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Review

Last week

• Propositional Logic: Semantics

• Satisfiability and Tautologies

• Propositional Connectives and Boolean Functions

• Compactness
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Outline

• Computability and Decidability

• Boolean Circuits

• Boolean Satisfiability (SAT)

• Binary Decision Diagrams (BDD’s)
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Computability

The important notion of computability relies on a formal model of computation.

Many formal models have been proposed:

1. General recursive functions defined by means of an equation calculus
(Gödel-Herbrand-Kleene)

2. λ-definable functions (Church)

3. µ-recursive functions and partial recursive functions (Gödel-Kleene)

4. Functions computable by finite machines known as Turing machines (Turing)

5. Functions defined from canonical deduction systems (Post)

6. Functions given by certain algorithms over a finite alphabet (Markov)

7. Universal Register Machine-computable functions (Shepherdson-Sturgis)

Fundamental Result

All of these (and many other) models of computation are equivalent. That is, they
give rise to the same class of functions.
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Computability and Decidability

All of these models are equivalent to what can be achieved by a computer with
any standard programming language, given arbitrary (but finite) time and memory.

Church’s Thesis

A notion known as Church’s thesis states that all models of computation are either
equivalent to or less powerful than those just described.

We will accept Church’s thesis and thus define a function to be computable if we
can describe precisely (using any model of computation) how to compute it. Such
a description will be called an effective procedure.

Decidability

Given a universal set U , a set S ⊆ U is decidable if there exists a computable
function f : U → {F,T} such that f(x) = T iff x ∈ S.

Decidability of W

Earlier, we presented an algorithm which, given any expression α determines
whether the expression is well-formed. Thus, the set W of well-formed formulas
is decidable.
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Decidability

Some decidable sets

• For a given finite set of wffs Σ, the set of all tautological consequences of Σ
(i.e. {α | Σ |= α}) is decidable.

The truth table algorithm given earlier decides Σ |= α.

• The set of tautologies is decidable.

The set of tautologies is just the set of tautological consequences of the
empty set.

Existence of undecidable sets

A simple argument shows the existence of undecidable sets of expressions: an
algorithm is completely determined by its finite description. Thus, there are only
countably many effective procedures. But there are uncountably many sets of
expressions.

Why?

The set of expressions is countably infinite. Therefore, its power set is
uncountable.
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Semi-Decidability

Suppose we wish to determine whether Σ |= α where Σ is infinite. In general,
this is not decidable.

But we can obtain a weaker result:

A set A is semi-decidable (or effectively enumerable) if there is an effective
procedure which lists, in some order, every member of A.

Note that if A is infinite, then the procedure will never finish, but every member of
A must appear in the list after some finite amount of time.

Theorem

A set A of expressions is effectively enumerable iff there is an effective procedure
which, given any expression α, produces the answer “yes” iff α ∈ A.

Proof

If A is effectively enumerable, then we simply enumerate its members and check
each one to see if it is equivalent to α. If it is, we return “yes” and stop. Otherwise,
we keep going. Thus, if α ∈ A, the procedure produces “yes”. If α 6∈ A, the
procedure runs forever.
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Proof, continued

On the other hand, suppose that we have an effective procedure P which
produces “yes” iff α ∈ A. To produce an enumeration of A, we proceed as
follows. First enumerate all expressions:

ǫ1, ǫ2, ǫ3, . . .

Then proceed as follows.

• Break the procedure P into a finite number of “steps”.

• Run P on ǫ1 for 1 step.

• Run P on ǫ1 for 2 steps, and then run P on ǫ2 for 2 steps.

• . . .

• Run P on each of ǫ1, . . . , ǫn for n steps each

• . . .

If at any time, the procedure P produces “yes”, then we list the expression which
produced “yes” and continue.

This procedure will eventually enumerate all members of A. 2
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Semi-Decidability

Theorem

A set is decidable iff both it and its complement (with respect to a given universal

set) are effectively enumerable.

Proof

Alternate between running the procedure for the set and the procedure for its

complement. One of them will eventually produce “yes”.

Properties of decidable and semi-decidable sets

Decidable sets are closed under union, intersection, and complement.

Semi-decidable sets are closed under union and intersection.
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Semi-Decidability

Theorem

If Σ is an effectively enumerable set of wffs, then the set of tautological
consequences of Σ is effectively enumerable.

Proof

Consider an enumeration of the elements of Σ:

σ1, σ2, σ3, . . .

By the compactness theorem, Σ |= α iff {σ1, . . . , σn} |= α for some n.

Hence, it is sufficient to successively test:

∅ |= α

{σ1} |= α

{σ1, σ2} |= α

. . .

If any of these conditions is met (each of which is decidable), the answer is “yes”.
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Semi-Decidability

Theorem

If Σ is an effectively enumerable set of wffs, then the set of tautological

consequences of Σ is effectively enumerable.

Proof (continued)

This demonstrates that there is an effective procedure that, given any wff α, will

output “yes” iff α is a tautological consequence of Σ.

