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// Introduction

The card game SET was invented by population geneticist Marsha Jean Falco [2] in 1974 while she was
studying epilepsy in German Shephards. She represented genetic data by drawing symbols on cards and
then tried to find patterns among those cards. Alas, the game SET was born.

To play the game, you start out by dealing 12 cards face up in a 4 x 3 grid. From these, you try to find a
SET. If a SET is found, those three cards are replaced by new cards, until the deck runs out. The player
that accumulates the most SETs wins the game.

Commonly, a situation arises where no SETs can be found in the cards that are in play. In this case, three
more cards are dealt from the deck bringing the total number of cards in play to 15. If a SET still cannot
be found, then three more cards are dealt. This process repeats until someone finds a SET or the deck runs
out. This leads to the question: how many cards can there be without there being a SET? In this paper, I
will go through the solution and the proof for this question.

// Understanding the game

Usually the word ”set” means an unordered collection of things. I will use ”SET” (all caps) to differentiate
between the two, when I am referring to the game SET or when I am referring to the matches found in SET.

What constitutes a SET? To understand the answer, we must first notice that each card in the deck is defined
by four properties each of which has three possible values. They are

Number: {one, two, three}
Color: {red, green, purple}
Shape: {oval, squiggle, diamond}
Shading: {solid, striped, open}

Since there is a card for every possible combination of values, there are 81 cards in the deck.

3 · 3 · 3 · 3 = 34 = 81

A SET is made up of three cards, where for each property, either all cards have the same value, or each card
has a unique value. For example,
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is a SET because each card has a unique value for Number, but have the same values for the other three
properties. Namely, the three cards are all red, solid squiggles.

Here is another example of a SET where the values for all four properties are different on each card:
SET!

1. Number:  all different
2. Color:  all different 
3. Shape:  all different
4. Shading:  all different

As you can see, the cards don’t look related at all, which is part of the fun of SET because a lot of the times
the SETs are counterintuitive.

// The question

As more and more cards are dealt and no one can find a SET, frustrations start to build as people become
anxious. They think to themselves that there has to be a SET among all these cards. That brings us to
the question at hand: how many cards must be dealt before you know that there must be a SET. Or, if you
consider the glass half empty: what is the maximum number of cards that does not contain a SET.

// The answer

There exists collections of 20 cards that do not contain a SET. David Van Brink [3] wrote a computer
program in 1997 to solve this problem by brute force. Using a 90 MHz Pentium processor, the program
took about a week to run. Donald Knuth [7] cut down the running time by using the concept of isomorph
rejection. Isomorphs in this case would be collections that are essentially equivalent for the purposes of
finding SETless collections. For example, say if you had a collection of cards, and you changed just the
colors in the following fashion: red to green; green to purple; purple to red. You would basically have the
same collection of cards. Same, yet different.

An old-fashioned proof really did not exist for the problem until about 2003. Ben Davis and Diane Maclagan
[1] came up with a geometric reformulation of the problem – basically another way to look at the game
SET. With this reformulation, they were able to use proofs that actually pre-dated the game SET. Guiseppe
Pellegrino [5] proved that 20 was the biggest SETless collection possible in 1971, which was three years
before the advent of SET. Obviously, he was researching something different – something called affine vector
spaces in 4-dimensions.

The game of SET can be visualized using an affine vector space. An affine space is something akin to a
Euclidean space. A 3-dimensional Euclidean space is often used to represent what normal people think of as
the real world. Things in an affine space can be described using a coordinate system, much like on a graph.

Each card in the deck has four properties, which we can translate to four coordinates. Each card can then be
represented as a point in a 4-dimensional affine space, with the card’s values for each property determining
what the coordinates will be and where the point will lie in the affine space.

Furthermore, we can bend the structure to our will so that any three cards that make up a SET will be
represented as three collinear points in the affine space. That is, if the points reside on the same line, they
are part of the same SET. This leads us to our first theorem.

Theorem 1. If three points are collinear, they form a SET.

For efficiency, we introduce the notion of a cap. A cap [1] is a collection of points in our affine space that
doesn’t contain a line; in other words, it doesn’t contain a SET. Here, a line is determined by three points,
not the usual two. A maximal cap then is the largest cap possible. A 4-cap is a cap for a 4-dimensional
affine space. We can now rephrase our problem: what is size of a maximal 4-cap?
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// 2-cap

To help us understand the proof, we start small and consider a 2-dimensional affine space. This corresponds
to SET cards that have only two varying properties. We achieve this by keeping color and shape the same.
This leaves us with the following 9 possible cards (3 · 3 possibilities):

Figure 1. Recreated from [1]

From Figure 1, we see that if you draw lines through three cards that make up a SET, most of the lines look
like winning tic tac toe lines. The remaining SET lines are, from our viewpoint, discontinuous – they start
from one corner and then jump to the two squares adjacent to the opposite corner, not counting the middle
square. Furthermore, we see that four lines can be drawn through each point: a vertical line, a horizontal
line, and two diagonal lines going opposite directions. We can conclude that each card is a member of four
different SETs in this 2-dimensional version.

After some thought, we see that we can have four cards without having a SET. We can see this by taking
the four cards in the bottom left corner of Figure 1. A three-point line cannot be constructed from these
four cards.

Proof. The size of a maximal 2-cap is four. [1]

We have already shown by construction that a 2-cap of four exists. The proof proceeds by contradiction.
We assume that a 2-cap of five exists.

