
Honors Algorithms — G22.3520-010 Fall 2007 — Problem Set 7
Due: Dec. 12

1. Divisibility by n. For x ∈ {0, 1}∗, let I(x) be the integer value of x, interpreted as a binary number (with
I(ε) := 0). Observe that I(xy) = 2kI(x) + I(y), where k := |y|. For integer n ≥ 1, let

Bn :=
{
x ∈ {0, 1}∗ : I(x) ≡ 0 (mod n)

}
.

(a) Design a DFA that recognizes Bn. Your DFA should have (at most) n states.

(b) Show that if n = 2k, there is a DFA with k + 1 states that recognizes Bn.

(c) Show that if n is odd, there is no DFA with fewer than n states that recognizes Bn.

2. A nonregular language. Let I(x) be defined as in the previous exercise. Show that S := {x : I(x) =
m2 for some m ∈ Z} is not regular.

3. A funny closure property. If A is a language, let

A1/2 := {x : xy ∈ A for some y with |y| = |x|}.

Show that if A is regular, then so is A1/2.

4. Some contex-free languages For w ∈ {0, 1}∗, let N0(w) (resp., N1(w)) be the number of times 0 (resp., 1)
appears in w.

(a) Let A = {w ∈ {0, 1}∗ : N0(w) = 2N1(w)}. Give a CFG for A, and a careful proof that your grammar is
correct.

(b) Let B = {w ∈ {0, 1}∗ : 0.4N1(w) ≤ N0(w) ≤ N1(w)}. Give a PDA for B.

(c) Let C = {x#y : x, y ∈ {0, 1}∗, x 6= y}. Show that C is context free.

5. Some languages that are not context free.

(a) Let A be the language of all strings over {a, b, c, d} such that the number of a’s equals the number of b’s,
and the number of c’s equals the number of d’s. Show that A is not context free.

(b) Let B = {0nm1m : n,m ∈ Z≥0}. Show that B is not context free.
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