Thus, the set of tautological consequences of Σ is effectively enumerable. 2
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Boolean Gates

Consider an electrical device having n inputs and one output. Assume that to
each input we apply a signal that is either T or F, and that this uniquely
determines whether the output is T or F.

X2

X3

F (X1, X2, X3)

X1

The behavior of such a device is described by a Boolean function:

F (X1, . . . , Xn) = the output signal given the input signals X1, . . . , Xn.

We call such a device a Boolean gate.

The most common Boolean gates are AND, OR, and NOT gates.

ORAND NOT
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Boolean Circuits

The inputs and outputs of Boolean gates can be connected together to form a

combinational Boolean circuit .

D

C

B

A

A combinational Boolean circuit corresponds to a directed acyclic graph (DAG)

whose leaves are inputs and each of whose nodes is labeled with the name of a

Boolean gate. One or more of the nodes may be identified as outputs.

A common question with Boolean circuits is whether it is possible to set an output

to true (e.g. when the output represents an error signal).
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Boolean Circuits

The inputs and outputs of Boolean gates can be connected together to form a
combinational Boolean circuit .

D

C

B

A

There is a natural correspondence between Boolean circuits and formulas of
propositional logic. The formula corresponding to the above circuit is:

(D ∧ (A ∧ B)) ∨ ((A ∧ B) ∧ ¬C).

A satisfying assignment for this formula gives the values that must be applied to
the inputs of the circuit in order to set the output of the circuit to true.

In this lecture, we will refer to propositional symbols such as A, B, etc. as
propositional variables.
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Sharing Sub-Expressions

(D ∧ (A ∧ B)) ∨ ((A ∧ B) ∧ ¬C)

This formula highlights an inefficiency in the logic representation as compared
with the circuit representation: the formula A ∧ B appears twice. For larger
circuits, this kind of redundancy can result in an exponential blow-up in the size of
the corresponding formula.

We can overcome this inefficiency by replacing the redundant sub-expression with
a new place-holder variable. We then conjoin a new formula which says that the
new variable is equivalent to the replaced expression:

((D ∧ E) ∨ (E ∧ ¬C)) ∧ (E ↔ (A ∧ B))

Note that the new formula is not tautologically equivalent to the original formula
(why?).

But it is equisatisfiable (i.e. the original formula is satisfiable iff the new formula is
satisfiable). Since we are only concerned with the satisfiability of the formula, this
is sufficient.
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Converting to CNF

This same idea is behind a simple algorithm for converting any propositional

formula (or an associated Boolean circuit) into an equisatisfiable formula in

conjunctive normal form (CNF) in linear time and space. We will view the formula

or circuit as a DAG.

1. Label each non-leaf node of the DAG with a new propositional variable.

2. Construct a conjunction of disjunctive clauses which relate the inputs of that

node to its output (the new propositional variable)

3. The conjunction of all of these clauses together with a single clause consisting

of the variable for the root node is satisfiable iff the original formula is satisfiable.
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Converting to CNF: Example

D

C

B

A

F

E

G

H

I

(A ∧ B) ↔ E

((A ∧ B) → E) ∧ (E → (A ∧ B))

(¬(A ∧ B) ∨ E) ∧ (¬E ∨ (A ∧ B))

(¬A ∨ ¬B ∨ E) ∧ (¬E ∨ A) ∧ (¬E ∨ B)

(¬A ∨ ¬B ∨ E) ∧ (¬E ∨ A) ∧ (¬E ∨ B)∧

(¬C ∨ F ) ∧ (¬F ∨ C)∧

(¬D ∨ ¬E ∨ G) ∧ (¬G ∨ D) ∧ (¬G ∨ E)∧

(¬E ∨ ¬F ∨ H) ∧ (¬H ∨ E) ∧ (¬H ∨ F )∧

(G ∨ H ∨ ¬I) ∧ (I ∨ ¬G) ∧ (I ∨ ¬H)∧

(I)
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CNF Representation

(¬A ∨ ¬B ∨ E) ∧ (¬E ∨ A) ∧ (¬E ∨ B)∧

(¬C ∨ F ) ∧ (¬F ∨ C)∧

(¬D ∨ ¬E ∨ G) ∧ (¬G ∨ D) ∧ (¬G ∨ E)∧

(¬E ∨ ¬F ∨ H) ∧ (¬H ∨ E) ∧ (¬H ∨ F )∧

(G ∨ H ∨ ¬I) ∧ (I ∨ ¬G) ∧ (I ∨ ¬H)∧

(I)

(A′ + B′ + E)(E′ + A)(E′ + B)

(C′ + F )(F ′ + C)

(D′ + E′ + G)(G′ + D)(G′ + E)

(E′ + F ′ + H)(H ′ + E)(H ′ + F )

(G + H + I ′)(I + G′)(I + H ′)

(I)
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Standard Representation

Each variable is represented by a positive integer. A negative integer refers to the

negation of the variable. Clauses are given as sequences of integers separated

by spaces. A 0 terminates the clause.

