorof new basesor
transforms.

A Personal Experience At onepoint,youcannotavoid mentioningvhodid what.
For wavelets,this is a particularly sensitve task, risking aggressie repliesfrom
forgottenscientifictribesarguing that suchand suchresultsoriginally belongto
them.As | said,thiswavelettheoryis truly theresultof adialoguebetweerscien-
tistswhooftenmetby chanceandwerereadyto listen. Frommy totally subjectve
point of view, amongthe mary researcherarho madeimportantcontributions, |
wouldliketo singleoutone,YvesMeyer, whosedeepscientificvisionwasamajor
ingredientsparkingthis catalysis.It is ironic to seea Frenchpuremathematician,
raisedin a Bourbakistculturewhereappliedmeanttrivial, playing a centralrole

XV
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alongthis waveletbridgebetweerengineersandscientistcomingfrom different
disciplines.

Whenbgginningmy Ph.D.in the U.S.,the only projectl hadin mind wasto
travel, neverbecomearesearcheandcertainlyneverteach.l hadclearlydestined
myselfto comebackto France andquickly begin climbingtheladderof somebig
corporation. Tenyearslater, | wasstill in the U.S., the mind buried in the hole
of someobscurescientificproblem,while teachingn a university Sowhatwent
wrong? Probablythe factthatl metscientistdike YvesMeyer, whoseethicand
creatvity have givenmeatotally differentview of researctandteaching.Trying
to communicatehis flamewasa centralmotivationfor writing this book. | hope
that you will excuseme if my proseendsup too oftenin the no man' land of
scientificneutrality

AFewldeas Beyondmathematicandalgorithmsthebookcarriesafew impor
tantideasthat! would liketo emphasize.

o Time-frequency wedding Importantinformation often appearghrougha
simultaneousnalysisof the signal’s time andfrequeng properties. This
motivatesdecomposition®ver elementary‘atoms” that arewell concen-
tratedin timeandfrequeng. It isthereforenecessaryo understandhow the
uncertaintyprinciplelimits theflexibility of time andfrequeng transforms.

e Scalefor zooming Waveletsarescaledvaveformsthatmeasureignalvari-
ations. By traveling throughscaleszoomingproceduregrovide powerful
characterizationsf signalstructuresuchassingularities.

e More and more bases Many orthonormalbasesanbe designedwith fast
computationablgorithms.Thediscovery of filter banksandwaveletbases
hascreateda popularnew sportof basishunting. Families of orthogonal
basesarecreatedevery day. This gamemayhowever becomeediousif not
motivatedby applications.

e Sparse representations An orthonormalbasisis usefulif it definesa rep-
resentatiorwheresignalsarewell approximatedvith afew non-zerocoef-
ficients. Applicationsto signalestimationin noiseandimagecompression
arecloselyrelatedto approximatiortheory

e Tryitnon-linear and diagonal Linearity haslong predominatedecaus®f
its apparensimplicity. We areusedto slogansthatoftenhidethelimitations
of “optimal” linearproceduresuchasWienerfiltering or Karhunen-Loge
basesexpansions. In sparserepresentationssimple non-lineardiagonal
operatorscan considerablyoutperform“optimal” linear proceduresand
fastalgorithmsareavailable.
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WAVELAB and LASTWAVE Toolboxes Numericalexperimentationsre necessary
to fully understandhealgorithmsandtheoremsn this book. To avoid the painful
programmingf standargproceduresnearlyall waveletandtime-frequeng algo-
rithmsareavailablein theWaveLae packageprogrammedn MaTtiaB. WAVELAB
is afreavaresoftwarethatcanbe retrieved throughthe Internet. The correspon-
dencebetweeralgorithmsandWavelL A subroutiness explainedin AppendixB.
All computationafigurescanbereproduceésdemosn Wavelas. LasTWave is a
waveletsignalandimageprocessingervironment,writtenin C for X11/Unix and
Macintoshcomputers.This stand-alondreevaredoesnot requireary additional
commerciabackagelt is alsodescribedn AppendixB.

Teaching Thisbookisintendedasagraduateextbook. It tookformafterteaching
“waveletsignalprocessingtoursesn electricalengineeringlepartmentst MIT
andTel Aviv University, andin appliedmathematicglepartmentsit the Courant
InstituteandEcolePolytechniquéParis).

