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Turing machines

Informally:
¢ A one-way infinite tape of finite memory cells
e A read/write tape head
e A finite program, with instructions:
- read/write one tape cell
- move tape head one cell left or right

- branch, according to contents of current
tape cell

- halt
e Program’s input is placed on the tape initially

e Program’s output is the contents of the tape
upon termination



Formal definition of a Turing Machine (TM):

e An input/output alphabet X (usually {0, 1})

e A tape alphabet ', where ZCT,and _elM\XZis
a special “blank symbol”

e A finite set of states Q, with two distinguished
states qo (the start state) and gnait (the halt
state)

e A transition function

6:(0\Qghat) x> Tx {Left,Right} x Q

e Semantics: if 6(q, a) = (b, d, r), then when the
machine is in state g and the tape head is
reading a, the machine writes b to the tape,
moves the tape one cell in direction d, and
goes to state r



Details of execution:
e The tape consists of cells c1,c2,¢3,...
(think of c1 as being on the left end of the tape)

e If the input is x = x71 -+ -xp, then the tape is
initialized so that c;=x;fori=1..n,and ¢;=
fori>n

e The tape head is initially scanning c3

e When the machine halts, and m is the least
m > 0 such that cpm+1 € Z, the output is defined
to be the string c1:--cm



A basic fact:

e Any TM can be simulated on a RAM

e Any RAM can be simulated on a TM
Definitions of computability, decidability,
acceptance, and recognition carry over verbatim
from RAM’s to TM’s

Consequence:

¢ A language is decidable/recursively
enumerable on a RAM
=
it is decidable/recursively enumerable on a TM



Turing Machine Configurations:

ai| az| as| as adm| =

Encode as a string:
C=a1a2q9a3---am



Define a “follows” relation on configuration
encodings:
CrC’

A computation on input x can be represented as
HCo#HC1#--- #Cr#,
where
e Co =qox — initial configuration with input x
e Cic1FCifori=1..k
e Cxel*qgnatl"* — a“halting configuration”



Undecidable problems related to
context-free languages

Some decidable languages (G is a CFG, x e &*)
e Acrg :={(G,x) : x e L(G)}
e Ecrg :={(G) : L(G) =2}

An undecidable language:
* EQcrc := {(G1,G2) : L(G1) = L(G2)}
o ALLcrg := {(G) : L(G)=Z*}

Reduction: ALLcrc < EQcra



To show ALLcrg is undecidable, we give a
reduction HALTtm < ALLcFG, Where

HALTT\m := {(M,x) : M is a TM that halts on input x}

We want to map (M, x) to (Gm x), with the
property that

e if M halts on input x, then L(Gy,x) S Z*
e if M does not halt on input x, then L(Gm x) =Z*



The reduction:

e Define Ly x to be the language of halting
computations of M on input x:

#Co#C1#---#Cr#

Ly, x is either empty, or contains a single string

For a string w, define w~1 to be its reverse

For a string a = #ag#a1# --- #ar#, define its
“twist”

—-1)! _1)k
&= #ao#ay # - #al V. wal ) #

Define L;,,,X ={a:aelyx}
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The reduction (cont’d):
o If M accepts x, then L'y x € =*
e If M does not accept x, then UM,X =x*

e The goal is now to show that PM,X is context
free, and that we can effectively construct a

grammar for PM,X, given (M, x)
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The reduction (cont’d):
. FM,X is the union of several regular languages
- all strings that do not start and end with #

- all strings of the form #ag#---, where ag is
not the initial configuration of M on input x

- all strings that do not contain gnait
and a context-free language:
- all strings of the form

_1)k
#ao#oql#---#ala D%, with k > 1, such
that forsome i=1..k, we have a1 ¥ a;

PDA: use nondeterminism to guess i, and
use the stack to compare a;-1 and a;
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Other applications of the same idea:

e Define a 2PDA to be a push-down automaton
with 2 stacks

- The language acceptance problem for
2PDA's is undecidable

Idea: we can simulate a TM using two stacks

e One can define a notion of context-sensitive
grammars, where the rewrite rules may have
several symbols on LHS

- The language acceptance problem for these
types of grammars is undecidable

Idea: we can use the rewrite rules to
simulate a TM
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