We break the tic tac toe board into its individual rows. No row can contain three points; otherwise, a SET
would exist. Therefore, we must allocate the five points as follows:
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Proof. We have exhibited a 2-cap with four points. The proof proceeds
by contradiction. Suppose that there exists a 2-cap with five points,
x1, x2, x3, x4, x5. The plane F2

3 can be decomposed as the union of three
horizontal parallel lines as in Figure 8.
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Figure 8: F2
3 decomposed as the union of three parallel lines

Each line contains at most two points of the cap. Thus, there are
two horizontal lines that contain two points of the cap, and one line, H,
that contains exactly one point of the cap. Without loss of generality,
let x5 be this point. There are exactly four lines in the plane containing
the point x5, which we denote H, L1, L2, L3.
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Figure 9: The four lines containing x5

Since the line H contains none of the points x1, . . . , x4, by the pigeon-
hole principle two of these points xr and xs must lie on one line Li.
This shows that the line Li contains the points xr, xs and x5, which
contradicts the hypothesis that the five points are a cap. �

We can apply the method of Proposition 1 to compute the size of a
maximal cap in three dimensions.

Proposition 2. A maximal 3-cap has nine points.

Proof. We have exhibited a 3-cap with nine points. The proof proceeds
by contradiction. Suppose that there exists a 3-cap with ten points.
The space F3

3 can be decomposed as the union of three parallel planes.
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Figure 2. Taken from [1]

We now focus on X5 in the bottom row. By our construction, X5 must be alone in the bottom row. We know
that there are four possible lines we can draw through X5. One of the lines, H, goes through the bottom
row. We know that H contains no points other than X5. Since there are four other points but only three
lines left, by the pigeonhole principle, we can conclude that one of the remaining lines contains two other
points. This indicates that there is a SET in our 2-cap of five which leads us to a contradiction. Therefore,
we can conclude that four is the maximal 2-cap. �

// 3-cap

We now give a general overview of the proof that nine is a maximal 3-cap. The concept for the proof is
essentially the same as the proof for a maximal 2-cap, except now we are concerned with hyperplanes instead
of lines. We are essentially just building upon our proof for a maximal 2-cap.

A hyperplane is equivalent to our tic tac toe board. We can now use the fact that a maximal 2-cap is four
and apply it to the hyperplane. We restrict a hyperplane to containing just four points because if it had
five, then we know it must contain a SET.

A maximal 3-cap of nine has been exhibited [1]. There are now 27 possibilities, which can be visualized as
three tic tac toe boards, or three hyperplanes, stacked on top of each other (a.k.a. hyperplane triple). We
again break down the the board into three parts, but this time, we break them down into hyperplanes instead
of rows. Before, each row could contain no more then two points. Now, each hyperplane must contain no
more than four points.

The proof again proceeds by contradiction. We assume that there exists a maximal 3-cap of ten. We arrange
the ten points among the three hyperplanes. But there are now two possibilities for the starting arrangement:

a = the number of {4, 4, 2} hyperplane triples
b = the number of {4, 3, 3} hyperplane triples

where each number is the number of points in one of the three hyperplanes.

Using combinatorics, we can count the different ways to decompose the union of three hyperplanes [1], and
derive two different equations. Solving for a and b leads to a contradiction because it turns out that the
solution is negative for b, and b can only be nonnegative.

// 4-cap

The proof that 20 is a maximal 4-cap proceeds much like the proof for a 3-cap. Thus, I won’t go over the
details here. The most basic difference is that we use hyperplane triples as the most atomic element instead
of hyperplanes.

After deriving equations and solving for variables, one of the solutions turns out to be not an integer, which
contradicts our initial assumptions.

// Conclusion

Using algebra, geometric modeling, combinatorics and the pigeonhole principle, we have exhibited a proof
for maximal 2-, 3-, and 4-caps. Consequently, a non-computer proof indeed exists for showing that we can
have 20 cards out on the table without there being a SET. Ironically, since we can only deal out three extra
cards at a time and we can only take away three cards at a time when we pick up a SET, we will never have
a situation where there are just 20 cards in play because 20 is not a multiple of three.



SET, A GAME? 5

References

[1] B. Davis and D. Maclagan. The card game SET. The Mathematical Intelligencer, 25, No. 3, 2003, 33-40.

http://galileo.stmarys-ca.edu/bdavis/set.pdf

[2] The official SET website. http://setgame.com

[3] D. Van Brink. The search for SET. http://omino.com/set/

[4] C. Tucker. Geometric models of the card game SET The Rose-Hulman Undergraduate Mathematics Journal. Vol. 8, Issue
1, 2007. http://www.rose-hulman.edu/mathjournal/archives/2007/vol8-n1/paper10/v8n1-10pd.pdf

[5] G. Pellegrino. Sul massimo ordine delle calotte in S4,3. Matematiche (Catania)25:149-157 (1971), 1970.

[6] J. Bierbrauer and Y. Edel. Bounds on affine caps. J. Combin. Des., 10(2):111-115, 2002.
http://www.mathi.uni-heidelberg.de/ yves/Papers/ABound.pdf

[7] D. Knuth. Programs setset, setset-all, setset-random. http://sunburn.stanford.edu/ knuth/programs/setset.w

Discrete Math Summer 2008 {G22.2340.001}

E-mail address: lxn202@nyu.edu