In electricalengineeringstudentsare ofteninitially frightenedby the useof
vectorspaceformalismasopposedo simplelinear algebra. The predominance
of lineartime invariantsystemshasled mary to think that corvolutionsandthe
Fourier transformaremathematicallysufiicient to handleall applications.Sadly
enoughthisis notthe case.The mathematicsisedin the bookarenot motivated
by theoreticabeauty;they aretruly necessaryo facethe compleity of transient
signal processing.Discovering the useof higherlevel mathematichappengo
beanimportantpedagogicaside-efect of this course.Numericalalgorithmsand
figuresescortmosttheorems.The useof WaveLas makesit particularlyeasyto
includenumericalsimulationsin homevork. Exercisesanddeepemproblemsfor
classprojectsarelisted at the endof eachchapter

In appliedmathematicsthis courseis anintroductionto waveletsbut alsoto
signal processing. Signal processings a nevcomeron the stageof legitimate
appliedmathematicgsopics. Yet, it is spectacularlyvell adaptedo illustratethe
applied mathematicghain, from problemmodelingto efficient calculationsof
solutionsandtheoremproving. Imagesand soundsgive a sensuakontactwith
theorems that can wake up most students. For teaching,formattedoverhead
transparenciewith enlagedfiguresareavailableon the Internet:

http://ww. cmap. pol yt echni que. fr/ ~nal | at/ Wavet our fig/ .

FrancoisChaplaisalso offers an introductoryWeb tour of basicconceptsn the
bookat

http://cas.ensmp. fr/ ~chapl ai s/ Wavet our _presentation/.

Not all theorem®f thebookareprovedin detail, but theimportanttechniques
areincluded.| hopethatthereademwill excusethelack of mathematicatigor in
themary instancesvherel haveprivilegedideasoverdetails.Few proofsarelong;
they are concentratedo avoid diluting the mathematicgnto mary intermediate
results which would obscurghetext.
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Course Design Level numbersxplainedin Sectionl.5.2canhelpin designing
anintroductoryoramoreadwanceccourse.Beginningwith areview of theFourier
transformis often necessaryAlthough mostappliedmathematicstudentshave
alreadyseenthe Fourier transform,they have rarely hadthe time to understand
it well. A non-technicakeview can stressapplications,ncluding the sampling
theorem. Refreshingoasicmathematicatesultsis alsoneededor electricalen-
gineeringstudents. A mathematicallyorientedreview of time-invariant signal
processingn Chapter and3 is theoccasiorto remindthestudenof elementary
propertiesof linear operatorsprojectorsandvector spaceswhich canbe found
in AppendixA. For a courseof a singlesemesteronecanfollow several paths,
orientedby differentthemes Hereareafew possibilities.

Onecanteachacoursethatsurweysthekey ideaspreviously outlined. Chapter
4 is particularlyimportantin introducingthe conceptof local time-frequeng de-
compositions Section4.4 on instantaneoufequenciedllustratesthe limitations
oftime-frequenyg resolution.Chapte6 givesadifferentperspectieonthewavelet
transform,by relatingthe local regularity of a signalto the decayof its wavelet
coeficientsacrossscales t is usefulto stresgsheimportanceof thewaveletvan-
ishingmoments.The coursecancontinuewith the presentatiorf waveletbases
in Chapter7, andconcentrat®n Sections/.1-7.3on orthogonabasesmultireso-
lution approximationsandfilter bankalgorithmsin one dimension. Linear and
non-linearapproximationsn waveletbasesarecoveredin Chapter9. Depending
uponstudentsbackgroundsindintereststhecoursecanfinishin ChapterlOwith
anapplicationto signalestimationwith waveletthresholdingpr in Chapterl1 by
presentingmagetransformcodesin waveletbases.

A differentcoursemay study the constructionof new orthogonalbasesand
their applications.Beginningwith the waveletbasis,Chapter7 alsogivesanin-
troductionto filter banks.Continuingwith Chapter8 on waveletpacletandlocal
cosinebasesntroducedifferentorthogonattilings of the time-frequeng plane.
It explainsthemainideasof time-frequeng decompositionsChapter onlinear
andnon-linearapproximatioris thenparticularlyimportantfor understandingow
to measureheefficiency of thesebasesandfor studyingbestbasesearctproce-
dures. To illustratethe differencesetweeninear and non-linearapproximation
procedurespne cancomparethe linear and non-linearthresholdingestimations
studiedin Chapterl0.

The coursecanalsoconcentrat®n the constructiorof sparseepresentations
with orthonormabasesandstudyapplication®f non-lineardiagonalbperatorsn
thesebaseslt maystartin Chapterl0with acomparisorof linearandnon-linear
operatorsisedo estimatepiecaviseregularsignalscontaminatethy awhitenoise.
A quick excursionin Chapter9 introducedinear andnon-linearapproximations
to explain whatis a sparserepresentation Wavelet orthonormalbasesare then
presentedn Chapter7, with specialemphasin their non-linearapproximation
propertiedor piecaviseregularsignals.An applicationof non-lineardiagonalop-
eratorgo imagecompressiomr to thresholdingestimatiorshouldthenbe studied
in somedetail,to motivatetheuseof modernmathematicéor understandinghese
problems.
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A more adwancedcoursecan emphasizenon-linearand adaptve signal pro-
cessing.Chapter5 onframesintroducedlexible toolsthatareusefulin analyzing
thepropertie®f non-linearepresentationsuchasirregularlysampledransforms.
The dyadicwavelet maximarepresentatioilustratesthe frametheory with ap-
plicationsto multiscaleedgedetection. To studyapplicationsof adaptve repre-
sentationsvith orthonormalbasespne might startwith non-linearand adaptve
approximationsjntroducedin Chapter9. Bestbasespasispursuitor matching
pursuitalgorithmsareexamplesof adaptve transformghatconstructsparseaep-
resentationgor comple signals.A centralissueis to understando what extent
adaptvity improves applicationssuchas noiseremoval or signal compression,
dependingn the signalproperties.