(A′ + B′ + E)(E′ + A)(E′ + B)

(C′ + F )(F ′ + C)

(D′ + E′ + G)(G′ + D)(G′ + E)

(E′ + F ′ + H)(H ′ + E)(H ′ + F )

(G + H + I ′)(I + G′)(I + H ′)

(I)

-1 -2 5 0 -5 1 0 -5 2 0

-3 6 0 -6 3 0

-4 -5 7 0 -7 4 0 -7 5 0

-5 -6 8 0 -8 5 0 -8 6 0

7 8 -9 0 9 -7 0 9 -8 0

9 0
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Boolean Satisfiability (SAT)

We have seen that there is a natural correspondence between checking Boolean

circuits and satisfiability of propositional formulas.

It turns out that Boolean satisfiability or SAT is widely useful for a variety of

problems.

SAT was the first problem ever shown to be NP -complete:

S. A. Cook. The Complexity of Theorem Proving Procedures.

Proceedings of the Third Annual ACM Symposium on the Theory of

Computing, 151-158, 1971.

This means that:

• Unless P = NP , we will never find a polynomial algorithm to solve SAT.

• If we can nonetheless improve algorithms for SAT, there are many other

problems that could benefit.
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Worst Case Upper Bounds for SAT

A weakly exponential upper bound is a bound of the form p(n)cn where c < 2 is

a constant, n is the number of variables, and p is a polynomial. A k-SAT solver

solves SAT instances in which no clause has length greater than k. Some

interesting best-known bounds are as follows.

• General SAT: p(n)2n

• k-SAT: p(n)(2 − 2
k+1 )n

• 3-SAT: p(n)1.481n

• 3-SAT formula with exactly one satisfying assignment: p(n)1.308n
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SAT in Practice

How hard is SAT in practice?

A lot of work has gone into building SAT solvers that work well in practice.

Sharad Malik put together a nice history of SAT solvers.
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What is the state-of-the-art?

D. le Berre, O. Roussel, L. Simon. “The SAT ’07 Contest”

http://www.cril.univ-artois.fr/SAT07/

SAT 2007 Competition

• 44 solvers

• 3 benchmark categories

– Industrial

– Crafted

– Random

Some of the winners:

• Industrial: RSat, picosat, minisat

• Crafted: SATzilla, minisat, March-KS

• Random: SATzilla, March-KS, gnovelty+
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Solving General Search Problems with SAT

Modeling

• Define a finite set of possibilities called states.

• Model states using (vectors of) propositional variables.

• Use propositional formulas to describe legal and illegal states.

Solving

• Construct a propositional formula describing the desired state.

• Translate the formula into an equisatisfiable CNF formula.

• If the formula is satisfiable, the satisfying assignment gives the desired state.

• If the formula is not satisfiable, the desired state does not exist.
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Example

Recall that a graph consists of a set V of vertices and a set E of edges, where
each edge is an unordered pair of distinct vertices.

A complete graph on n vertices is a graph with |V | = n such that E contains all
possible pairs of vertices.

How many edges are in a complete graph?
n(n−1)

2

Problems involving graph coloring are important in both theoretical and applied
computer science.

Suppose we wish to color each edge of a complete graph without creating any
triangles in which all the edges have the same color.

What is the largest complete graph for which this is possible? The answer
depends on the number of colors we are allowed to use.

What if you are only allowed one color? Answer: n = 2

What if the number of colors is 2? Answer: n = 5

What if the number of colors is 3? This is a job for SAT
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Example

• Define a finite set of possibilities called states.

For this problem, each possible coloring is a state. There are 3|E| possible

states.

• Model states using (vectors of) propositional variables.

A simple encoding uses two propositional variables for each edge. Since

there are 4 possible combinations of values of two variables, this gives us a

state space of 4|E|, which is larger than we need, but keeps the encoding

simple.

• Use propositional formulas to describe legal and illegal states.

Since the color of each edge is modeled with 2 variables, there are 4 possible

colors. We can write a set of formulas which disallow the fourth color.

For example, if e1 and e2 are the variables for edge e, we simply require

¬(e1 ∧ e2).
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Example

• Construct a propositional formula describing the desired state.

The desired state is one in which there are no triangles of the same color. For
each triangle made up of edges e, f, g, we require:
¬((e1 ↔ f1) ∧ (f1 ↔ g1) ∧ (e2 ↔ f2) ∧ (f2 ↔ g2)).

• Translate the formula into an equisatisfiable CNF formula.

This can be done using the CNF conversion algorithm we described earlier.

• If the formula is satisfiable, the satisfying assignment gives the desired state.

An actual coloring can be constructed by looking at the values of each
variable given by the satisfying assignment.

• If the formula is not satisfiable, the desired state does not exist.

If the formula can be shown to be unsatisfiable, this is essentially a proof that
there is no coloring.

What if the number of colors is 3? Answer: n = 16

These and similar questions are studied in Ramses theory .
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