Responsibilities This bookwasa one-yeaiprojectthatendedup in a never will
finish nightmare. RuzenaBajcsybearsa major responsibilityfor not encourag-
ing meto chooseanothermrofessionwhile guiding my first researctsteps. Her
profoundscientificintuition openedny eyesto andwell beyondcomputewision.
Thenof course areall the collaboratoravho could have donea muchbetterjob
of shaving methatsciencds a selfishworld whereonly competitioncounts.The
waveletstorywasinitiated by remarkablescientistdik e Alex Grossmannwhose
modestycreateda warm atmospheref collaboration,wherestrangenew ideas
andingenuitywerewelcomeaselementf creatvity.

| amalsogratefulto the few peoplewho have beenwilling to work with me.
Somehave lessmerit becausehey hadto finish their degreebut othersdid it on
avoluntarybasis. | amthinking of Amir Avertbuch, EmmanueBacry, Frarcois
BergeaudGeof Davis, Davi Geiger FrédéricFalzon,WenLiang Hwang,Hamid
Krim, Geoge Papanicolaou,Jean-JacqueSlotine, Alan Willsky, Zifeng Zhang
andSifenZhong. Their patiencewill certainlyberewardedin afuturelife.

Although the reproductionof these600 pageswill probablynot kill mary
trees,| do notwantto bearthe responsibilityalone. After four yearswriting and
rewriting eachchapter| first sav the endof the tunnelduring a working retreat
at the FondationdesTreilles, which offers an exceptionalenvironmentto think,
write andeatin Provence.With WavelLag, David Donohosarzedmefrom spending
thesecondalf of my life programmingvaveletalgorithms.Thisopportunitywas
beautifullyimplementedy MaureenClercandJérdmeKalifa, who madeall the
figuresandfound mary moremistalesthan| daresay Dearreadeyyou should
thankBarbaraBurke Hubbard who correctedny Franglaigremainingerrorsare
mine),andforcedmeto modify mary notationsandexplanations. thankherfor
doingit with tactandhumor My editor, Chuck Glaser hadthe patienceto wait
but | appreciatevenmorehiswisdomto let methink thatl wouldfinishin ayear

Shewill not readthis book, yet my deepesgratitudegoesto Brankawith
whomlife hasnothingto do with wavelets.

Stéphandviallat



Preface to the second edition

Beforeleaving thisWavel et Tour, | naively thoughtthatl shouldtake advantageof
remarksandsuggestionsnadeby readers.This almostgot out of hand,and200
pagesendedup beingrewritten. Let me outline the main componentshatwere
notin thefirst edition.

e Bayes versus Minimax Classicalsighalprocessings almostentirely built
in aBayesframawvork, wheresignalsareviewedasrealizationof arandom
vector For the lasttwo decadesresearcherbave tried to modelimages
with randomvectors,but in vain. It is thustime to wonderwhetherthis
is really the bestapproach. Minimax theory opensan easieravenuefor
evaluatingthe performanceof estimationand compressioralgorithms. It
usesdeterministianodelsthatcanbe constructeadvenfor complec signals
suchasimages.Chaptetd Oisrewrittenandexpandedo explainandcompare
the Bayesandminimaxpointsof view.

e Bounded Variation Sgnals Wavelettransformsprovide sparseepresenta-
tionsof piecaviseregularsignals.Thetotalvariationnormgivesanintuitive
andprecisemathematicalramevork in whichto characterizéhepiecavise
regularity of signalsandimages.In thisseconcedition,thetotal variationis
usedto computeapproximatiorerrors,to evaluatethe risk whenremoving
noisefrom images,andto analyzethe distortion rate of imagetransform
codes.

e Normalized Scale Continuousmathematicgjive asymptoticresultswhen
the signalresolutionN increases.n this framework, the signalsupportis
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fixed,say|0, 1], andthe samplinginterval N 1 is progressiely reduced.In
contrast,digital signal processingalgorithmsare often presentedy nor-
malizing the samplingintenal to 1, which meansthat the support[0, V]
increasesvith N. This new edition explainsboth pointsof views, but the
figuresnow displaysignalswith asupporinormalizedo [0, 1], in accordance
with thetheorems.

¢ Video Compression Compressingideo sequencess of primeimportance
for realtimetransmissionvith low-bandwidthchannelsuchasthelnternet
or telephondines. Motion compensatioralgorithmsare presentedat the
endof Chapterll.



